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Q. J. Walker 
University of Tasmania, 

Hobart, Australia 

The Role of Laminar-Turbulent 
Transition in Gas Turbine Engines: 
A Discussion 
An extended discussion of Mayle's (1991) critical study of transition phenomena 
in gas turbine engines is presented. Attention is focused on transition in decelerating 
flow regions, which are the major sources of loss production for axial turbomachine 
blades. The following points are examined in detail: (a) the physics of transition 
and its implications for the correlation of various transition phenomena; (b) the 
relative importance of pressure gradient and free-stream turbulence in controlling 
transition; (c) the influence of pressure gradient on periodic-unsteady transition; 
(d) the correlation of transition length under conditions of arbitrary pressure gra­
dient and free-stream turbulence level; and (e) transition behavior in laminar sep­
aration bubbles. The discussion examines various differences in philosophy 
concerning the above phenomena and makes further suggestions for transition re­
search, which may assist in resolving the issues raised. 

Introduction 
This paper has been written as an extended discussion of 

Mayle's (1991) critical study of the role of laminar-turbulent 
transition in gas turbine engines. In commencing, the present 
author congratulates Professor Mayle on his comprehensive 
survey of fundamental transition phenomena and the manner 
in which this has been placed in the practical context of engine 
design. 

Designers have typically adopted different approaches to the 
analysis of flow in compressors and turbines because of the 
generally different nature of transition phenomena associated 
with these components. In compressors, the bulk relative flow 
is decelerating and transition tends to be completed very rap­
idly; here, simple integral techniques are widely employed for 
calculating boundary layer development and the crude as­
sumption of point transition is often used. In turbines, the 
bulk relative flow is accelerating and transition is usually much 
more protracted; this has important consequences for heat 
transfer to the blade surfaces and prompts the use of differ­
ential calculation methods with more advanced turbulence 
models for predicting transitional flow development. 

In view of these traditional differences, a notable feature of 
Mayle's review is the way in which it attempts a unified ap­
proach to the whole range of transition phenomena in com­
pressors and turbines. This has been done by describing 
transitional flow in terms of turbulent intermittency and cor­
relating the transition onset and turbulent spot production rate 
in terms of the various parameters affecting them. A significant 
aspect is the use of the "acceleration" parameter K=(v/ 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 24, 1992. Paper No. 92-GT-301. Associate Technical 
Editor: L. S. Langston. 

U2) (dU/dx) to describe the effects of pressure gradient in 
decelerating as well as accelerating flow. The application of 
this parameter had hitherto been largely restricted to the tur­
bine design field because of its relevance to the reverse tran­
sition phenomenon in strongly accelerating flow. 

The present author approaches the problem of transition in 
gas turbine engines from a rather different perspective, re­
flecting a background more in the area of compressor design 
and the physics of transition in decelerating flow. This view­
point leads to certain differences in philosophy, which will be 
expanded upon throughout the paper. The opportunity will 
also be taken to amplify several matters discussed in Mayle's 
review and to highlight some particular areas of disagreement 
regarding the interpretation of published results. In conclusion, 
some suggestions will be made for further research, which 
might assist in resolving the issues raised. 

Modes of Transition 
Mayle has adopted the conventional approach of classifying 

transition into "natural," "bypass," and "separated-flow" 
modes. 

Natural Transition. "Natural" transition (observed at low 
. levels of free-stream turbulence) is the classical process ema­
nating from the appearance of two-dimensional Tollmien-
Schlichting instability waves in the laminar boundary layer. 
This is followed by a three-dimensional instability leading to 
the development of streamwise vorticity through the formation 
of vortex loops. The final stage of transition involves the ini­
tiation of turbulent spots from regions of peak shear and their 
ultimate merging to form a continuously turbulent flow. The 
natural transition process may be modified by two-dimensional 
spatial or temporal disturbances such as surface waviness or 
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free-stream fluctuations perturbing the boundary layer velocity 
profile and altering the Tollmien-Schlichting wave amplifi­
cation. 

Bypass Transition. "Bypass" transition, in the context of 
Mayle's review, has been defined as the direct production of 
turbulent spots within the boundary layer as a result of high 
free-stream turbulence levels. As the name indicates, the initial 
two-dimensional instability phase of natural transition is by­
passed in this case. Similar effects may be induced by certain 
types of three-dimensional surface roughness. 

It does not follow, however, that linear stability theory is 
irrelevant in the case of bypass transition because no Tollmien-
Schlichting waves are observed. The passage of free-stream 
disturbances will excite eigenmodes of the relevant stability 
equations within the laminar boundary layer, and the scale of 
these perturbations will govern the ultimate production rate 
of turbulent spots. Thus stability theory and its related gov­
erning parameters should at least be of significance in relation 
to the length of transitional flow in the bypass mode. 

Separated-Flow Transition. The use of a single mode to 
describe transition in a separated laminar shear layer is some­
what anomalous, in that both natural and bypass transition 
processes should also be expected in this case. One is tempted 
to ask whether the "separated-flow" mode should be aban­
doned in favor of developing a unified approach to transition 
in attached and separated shear layers for both natural and 
bypass phenomena. 

It is true that there may be some physical phenomena peculiar 
to separated flow, such as an increased receptivity to free-
stream disturbances at a separation point. It can also be said 
that existing correlations of separated-flow transition have pro­
duced results of considerable practical importance. There are 

nevertheless some significant limitations and problems asso­
ciated with current techniques and these will be discussed later 
in more detail. 

Effect of Pressure Gradient 
Mayle has chosen to correlate the influence of pressure gra­

dient on transition via the acceleration parameter K= (u/ 
U2)dU/dx because of its importance in relation to reverse 
transition and its apparent relevance to bypass transition in 
favorable pressure gradients. He acknowledges the significance 
of the alternative (Pohlhausen) parameter \e= (82/v)dU/dx in 
relation to natural transition, but suggests that the latter mode 
will only occur in highly decelerating flow with the high free-
stream turbulence levels normally encountered in gas turbine 
engines. 

The results of Gostelow and Dey (1991), however, indicate 
a strong correlation of dimensionless turbulent spot production 
rate N= nod^/v with X9, over the whole range of positive pres­
sure gradients up to laminar separation. The variation in N 
produced by changing Xw from 0 to -0 .08 is an order of 
magnitude greater than that achieved by increasing the tur­
bulence level Tu from 0.3 to 5.4 percent, which changes only 
slowly with \g, over this range. These results are in accordance 
with the changing physics of transition in decelerating flow 
reported by Walker and Gostelow (1990), which become evi­
dent at quite small negative values of \e. The foregoing con­
siderations leave it unclear, at this time, that K should be 
preferred over X9 for describing transition in a positive pressure 
gradient. 

It is noted in conclusion that the use of local parameters to 
correlate transition onset is only likely to succeed for bypass 
transition modes. In the case of natural transition, it becomes 
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Subscripts 
min = 

r = 
s = 
t = 

tw = 

u = 
FP = 

LE = 
RA = 
SL = 

T = 

TE = 
71 = 
72 = 

kinematic viscosity 
turbulent spot dependence 
area factor 
dimensionless time 
= ta)/2ir 
circular frequency of free-
stream oscillation 
amplitude of free-stream 
velocity oscillation 

minimum transition 
length value, defined in 
Eq. (13) 
reattachment 
laminar separation 
start of transition 
start of wake-induced 
transition 
upper surface 
zero pressure gradient 
value (flat plate) 
spot leading edge 
reattachment, Fig. 6 
laminar separation, Fig. 6 
end of transition (at­
tached flow); end of con­
stant pressure region 
(separated flow)—Mayle 
spot trailing edge 
start of transition, Fig. 6 
end of transition, Fig. 6 
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necessary to use mean values of the relevant parameters to 
allow for variations in the amplification rate of two-dimen­
sional disturbances over the region of unstable laminar flow. 

Effect of Free-Stream Turbulence 
Mayle has correctly stressed the importance of considering 

disturbance length scale as well as amplitude in relation to the 
influence of free-stream turbulence on transition. Further pa­
rameters are undoubtedly necessary in the general case, but 
the need for these remains unclear because of an incomplete 
understanding of the turbulent spot production process. 

There are at least three mechanisms by which free-stream 
disturbances may influence transition, namely: 

(a) the modification of natural transition processes through 
essentially two-dimensional perturbations in free-stream ve­
locity or pressure gradient; 

(b) bypass mechanisms resulting in the direct generation 
of streamwise vorticity within the boundary layer through lo­
calized three-dimensional disturbances; and 

(c) the diffusion of turbulent energy or direct injection of 
turbulent fluid from the free-stream into the boundary layer. 

Mechanism (a) may well be significant in relation to the 
production mechanism for wake-induced turbulent strips, due 
to the "jet-" or "sink-like" characteristics of wake disturb­
ances that have been noted in Mayle's review. Whether this 
effect is considered here or under periodic-unsteady transition, 
its description will require at least the use of a non-steady 
Reynolds number based on the disturbance amplitude and 
wavelength (see Loehrke et al., 1975). This makes it rather 
improbable that simple correlations of transition onset in terms 
of K, Tu alone will be generally valid (although it is conceivable 
that they could be made to work over a limited range of con­
ditions). 

However, even granting the existence of such a correlation, 
one is left with the vital question of the effective value of the 
turbulence parameter to be used in its application. The dis­
turbance field in a gas turbine engine can be decomposed into 
periodic and random components; the observations of Evans 
(1975) in an axial compressor indicated these to be comparable 
magnitude near the design point, with the random component 
becoming dominant near stall. The periodic component will 
also be influenced by axial blade row spacing and will be 
enhanced by the higher blade loadings employed in turbines. 

The relative influence of periodic and random free-stream 
disturbances on transition in turbomachinery remains unclear. 
The random component might well be largely irrelevant in 
situations where transition is dominated by periodic disturb­
ances. 

This could provide an alternative explanation for Mayle's 
proposal of the ineffectiveness of wake turbulence beyond a 
certain "saturation" level. 

Periodic-Unsteady Transition 

Introduction. Transition in a gas turbine is periodically 
unsteady, in sympathy with the essentially unsteady nature of 
the energy transfer process in a turbomachinery. The wakes 
of upstream airfoils or obstructions usually provide the dom­
inant source of unsteadiness, but the passage of trailing shock 
waves from transonic airfoils has also been known to generate 
periodic transition phenomena. 

As indicated in Mayle's review, the mechanism by which 
free-stream disturbances cause the production of turbulent 
strips is still not completely understood. The balance of current 
opinion in the literature appears to favor the impingement of 
turbulent fluid as the mechanism for wake-induced transition, 
but no simple relation between transition Reynolds number 
and wake turbulence level has yet been identified. 

-*-t #-1 

(a) Initial appearance (b) Subsequent development 

Fig. 1 Schematic" diagram Of wave packet development during transi­
tion in oscillating flow 

As discussed above in relation to the effective value of free-
stream turbulence parameter, the relative importance of the 
periodic and random components of wake disturbances re­
mains unclear. It is certainly possible to promote transition 
through free-stream oscillations unaccompanied by turbu­
lence; this phenomenon could arise in the turbomachine con­
text from the potential flow interactions produced by 
neighboring blade rows in relative motion. A brief summary 
of published results on transition in oscillating flow is therefore 
in order before attempting further interpretation of wake-in­
duced transition observations. 

Transition in Oscillating Flow. The transition behavior on 
a flat plate in a non-steady boundary layer flow induced by 
sinusoidal oscillations in the free-stream velocity under low-
turbulence conditions was examined experimentally by Miller 
and Fejer (1964) and Obremski and Fejer (1967). A review of 
this work and related studies of transition in oscillating bound­
ary layers has been given by Loehrke et al. (1975). 

Fejer and co-workers found the manner in which transition 
occurred to depend on a "non-steady Reynolds number" 
ReNS = LAU/2irv. Here L = 2irU/u> is a characteristic length 
equal to the distance traveled by a fluid particle in the free-
stream during one cycle of the imposed oscillation (frequency 
b)/2ir Hz). The characteristic velocity AU is the amplitude of 
the free-stream oscillation. 

When Re^s exceeded a certain critical value (about 26,000 
for zero pressure gradient), transition began with turbulent 
bursts appearing periodically at the frequency of the free-
stream oscillation. In this case, the transition Reynolds number 
depended only on the amplitude of the free-stream oscillations, 
to a first order, and not on their frequency. Breakdown to 
turbulence was preceded in space and time by a packet of 
disturbance waves resembling a Tollmien-Schlichting insta­
bility. For the range of conditions investigated, these waves 
appeared first in the trough of the boundary layer velocity 
trace as shown in Fig. 1(a); they subsequently increased in 
amplitude and moved into the accelerating part of the velocity 
trace as shown in Fig. 1(b). 

In oscillating flow with ReNS below the critical value de­
scribed above, the transition Reynolds number became inde­
pendent of both the amplitude and the frequency of the 
oscillation in the range tested. Transition was still preceded by 
the appearance of wave packets in the trough of the velocity 
trace, but the turbulent outbreak and development tended to 
occur somewhat later on the upper part of the free-stream 
waveform closer to the crest. The turbulent bursts lacked the 
strong periodicity observed at the supercritical ReNS values, 
but because of their preferred outbreak location they could 
not be characterized as occurring randomly in time. Obremski 
and Fejer termed this behavior "aperiodic." 

Oscillating flow transition with ReNS exceeding its critical 
value results in the regular formation of two-dimensional span-
wise turbulent strips similar to those observed in wake-induced 
transition. Figure 2 shows a typical time-space distribution of 
events during periodic transition on a flat plate in zero pressure 
gradient under low free-stream turbulence conditions, as pub-
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Fig. 2 Time-space distribution of turbulent spots during periodic tran­
sition in zero pressure gradient (predominantly convective mode devel­
opment); run 15 from Obremski and Fejer (1967) 

lished by Obremski and Fejer (1967). These workers classified 
the development of turbulent spots during periodic transition 
as follows: 

(a) the initial appearance of a turbulent spot from a point 
within the disturbance wave packet at a time slightly later than 
the occurrence of the minimum in the free-stream velocity; 

(b) a "creative mode" during which large-amplitude in­
stability waves are still present at the spot boundary and the 
growth rate of the turbulent spot varies with time. This occurs 
immediately after the formation of a turbulent spot, and is 
characterized by a rapid spreading of the spot boundary in 
both the upstream and downstream directions. Termination 
of creative mode development is apparently associated with 
the appearance of a calmed region caused by the trailing spot 
boundary moving faster than the following Tollmien-Schlicht-
ing waves; 

(c) a ' 'convective mode'' in which laminar instability waves 
are absent from the spot boundary. The growth rate of the 
turbulent spot is constant due to its leading and trailing edges 
moving downstream at constant but different velocities; 

(d) a region of continuously turbulent flow formed by the 
merging of turbulent spots created during successive oscilla­
tions of the free stream. 

During periodic transition in an adverse pressure gradient, 
Obremski and Fejer found that a considerably larger propor­
tion of the turbulent spot development occurred in the creative 
mode, as indicated by the greater curvature of the turbulent 
spot boundary shown in Fig. 3. This shortened the laminar 
tongues in the X-T* plane and so reduced the length of tran­
sitional flow significantly. The relative proportions of creative 
and convective mode development for the whole range of cases 
examined by Obremski and Fejer appeared somewhat depen­
dent on properties of the imposed free-stream oscillation and 
were not a function of pressure gradient alone. The frequency 
parameter oix/U is also significant here. 

Unsteady Transition on Turbomachine Blades. The peri­
odic-unsteady transition model of Mayle and Dullenkopf (1990) 
assumes that turbulent spots on turbomachine blades are pro­
duced by a combination of wake-induced transition and other 
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Fig. 3 Time-space distribution of turbulent spots during periodic tran­
sition in an adverse pressure gradient (predominantly creative mode 
development); run D-6 from Obremski and Fejer (1967) 

transition modes. Passing wakes are assumed to result in the 
immediate formation of turbulent strips, which then propagate 
and grow at fixed rates; this corresponds to the convective 
mode of development as defined by Obremski and Fejer. 

To commence the transitional flow calculation, it is first 
necessary to specify the point x,w at which the wake-induced 
turbulent strips appear. This point may depend, in general, 
on both periodic (i.e., wake "jet" or "sink") fluctuations and 
turbulence associated with the passing wake, as Mayle has 
noted. Dong and Cumpsty (1990a, 1990b) and Addison and 
Hodson (1990a, 1990b), however, both discounted jet-wake 
fluctuations as having been significant in their experiments. 
These workers all found the appearance of a turbulent patch 
in the boundary layer to coincide with the wake passage and 
deduced that the wake turbulence alone was responsible for 
the initiation of turbulent spots. Addison and Hodson (1990b) 
used a quasi-steady model to predict transition onset from the 
instantaneous turbulence level in the passing wake. 

A rather different picture is indicated by Walker's (1974) 
observations of transition on the suction surface of an axial 
compressor stator blade subject to passing rotor wakes. The 
set of observations reproduced in Fig. 4 indicates that the 
turbulent patch in the boundary layer occurs at the end of the 
wake passage and does not coincide with the expected region 
of peak turbulence within the wake. The periodic fluctuation 
associated with the wake passage is not considered to have had 
a significant influence on the transition location, as this dif­
fered little from that observed on a similar blade section, in 
cascade, at low free-stream turbulence (see Fig. 1 of Walker, 
1987). However, the wake clearly produces organized behavior 
of the turbulent spots. It is suggested that this behavior might 
represent a case of the "aperiodic" mode of transition de­
scribed by Obremski and Fejer for low ReNS, in which free-
stream oscillations cause fairly regular fluctuations in the lam­
inar-turbulent interface without having any first-order influ­
ence on transition location. 

Mayle (1991) discounted the observations of Walker (1974) 
by stating that this case involved the formation and collapse 
of separation bubbles (presumably at the blade leading edge 
as implied by following discussion). However, there is no evi­
dence of leading edge breakdown occurring over the range 
investigated; at low incidence, the turbulent spots clearly orig-
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Fig. 4 Velocity fluctuations in transitional boundary layer on suction 
surface of compressor stator at 50 percent chord (;'=0.5 deg, 
Re,. = 4.9 x 10") from Walker (1974); scale: 2 ms/div horiz 

inated around midchord and the preceding flow appeared con­
tinuously laminar. The transition onset behavior observed by 
Walker was in fact closely similar to the turbine blade obser­
vations of Addison and Hodson (1990b) apart from the dif­
ferent phase of the wake passage at which breakdown occurred. 

The turbulent spot development on Walker's compressor 
blade occurred predominantly in the creative mode, and tran­
sition was completed within 20 percent chord. This is an order 
of magnitude shorter than the length of around 200 percent 
chord, which would have occurred with the spot developing 
entirely in the convective mode. While transition could be 
completed earlier due to other transition modes, this example 
serves to emphasize Addison and Hodson's (1990b) comment 
that a constant spot spreading rate is too simplistic to be of 
general use. The author is therefore in full agreement with 
Mayle's (1991) proposal for further experimentation to deter­
mine appropriate design criteria for wake-induced transition. 

Prediction of Transitional Flow 

Introduction. Mayle (1991) has given an excellent survey 
of recent developments in the prediction of transitional flow 
using intermittency theory. The basis of this technique is the 
use of a suitable correlation to predict turbulent spot produc­
tion rates, and four main approaches to this problem have 
been proposed: 

(a) Mayle's correlation of spot production rate no in terms 
of acceleration'parameter K=\g/Rel and free-stream turbu­
lence level Tu, presented graphically in Fig. 15 of Mayle 
(1991); 

(b) correlations ofN= noRej, in terms of pressure gradient 
parameter Ae and Tu proposed by Gostelow and co-workers; 

(c) correlations based on stability theory and a minimum 
transition length concept, as developed by Walker and co­
workers; 

(d) correlations of N= naRel, in terms of Tu developed by 
Narasimha and co-workers, which represent a subset of method 
(b). 

Mayle is rather dismissive to the last two approaches, stating 
that "correlations based on either Narasimha's parameter N 
or Walker's (1987) minimum transition length produce errors 
up to factors of three in the transition length over the complete 
range of pressure gradients and turbulence levels and are not 
recommended." This statement is strictly true if the models 
are applied in their original form, but it may give the misleading 
impression that there is some fundamental deficiency in the 
Narasimha and Walker methods. 

The following discussion is undertaken to explain more fully 
the Walker and Narasimha transition length correlation tech­
niques. It will be shown that all four approaches mentioned 
above are physically interrelated. Consideration of these re­
lationships will show that extended versions of the Narasimha 
or Walker techniques (as earlier foreshadowed by Walker, 
1989) are likely to be more generally applicable than Mayle's 
method. 

Transition Length Correlations 

(a) Physical Basis. The application of Emmons'(1951) 
turbulent spot theory together with a suitable assumption for 
the turbulent spot production function leads to an expression 
for the intermittency distribution that relates the length of the 
transition zone to the turbulent spot formation rate. Dhawan 
and Narasimha's (1958) assumption of turbulent spot inception 
occurring in a concentrated region around the start of the 
transition zone yields the relation1 

Rex = 0.642(/?o-)r1/2; n = nv1/Uf (1) 

Provided that some correlation can be identified between 
the transition length Reynolds number and the local conditions 
at the start of the transition zone, it is then possible to relate 
the turbulent spot production rate to the conditions at tran­
sition inception. Dhawan and Narasimha (1958) suggested the 
correlation 

Rex-5 Re" (2) 

on the basis of the data available to them. This data showed 
considerable scatter due to the influence of other factors such 
as free-stream turbulence level and Mach number. Narasimha 
(1978) later proposed the amended expression 

(3) Re x -9Re°; 7 5 

which is still consistent with Dhawan and Narasimha's data. 
This indicates that the appropriate dimensionless parameter 

for breakdown rate should be 

Mayle's (1991) notation is followed here., Narasimha and co-workers define 
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N=no6]/v = Re},(fio) (4) 

As Narasimha (1985) has stated, this clearly suggests that the 
breakdown rate scales primarily with the boundary layer thick­
ness 5, and viscous diffusion time 82/v—a physically appealing 
conclusion. 

Further support for the validity of Narasimha's parameter 
TV is provided by Walker's (1987) minimum transition length 
theory, which yields precisely the same functional relationship 
of Rex with Re*, as Eq. (3). The underlying physical basis for 
this functional form is the correlation of dominant disturbance 
frequency with local boundary layer Reynolds number ob­
tained from linearized stability theory for the laminar bound­
ary layer. 

(b) Constant Pressure Flows (Arbitrary Turbulence). 
On the basis of limited data, Dey and Narasimha (1984) and 
Narasimha (1985) suggested that the dimensionless breakdown 
rate N should take a constant value 

Af=0.7xl0" (5) 
for transition forced by free-stream turbulence in a constant 
pressure flow. Using more extensive data based on intermit-
tency measurements, Gostelow and Dey (1991) and Gostelow 
et al. (1992) later suggested the modified relation 

7V=0.86x 10"3exp(-0.564 m (Tu)) (6) 

which indicates that N should decrease monotonically with 
increasing free-stream turbulence. 

These results may be compared with Mayle's (1991) proposal 
that the spot production rate in zero pressure gradient flow 
should be given by 

no = noi>2/U3
l=N/R<4,= 1 .5x10"" 'Tu'' 

The latter result at first appears physically unreasonable in 
that the spot production rate n does not involve the local 
boundary layer thickness. However, this discrepancy is largely 
resolved by realizing that there is also a correlation between 
Re0, and Tu for transition in zero pressure gradient flow, given 
by Mayle as 

Rew = 400 Tu~5/S (8) 

(c) Arbitrary Pressure Gradient (Low Turbulence). 
Chen and Thy son (1971) modeled the transition zone for ar­
bitrary pressure gradient flows (under low-turbulence condi­
tions) by assuming: 

(/) spot propagation velocities at any given station are pro­
portional to the local external velocity U(x); 

(ii) a spot grows at a constant angle relative to the local 
external streamline; and 

(Hi) the hypothesis of concentrated breakdown at x, re­
mains valid. 

In accordance with this model, Cebeci and Smith (1974) 
proposed the intermittency distribution 

7 = 1 - exp -G(x-x,)\ (dx/U) 

where 

G = (l/1200)(t/3/J '
2)Re~(

l; '4 

(9) 

(10) 

This model has been calibrated against constant-pressure 
flow data. For the case of zero pressure gradient, Eqs. (9) and 
(10) yield 

Rex = 22 Re" (11) 
which gives similar results to those of Eqs. (2) and (3). 

The Chen-Thyson model may give useful results for accel­
erating flow, but it breaks down completely for decelerating 
flow because it does not comprehend the major influence of 

adverse pressure gradients on the physics of laminar instability 
and turbulent breakdown processes. Even a mild adverse pres­
sure gradient greatly increases the turbulent spot production 
rate and causes an associated shortening of the transition zone. 
This is a most significant point, which is overlooked in Mayle's 
(1991) review. 

It was the failure of the Chen-Thyson model to give rea­
sonable results in low Reynolds number airfoil calculations 
that provided the stimulus for Walker's (1987) minimum tran­
sition length model. As described by Walker et al. (1988), these 
calculations failed completely because of excessive transitional 
flow lengths producing burst laminar separation bubbles in 
the computed flow. However, satisfactory results were ob­
tained by using a transitional flow length comparable to that 
predicted by the minimum transition length model. 

Walker's (1987) minimum transition length hypothesis was 
based on the assumption of continuous breakdown of laminar 
instability waves in a strong positive pressure gradient, together 
with a correlation for instability wave frequency in terms of 
local boundary layer parameters and a simple spot spreading 
model. The resulting theoretical minimum transition length 
was originally proposed as a limiting value, which could be 
useful in sensitivity analyses of transitional flow calculations. 
However, Walker and Gostelow (1990) later used this model 
as a theoretical basis for correlating transition length in adverse 
pressure gradients under low free-stream turbulence condi­
tions. This correlation, given by 

LT 0.14 + 20 exp( 100 X<„) 
(12) 

LTmin 0.33 + 3 exp(100Xw) ' 

expresses the ratio of observed transition length LT to the 
(7) theoretical minimum value given by 

•̂ rmin —2.3 Re5*, (13) 

as a function of the pressure gradient parameter at transition 
inception Xe/. 

The experimental data of Walker and Gostelow also pro­
vided a calibration of the theoretical minimum transition length, 
which was found to be about twice the observed minimum. It 
is important to note that the minimum attainable transition 
length, achieved with a separating laminar boundary layer at 
the point of breakdown, differs from that predicted by the 
Dhawan-Narasimha constant pressure correlation by an order 
of magnitude. The Chen-Thyson model is similarly in error 
as the transition length is short and the effects of altered spot 
propagation velocity alone are relatively minor. 

(d) Arbitrary Pressure Gradient and Turbulence Level. 
The Walker-Gostelow correlation, Eqs. (12) and (13) can be 
used to relate turbulent spot production rate to streamwise 
pressure gradient under conditions of low free-stream turbu­
lence. The Narasimha correlation and later developments, Eqs. 
(5) and (6) are complementary in that they relate spot pro­
duction rate to free-stream turbulence level without including 
the influence of pressure gradient. 

Clearly, neither the Narasimha nor the Walker-Gostelow 
model can be expected to give accurate predictions of transition 
length for arbitrary values of both pressure gradient and tur­
bulence level in their original forms. But both approaches are 
quite capable of being extended to make them generally ap­
plicable. The basic forms of these models are still important, 
however, because of the physical insight they provide. Taken 
together, they indicate that a correlation of bursting rate no 
valid for all pressure gradients and turbulence levels must in­
volve both Xe and Ree. 

The Walker model can be extended to the case of arbitrary 
turbulence level by writing 

Rei7/ReLrmin=/i(X<,„ Tu) 

which can be transformed to 

(14) 
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f2(no)/f3(Reei, X,r)=/,(Xfl/) Tu) (15) 

This approach was foreshadowed by Walker (1989) and some 
preliminary results were presented on the basis of data pub­
lished by Gostelow (1989). The method has now been examined 
in more detail by Gostelow et al. (1992) using more extensive 
data; they propose the extended correlation 

LT/LTmin = 9.412 exp| -3.121 \g, In (Tu) 

+ 33.69 \et + 0.248 In (Tu)} (16) 

The Narasimha correlation may be extended to the case of 
arbitrary pressure gradient' by writing 

N=noRel=f4(\e„ Tu) (17) 

Correlations of this form have now been reported by Gostelow 
and Dey (1991) and Gostelow et al. (1992) who give 

N=0.86x 10 3 exp[2.134 A„, In (Tu) 

-59.23 \ei-0.564 In (Tu)) (18) 

A similar approach was suggested independently by Addison 
and Hodson (1992), although their data were too sparse to 
determine any particular trend with Tu. 

The new transition length correlation presented graphically 
by Mayle (1991) is of the form 

no/noFP=f5(K„ Tu) (19) 

i.e., 

no/f6(Tu or Re,,,) =f5(K„ Tu) (20) 

There is a distinct analogy with Walker's approach, provided 
that the denominator on the left-hand side of Eq. (20) is eval­
uated in terms of Ree, and not in terms of Tu as recommended 
by Mayle. The interchangeability of Tu and Re$, as the ar­
gument of fa follows from Eq. (8). 

Noting that K= \g/Rej, it could be said that the transition 
length correlations expressed by Eqs. (15), (17) and (20) all 
involve the same group of parameters no, Reg, \e, Tu. How­
ever, Mayle's relation, Eq. (20), excludes the independent ex­
plicit representation of Xg considered necessary to describe the 
spot production rate under arbitrary conditions. In addition, 
it is not obvious that functional forms can be chosen to allow 
an exact equivalence between the representations of no in Eqs. 
(17) and (20). Hence, while Mayle's model might be an im­
provement on the basic models of Narasimha and Walker, its 
application appears restricted at best to a particular class of 
surface pressure distributions in order to assure the implicit 
relationship between \ei and Ree, determined by a particular 
value of K. This situation could be further clarified if Mayle's 
correlation were made available in algebraic rather than graphic 
form. 

The extended Narasimha and Walker transition length cor­
relations proposed by Gostelow et al. (1992) appear at least as 
encouraging as that of Mayle (1991), but neither has been 
widely tested as yet. The foregoing discussion indicates that it 
is premature to judge the suitability Of any of these models. 
Further studies should be carried out to determine the general 
applicability and accuracy of the spot production models cor­
responding to Eqs. (14), (17), and (19). These should preferably 
be based on transition onset and transition length observations 
determined from turbulent intermittency measurements and 
standardized data reduction techniques. It is particularly im­
portant to remove any bias from erroneous theoretical pre­
dictions or experimental observations of transition onset. A 
wide range of Reynolds number should be covered, with the 
parameters Tu, Rew, \e„ and K, being varied independently as 
far as possible to test their significance. The ultimate test of 
transition length predictions should lie in a quantitative as­
sessment of their performance in practical situations, rather 
than in the goodness of fit of the basic correlation functions 
employed. 
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Fig. 5 Flow around a separation bubble and corresponding pressure 
distribution from Mayle (1991) 
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Fig. 6 Typical computed separation bubble flow from Walker et al. 
(1988) 

Separated Flow Transition 

Introduction. The author endorses the general thrust of 
Mayle's (1991) proposals to improve the modeling of transition 
in separated flow in order to allow the full application of 
modern numerical codes. However, there are some significant 
differences of opinion on matters of detail. 

Mayle has presented a modified picture of the flow behavior 
in a short separation bubble, which is reproduced in Fig. 5. 
This differs from the simplified model of Horton (1969) and 
Roberts (1975, 1980) in two important respects: 

(a) there is a transitional flow region of finite length; and 
(b) the start of transition occurs in the region of constant 

pressure. (But transition is still assumed complete at the end 
of the constant pressure region so that, in common with the 
Horton-Roberts model, the shear layer is fully turbulent during 
pressure recovery and reattachment.) 

There is ample evidence to justify the assumption of tran­
sition commencing prior to the start of pressure recovery, and 
this was also proposed by Walker (1975). However, the as­
sumption that the end of transition xT coincides with the start 
of pressure recovery in the time-mean flow cannot be sup­
ported. The experimental observations of Walker (1975) and 
the computational studies of Walker et al. (1988) strongly 
indicate that transitional flow may occur throughout the pres­
sure recovery process; in some cases the end of transition may 
lie downstream of time-mean reattachment point, as shown 
in Fig. 6. 

Further light is shed on this matter by the shear layer tur­
bulence observations of Gaster, to which Mayle has usefully 
drawn attention. These have been employed as suggested by 
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Fig. 8 Length of separated flow in Series 1 and II laminar separation 
bubbles from Gaster (1967); comparison with limits of transition region 
from shear layer turbulence data for Series II tests 

Mayle to indicate the limits of transitional flow, xt and xT by 
following Mayle's assumption that 7 = Tu/TuT. The results are 
plotted in Figs. 7 and 8 where they are compared with Gaster's 
(1967) data. Transition onset was arbitrarily defined as cor­
responding to Tu/TuT= 0.2 because of the nonzero disturbance 
level upstream. It should be noted that some contribution to 
Tu may be generated by shear layer flapping (Strouhal vortex 
shedding) and associated oscillations of the instantaneous reat­
tachment point. Thus Tu/TuT may not exactly represent the 
shear layer intermittency associated with transition. 

Figure 7 indicates that for short bubbles the transitional 
flow region neatly straddles the end of the dead air region 
(i.e., region of constant pressure, length l\, as defined by Gas­
ter). For long bubbles, the transition process is completed well 
before the end of the constant pressure region. Comparison 
with Gaster's curve fit for the total length of separated flow 
in Fig. 8 indicates that the end of transition occurred close to 
reattachment for the short bubbles in his Series II tests. This 
result appears quite reasonable, considering that in an incipient 
short bubble only occasional turbulent mixing should suffice 
to ensure reattachment; in that case, the end of transition would 
be expected to lie downstream of the mean reattachment point. 

These considerations do not invalidate the correlation for 
(Rex)st (Eq. (11) and Fig. 19 of Mayle, 1991), which has been 
based on turbulence data to determine x,. However, as ( R e ^ r 
has been determined from the extent of constant pressure in 
the bubble, it is clear that Mayle's Eq. (10) 

(ReAr= Re* -ReM=700Reg;7 (21) 

must significantly underestimate (Rex)5r for short bubble flows. 
Hence the value of transition length in separation bubbles, as 
indicated by Mayle's Eq. (12) for R e i r 

ReL7.= 400Re9-7 (22) 

will similarly be too low. 
Mayle has commented that Eq. (21) for ResT" is significantly 

different from that proposed by Walker (1989) based on sta­
bility considerations and a minimum turbulent spot merging 
distance." He is apparently referring to the relation 

Re, = 0.97 Rei*. (23) 

This comparison is inappropriate, as Eq. (23) is strictly based 
on the length of transitional flow, not the length of the constant 
pressure region in a bubble. A more appropriate comparison 
is that between Eq. (23) and Eq. (22), although the latter 
equation underestimates the transition length as noted above. 

Assuming 5*/0 = 3.7 at separation, Eq. (23) transforms to 

RsLT=6.9Rel
e (24) 

The 1.5 power dependence on Refe results from estimation of 
the dominant disturbance frequency from laminar stability 
theory, utilizing the conditions at separation; this is supported 
by the limited data available. The functional dependence on 
Reto is significantly different from that in Eq. (22), but the 
two expressions nevertheless produce values of ReLr of the 
same order for the range of Re9s commonly encountered. Exact 
equivalence occurs for R e ^ ^ 160, but a higher value would be 
expected if the underestimate in ReLT from Eq. (22) were cor­
rected. 

Should it be desirable to retain a point transition model 
(Rei7-=0) for engineering purposes, Fig. 7 indicates that the 
downstream limit of constant pressure is the most appropriate 
location in well-developed short bubbles. This is precisely the 
location adopted by Horton and Roberts in their semi-empir­
ical models. 

Prediction of Transition Onset. The accurate prediction 
of transition onset is a particularly important factor in the 
computation of separation bubble flows. Mayle has followed 
the conventional method of dealing with separated flow tran­
sition by correlating (Rex)s, in terms of the local conditions at 
separation (Eq. (11) and Fig. 19 of Mayle, 1991). 

A significant characteristic of this correlation (and similar 
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ones published in the literature2) is that a zero length of sep­
arated laminar shear layer is impossible for Reto ̂  0. This means 
that an incipient short bubble cannot grow continuously from 
zero length as Reynolds number is reduced and transition onset 
moves downstream of a laminar separation point. Nor can a 
short bubble disappear continuously as Reynolds number is 
increased. This phenomenon can cause instability in low Reyn­
olds number airfoil flow calculations due to bubbles appearing 
and disappearing on successive iterations. 

Such behavior would not be unexpected with long bubbles, 
for which large hysteresis effects are well known. For short 
bubbles, however, it does not seem to accord with observations 
of slow, continuous changes in deflection, drag, and surface 
pressure perturbations as separated flow regions appear or 
disappear on an airfoil. 

The apparent incompatibility of transition criteria for at­
tached and separated flow raises the further question of up­
stream influence on the transition process in separation bubbles. 
The conditions upstream of separation will certainly be of 
major importance in low free-stream turbulence cases. Here, 
transition will rather be dependent on some average condition 
for the region of unstable flow, and a correlation in terms of 
separation conditions must imply some similarity in the up­
stream surface pressure distribution. This could not possibly 
apply for such diverse cases as leading edge and midchord 
bubbles. 

The situation regarding transition onset in the presence of 
both strong deceleration and high free-stream disturbance level 
is less clear. However, it is significant that in the cases of 
transition on a compressor stator with a midchord bubble 
reported by Walker (1975), lengths of unstable laminar flow 
up to 40 percent of chord existed prior to separation. Here it 
is inevitable that considerable development of instability waves 
would have occurred prior to separation and transition. Similar 
observations have been reported in cascade tests by Citavy and 
Norbury (1977), where an increase in turbulence level from 
0.35 to 4.4 percent altered the total length of unstable flow by 
around 20 percent only. The latter result, which is quite typical 
of other published data, is suggestive of turbulence having 
only a secondary influence on transition in this situation. This 
contrasts with the impression gained by viewing movements 
in transition onset relative to the laminar separation point, 
which would suggest a relatively larger influence of free-stream 
turbulence on transition. 

Another significant aspect of the Citavy and Norbury high-
turbulence case (Tu = 4.4) is that the observed suction surface 
transition location of A:/C=:0.60 at Re c =1.87xl0 5 differs 
markedly from that of x/c=0.35 predicted by Mayle's flat 
plate correlation, Eq. (8) above. This is only an isolated case, 
but it casts further doubt on the simplified method of predicting 
transition onset presented in Fig. 16 of Mayle (1991). It also 
stresses the point that the most important consideration is the 
quantitative accuracy with which a procedure can predict tran­
sition onset, rather than the apparent closeness of data points 
on a correlation plot. These considerations add further weight 
to Mayle's call for experiments to investigate separated-flow 
transition at high turbulence levels. 

Separation Bubble Bursting and Long Bubbles. As regards 
separation bubble bursting, it should be noted that this most 

2Horton's (1969) correlation indicates that the Reynolds number based on the 
length of the constant pressure region, lu should remain constant regardless of 
the value of ReSs. Roberts (1975, 1980) modified this result by incorporating a 
turbulence function that reduces lu as Tu increases; however, /, = 0 is strictly 
possible only for 7u = oo. 

Mayle's (1991) Eqs. (11) and (10) indicate Re„ and Res7-both increasing with 
Refc. These relations do not include any allowance for free-stream turbulence 
effects as they were derived almost entirely from low-turbulence data; Mayle 
intended them to provide a framework for future investigations at higher tur­
bulence levels. 

probably results from separation of the reattaching turbulent 
flow downstream of the bubble. Gaster's (1967) bursting cri­
terion 

(Xs)crit=/(Reto) (25) 

can be approximated by the line 

(0/ U) (dU/dx) = const (26) 

where the velocity gradient is evaluated over the length of the 
bubble. Equation (26) is well known as a separation criterion 
for equilibrium turbulent flow. 

If the surface pressure distribution remains unaltered (a rea­
sonable approximation for a flow with a short bubble) the 
laminar separation point will not alter the chord Reynolds 
number, as the value of Xe at each point on the surface will 
be a constant. The value of (6/U)(dU/dx) in the region of 
the bubble, however, will progressively become more negative 
as Rec is reduced. For sufficiently low Rec the turbulent sep­
aration criterion will be exceeded and the turbulent shear layer 
will fail to reattach. 

The subsequent flow behavior, and whether a long bubble 
is possible, will depend very much on the airfoil geometry and 
incidence. The major interaction of the long bubble with the 
surface pressure distribution is the most probable explanation 
for the altered transition onset distance shown in Fig. 19 of 
Mayle (1991); this further emphasizes the possible influence 
of flow upstream of separation on the transition process. 

The larger values of Re s r for long bubbles shown in Fig. 18 
of Mayle (1991) reflect not an increased length to the end of 
transition but rather a greater distance to the point where 
turbulent mixing is felt at the surface. This is a consequence 
of the transitioning shear layer having moved further from the 
surface in the long bubble situation. A universal correlation 
for lengths of the constant pressure region cannot be expected 
with the strong viscous-inviscid interactions typical of long 
bubbles. 

This point is emphasized by considering the Gaster (1967) 
data shown in Fig. 8. The shear layer turbulence observations 
show a fairly constant dimensionless distance to the end of 
transition, while the dimensionless length of the constant pres­
sure region progressively exceeds this value in long bubbles as 
Rete is reduced. 

Conclusions 
While much work remains to be done, there has been very 

encouraging progress in understanding the problem of tran­
sition in gas turbine engines in recent years. Mayle (1991) has 
given an excellent overview of these developments and their 
application to the design of engine components. 

The author strongly endorses the general thrust of Mayle's 
analysis on the basis of intermittency theory and his suggestions 
for future work. In carrying out further observations it is urged 
that investigators should use measurements of intermittency 
to provide accurate quantitative data on the progress of tran­
sition and to permit a direct comparison with the results of 
turbulent spot theory. Experiments should be conducted with 
turbulence level Tu, Reynolds number Rew, pressure gradient 
parameter X«(, and acceleration parameter Kt being varied in­
dependently over as wide a range as possible so that the in­
dividual roles of these factors in the transition process can be 
more clearly distinguished. 

Despite the fact that free-stream turbulence may exert a 
dominating influence in some situations, the author cannot 
agree with Mayle that transition information obtained at low 
free-stream turbulence levels is virtually useless for the gas 
turbine designer. The author and co-workers have found ob­
servations at low turbulence to provide useful physical insights, 
which have been beneficial in developing a more general un­
derstanding of transition phenomena. 
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Nor can it be agreed that the length of transition in gas 
turbines depends only on the free-stream turbulence and pres­
sure gradient. The foregoing discussion has indicated that 
boundary layer Reynolds number should also be an important 
parameter. 

In relation to transition length, it has also been stressed that 
even mild positive pressure gradients cause a major shortening 
of the transition zone. Under these conditions, which are rel­
atively more extensive than envisaged by Mayle, the influence 
of free-stream turbulence becomes much less important. 

The basis of transition length correlations has been examined 
in some detail. This study has indicated that Mayle's technique 
may be considered a development of the Narasimha and Walker 
approaches, but one that is subject to some lack of generality 
in that it does not permit independent variation of Reynolds 
number and pressure gradient parameters that influence nat­
ural transition modes. The latter parameter may be significant 
in relation to spot production rates, even in a highly turbulent 
stream where bypass modes predominate. 

Mayle's attempt to improve separation bubble modeling by 
incorporating a finite transition length is supported, but it has 
been pointed out that his assumption of the end of transition 
coinciding with the limit of the constant pressure region is 
incorrect. The author has outlined several other limitations of 
current models. 

The author supports Mayle's call for further study into the 
periodic-unsteady transition phenomenon. Neither Mayle's nor 
the present examination have revealed any clear criterion for 
the onset of wake-induced transition, and the author's obser­
vations of transition on a compressor blade differ significantly 
from those of other workers in some important respects. The 
compressor blade data suggested that the transition location 
was not greatly influenced by either periodic or random dis­
turbances associated with passing rotor wakes. 

Taken overall, such differences of opinion as have been 
identified above largely reflect the differing backgrounds of 
Mayle and the present author, which are mainly in the turbine 
and compressor fields, respectively. The most stimulating as­
pect of Mayle's review for the present author has been its 
general consideration of transition phenomena in gas turbines 
from the turbine engineer's perspective. The final conclusion, 
therefore, is that the promotion of even closer interaction 
between compressor and turbine designers could act as a cat­
alyst for further useful progress in the boundary layer tran­
sition field. 
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approaches, but one that is subject to some lack of generality 
in that it does not permit independent variation of Reynolds 
number and pressure gradient parameters that influence nat­
ural transition modes. The latter parameter may be significant 
in relation to spot production rates, even in a highly turbulent 
stream where bypass modes predominate. 

Mayle's attempt to improve separation bubble modeling by 
incorporating a finite transition length is supported, but it has 
been pointed out that his assumption of the end of transition 
coinciding with the limit of the constant pressure region is 
incorrect. The author has outlined several other limitations of 
current models. 

The author supports Mayle's call for further study into the 
periodic-unsteady transition phenomenon. Neither Mayle's nor 
the present examination have revealed any clear criterion for 
the onset of wake-induced transition, and the author's obser­
vations of transition on a compressor blade differ significantly 
from those of other workers in some important respects. The 
compressor blade data suggested that the transition location 
was not greatly influenced by either periodic or random dis­
turbances associated with passing rotor wakes. 

Taken overall, such differences of opinion as have been 
identified above largely reflect the differing backgrounds of 
Mayle and the present author, which are mainly in the turbine 
and compressor fields, respectively. The most stimulating as­
pect of Mayle's review for the present author has been its 
general consideration of transition phenomena in gas turbines 
from the turbine engineer's perspective. The final conclusion, 
therefore, is that the promotion of even closer interaction 
between compressor and turbine designers could act as a cat­
alyst for further useful progress in the boundary layer tran­
sition field. 
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providing definite statements, and in simplifying the problem 
to make it more amenable, it would have been improbable if 
he had not made statements that others feel need refining or 
correcting. With Mayle's lecture as its focus Walker has pro­
duced an interesting and stimulating discussion, and it is to be 
hoped that this will spark further attention to the subject of 
transition. 

I have two substantive points to make. The first relates to 
the inception of turbulence by the passage of wakes from 
upstream. Walker uses his results, shown here as Fig. 4, to 
claim that the wake turbulence is not initiating the boundary 
layer turbulence. He comes to the conclusion because at this 
chordwise position {x/c = 0.50) the boundary layer is turbulent 
at times where the rear part of the wake is over it and in the 
rear of the wake the turbulence is reduced. Actually this is just 
what one would expect if the wake turbulence were initiating 
the boundary layer turbulence at some position further up­
stream; because the wake is convected at the local free-stream 
velocity but the boundary layer spots travel at about 0.85 times 
free-stream velocity, the wake moves ahead of the boundary 
layer that turbulence initiates. This is demonstrated on com­
pressor blades by, for example, Dong and Cumpsty (1990a, 
1990b) and Li (1990). An aspect of this that remains a mystery 
is why the wake can initiate turbulence near the leading edge 
of the blade, where the Reynolds number is low, but then 
appears unable to do so farther back, but instead travels pas­
sively over the laminar boundary underneath. 

The second point, which is directed at both the present paper 
by Walker and the earlier one by Mayle (1991), relates to 
transition taking place in separation bubbles. The discussion 
of this topic seems to take place in terms of a very limited 
group of papers, principally Gaster (1967), Horton (1969), and 
Roberts (1975). There are other papers it would be useful to 
involve in the discussion and in interpreting the behavior. I 
would particularly draw attention to the work of Arena and 
Mueller (1980), where flow visualization was used to determine 
explicitly the position of the start of transition and the mean 
position of reattachment. 

Additional References 
Arena, A. V., and Mueller, T. J., 1980, "Laminar Separation, Transition 

and Turbulent Reattachment Near the Leading Edge of Airfoils," AIAA Jour­
nal, Vol. 18, pp. 743-747. 

Li, Y. S., 1990, "Mixing in Axial Compressors," PhD Dissertation, Cam­
bridge University, United Kingdom. 

Author's Closure 
The author thanks N. A. Cumpsty for his comments and 

welcomes the opportunity to expand further on the two sub­
stantive points that have been raised. 

The question of how the wake passage initiates turbulence 
is a critical one. There is no doubt that turbulent breakdown 
in the boundary layer may coincide with the passing wake 
disturbance, as many other authors (including Cumpsty and 
co-workers) have observed. It is a moot point, however, whether 
such breakdowns are due to the direct action of wake turbu­

lence, the periodic unsteadiness associated with the wake, or 
interaction effects resulting from the wake passage over the 
blade (both potential flow and viscous-inviscid interactions). 

Figure 4 of the paper (taken from Walker, 1974) was included 
to support the view that turbulence inception might be induced 
indirectly by the wake perturbations or associated interaction 
effects. Cumpsty correctly points out that this single figure 
cannot conclusively establish that the initial breakdown did 
not coincide with the wake passage at some point further up­
stream. Additional material from Walker (1974) was included 
in the presentation of the paper to indicate that the instant 
immediately following the wake passage was the favored time 
for turbulent breakdown. Stronger evidence for the existence 
of indirect mechanisms is provided by the more recent results 
of Orth (1992) and Walker and Solomon (1992). 

Orth's (1992) observations are particularly interesting in that 
they seem to indicate the existence of both direct and indirect 
mechanisms in the same experiment. Here, the boundary layer 
on a flat plate was subjected to periodic disturbances from the 
wakes of a rotating cascade of bars. The stronger wakes of 
the nearer bars generated turbulent spots coincident with the 
wakes at a position close to the plate leading edge. The weaker 
wakes of bars in the far positions initiated transition much 
later, with breakdown definitely lagging behind the wake and 
no direct connection between the boundary layer and wake 
turbulence. Whether this breakdown resulted from periodic 
unsteadiness or from ingestion of wake turbulence into the 
boundary layer (as Orth argues), the mechanism is clearly 
indirect. Perhaps the most telling argument for an indirect 
mechanism is the mysterious phenomenon (noted by both 
Cumpsty and Orth) of the passing wake traveling passively 
over the laminar boundary layer after initiating turbulence near 
the leading edge of a blade or plate. 

On the second discussion point, the author strongly agrees 
with Cumpsty on the need for a better physical understanding 
of transition phenomena in laminar separation bubbles. Com­
bined flow visualization and hot-wire studies, such as that of 
Arena and Mueller (1980), have made an important contri­
bution here. These workers note, however, that pinpointing 
transition onset from flow visualization observations is rather 
difficult, and the present author considers intermittency meas­
urements a better tool for this purpose. 

The main reason for focusing on the limited group of papers 
from Gaster (1967), Horton (1969), and Roberts (1975) was 
that, despite their known limitations, these semi-empirical 
models of laminar separation bubble behavior have been the 
mainstay of engineering calculation methods for around two 
decades. The paper of Arena and Mueller, for all its useful 
physical insights, did no more than agree with these existing 
prediction methods for short bubbles. 
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to make it more amenable, it would have been improbable if 
he had not made statements that others feel need refining or 
correcting. With Mayle's lecture as its focus Walker has pro­
duced an interesting and stimulating discussion, and it is to be 
hoped that this will spark further attention to the subject of 
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the inception of turbulence by the passage of wakes from 
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claim that the wake turbulence is not initiating the boundary 
layer turbulence. He comes to the conclusion because at this 
chordwise position {x/c = 0.50) the boundary layer is turbulent 
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stream; because the wake is convected at the local free-stream 
velocity but the boundary layer spots travel at about 0.85 times 
free-stream velocity, the wake moves ahead of the boundary 
layer that turbulence initiates. This is demonstrated on com­
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is why the wake can initiate turbulence near the leading edge 
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appears unable to do so farther back, but instead travels pas­
sively over the laminar boundary underneath. 

The second point, which is directed at both the present paper 
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involve in the discussion and in interpreting the behavior. I 
would particularly draw attention to the work of Arena and 
Mueller (1980), where flow visualization was used to determine 
explicitly the position of the start of transition and the mean 
position of reattachment. 

Additional References 
Arena, A. V., and Mueller, T. J., 1980, "Laminar Separation, Transition 

and Turbulent Reattachment Near the Leading Edge of Airfoils," AIAA Jour­
nal, Vol. 18, pp. 743-747. 

Li, Y. S., 1990, "Mixing in Axial Compressors," PhD Dissertation, Cam­
bridge University, United Kingdom. 

Author's Closure 
The author thanks N. A. Cumpsty for his comments and 

welcomes the opportunity to expand further on the two sub­
stantive points that have been raised. 

The question of how the wake passage initiates turbulence 
is a critical one. There is no doubt that turbulent breakdown 
in the boundary layer may coincide with the passing wake 
disturbance, as many other authors (including Cumpsty and 
co-workers) have observed. It is a moot point, however, whether 
such breakdowns are due to the direct action of wake turbu­

lence, the periodic unsteadiness associated with the wake, or 
interaction effects resulting from the wake passage over the 
blade (both potential flow and viscous-inviscid interactions). 

Figure 4 of the paper (taken from Walker, 1974) was included 
to support the view that turbulence inception might be induced 
indirectly by the wake perturbations or associated interaction 
effects. Cumpsty correctly points out that this single figure 
cannot conclusively establish that the initial breakdown did 
not coincide with the wake passage at some point further up­
stream. Additional material from Walker (1974) was included 
in the presentation of the paper to indicate that the instant 
immediately following the wake passage was the favored time 
for turbulent breakdown. Stronger evidence for the existence 
of indirect mechanisms is provided by the more recent results 
of Orth (1992) and Walker and Solomon (1992). 

Orth's (1992) observations are particularly interesting in that 
they seem to indicate the existence of both direct and indirect 
mechanisms in the same experiment. Here, the boundary layer 
on a flat plate was subjected to periodic disturbances from the 
wakes of a rotating cascade of bars. The stronger wakes of 
the nearer bars generated turbulent spots coincident with the 
wakes at a position close to the plate leading edge. The weaker 
wakes of bars in the far positions initiated transition much 
later, with breakdown definitely lagging behind the wake and 
no direct connection between the boundary layer and wake 
turbulence. Whether this breakdown resulted from periodic 
unsteadiness or from ingestion of wake turbulence into the 
boundary layer (as Orth argues), the mechanism is clearly 
indirect. Perhaps the most telling argument for an indirect 
mechanism is the mysterious phenomenon (noted by both 
Cumpsty and Orth) of the passing wake traveling passively 
over the laminar boundary layer after initiating turbulence near 
the leading edge of a blade or plate. 

On the second discussion point, the author strongly agrees 
with Cumpsty on the need for a better physical understanding 
of transition phenomena in laminar separation bubbles. Com­
bined flow visualization and hot-wire studies, such as that of 
Arena and Mueller (1980), have made an important contri­
bution here. These workers note, however, that pinpointing 
transition onset from flow visualization observations is rather 
difficult, and the present author considers intermittency meas­
urements a better tool for this purpose. 

The main reason for focusing on the limited group of papers 
from Gaster (1967), Horton (1969), and Roberts (1975) was 
that, despite their known limitations, these semi-empirical 
models of laminar separation bubble behavior have been the 
mainstay of engineering calculation methods for around two 
decades. The paper of Arena and Mueller, for all its useful 
physical insights, did no more than agree with these existing 
prediction methods for short bubbles. 
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Low Aspect Ratio Transonic 
Rotors: Part 1—Baseline Design 
and Performance 
The analytical design and experimental test of a single-stage transonic axial-flow 
compressor are described. This design is the baseline of a compressor design study 
in which several blade design parameters have been systematically varied to determine 
their independent effects on compressor performance. The baseline design consisted 
of ruggedizing an existing compressor design that demonstrated outstanding aero­
dynamic performance, to correct some undesirable aeromechanical characteristics. 
The design study was performed by varying only one design parameter at a time, 
keeping the other design variables as close as possible to the baseline design. Specific 
design parameters of interest were those for which very few data were available to 
determine their sensitivity on compressor performance. This paper describes the 
baseline compressor design and its experimental performance. A detailed definition 
and flow analysis of the baseline design test point (used as the basis for all subsequent 
design variations) are provided. 

Introduction 
Recent trends in aircraft turbine engine design have led to 

significant reductions in the aspect ratios of fans and com­
pressors. This has brought with it a greatly reduced engine 
weight, cost, and parts count with improved ruggedness and 
aeroelastic stability. The primary design objectives that con­
tribute most to the reduction in aspect ratio are an increase in 
flow per frontal or annulus area and reducing the number of 
stages used to achieve a given pressure ratio. Reducing the 
number of stages to reduce the weight of the compressor inev­
itably means that each stage must do more work. Maximizing 
the work per stage while retaining acceptable overall perform­
ance has been the biggest challenge for the aircraft engine 
designer. 

One way to increase work per stage is to increase wheel speed 
and swirl velocity and, therefore, the relative Mach number 
of the rotor. The relative Mach number may be increased by 
maximizing the throughflow velocity. The key to a successful 
design rests with efficient handling of the high relative Mach 
numbers to limit losses associated with shock waves. Adequate 
stall margin may be maintained by choosing appropriate blade 
shapes and surface contours. 

In 1971, the Air Force Aero Propulsion Laboratory (now 
the Aero Propulsion and Power Directorate of the Wright 
Laboratory) initiated a program to develop an axial compressor 
for a turbo-jet-type aircraft turbine engine similar to a J-79. 
The compressor was designed with less than half the current 
number of stages and a higher flow per frontal area than had 
ever been achieved by any U.S. production engine. The original 
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design objectives for the compressor were to produce a pressure 
ratio of 12:1 in five stages with an overall efficiency of 84 
percent and reasonable surge margin. The first rotor tip speed 
was to be 1500 ft/s (457 m/s) and the flow rate to be achieved 
per unit frontal area was 39.7 lb/s/ft2 (192.5 kg/s/m2). A 
design philosophy was adopted that used more loading in the 
first stage and correspondingly less loading in the downstream 
stages. The design pressure ratio and efficiency for the first 
stage were 1.912 and 83 percent, respectively. Arbitrary blade 
and vane camber line specifications were optimized using the 
axial static pressure variations. Swept stator leading edges and 
variable blade-to-platform fillet radii were used to minimize 
losses. A detailed description of the design philosophy and 
characteristics of the original design was provided by Wen-
nerstrom and Frost (1976). 

The first-stage design had a constant rotor tip diameter of 
17 in. (43.2 cm) and a corrected flow of 62.6 lb/sec (28.4 kg/ 
s). No inlet guide vanes were employed and the stator vanes 
were fixed and designed as the load bearing structure that 
would support the front bearing in the real engine. The rotor 
structure was designed to be adequate to meet the design ob­
jectives, but not so rugged as to compromise the aerodynamic 
efficiency. 

The original first-stage design was tested in the 2000-hp 
Compressor Aerodynamic Research Laboratory at Wright-
Patterson Air Force Base, OH, in 1976. The map of stage 
performance from 40 to 100 percent corrected speed for the 
original compressor is shown in Fig. 1. At design speed and 
pressure ratio, the flow rate and efficiency exceeded the design 
values by 0.8 and 2.6 percent, respectively. At design speed, 
efficiency peaked at 88.2 percent (5.2 percentage points higher 
than design). At 90 percent corrected speed, efficiency peaked 
at 90.9 percent. At design speed, approximately 11 percent 
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stall margin remained beyond design pressure ratio. A detailed 
description of these test results was presented by Wennerstrom 
et al. (1976). 

During the original design tests, transonic stall flutter was 
experienced at the first bending frequency at 75-85 percent 
speed. At speeds above and below this, conventional stalls 
were experienced. This instability occurred in an operating 

speed range critical for supersonic fighter applications. Also, 
the rotor leading edge radii were judged by potential manu­
facturers as unrealistic relative to foreign object damage po­
tential in many applications. For these reasons, a rotor redesign 
effort was initiated. This additional effort was considered 
worthwhile due to the outstanding aerodynamic performance 
characteristics demonstrated by the original design and the 
significant interest generated within the turbomachinery com­
munity toward several possible applications. It was considered 
highly feasible that the same procedures used to design the 
original rotor could be used to design a more rugged version 
with similar outstanding performance. 

Aerodynamic Design 
A rotor redesign effort was initiated with a goal of achieving 

a structurally enhanced rotor with improved foreign object 
damage resistance and decreased vibrational sensitivity. Min­
imum impact on the aerodynamic performance of the original 
design was desired. Specifically, the rotor leading and trailing 
edge thicknesses were doubled and the rotor maximum thick­
ness-to-chord ratio distribution was varied. As little of the 
remaining original aerodynamic design was modified as pos­
sible. Only the meridional distribution of work internal to the 
rotor and the rotor hub contour were modified to compensate 
for the new rotor blade metal blockage distribution. The de­
tailed aerodynamic redesign was accomplished using the same 
computer program used in the original design. A detailed de­
scription of the rotor redesign was provided by Wennerstrom 
and Buzzell (1979). 

The detailed aerodynamic design was accomplished with an 
early version of the computer program described by Hearsey 
(1975), employing the streamline curvature method of com­
putation. The computational mesh included curved computing 
stations, as illustrated in Fig. 2 (for simplicity, only the hub 
and case streamlines are shown). The computational mesh 
included 21 streamsurfaces and 26 computing stations: 10 sta­
tions in the compressor inlet, one station at each blade/vane 
edge, four stations internal to each blade/vane row, one station 
between the rotor and stator, and three stations in the stage 
exit. 

The detailed design computer program obtains an aerody­
namic solution through an iterative numerical procedure that 
simultaneously solves the equations of momentum, continuity, 
and energy at each computing station in sequence through the 
compressor. After each computational pass through the com­
pressor, the streamline locations at each computing station are 
adjusted and the procedure is repeated until the changes oc­
curring from one pass to the next fall within a specified tol­
erance. The analysis assumes the flow to be axisymmetric and 
described by a series of concentric streamsurfaces across which 
no mass or momentum is transferred. The full radial equilib­
rium version of the momentum equation is satisfied at each 
streamsurface/computing-station intersection and includes the 
effects of streamline curvature and entropy gradients. At com­
puting stations located within blade/vane rows, blade force 
terms are included in the momentum equation as a body-force 
field assumed to act in a direction everywhere normal to the 
three-dimensional surface formed by the stacked camber lines 
of each blade/vane row. 

The detailed design computational scheme used computing 
stations internal to the blade/vane rows. An optimization cri­
terion was developed to select the best airfoil geometries ca­
pable of satisfying the same end conditions. A criterion was 
developed based on minimizing the airfoil losses. This was 
accomplished by minimizing the meridional gradient of static 
pressure in a circumferential average sense. The design objec­
tive was to generate a meridional gradient of static pressure 
that was approximately linear through the first three quarters 
of the blade/vane. The static pressure gradient tapered off 
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toward the trailing edge, because an airfoil cannot sustain 
loading all the way to its trailing edge. This approach was used 
for both the rotor and the stator, by specifying the meridional 
distributions of total enthalpy through the rotor and angular 
momentum through the stator. 

Using the assumed work distributions, the aerodynamic 
flowfield analysis produces a set of relative flow angles to 
which, after correcting for the internal deviation angle distri­
bution, the airfoils are matched. This procedure is iteratively 
repeated until the optimization criteria are met over the full 
span. Airfoil metal blockages used in the aerodynamic analysis 
are set to be consistent with those calculated by the blade/ 
vane generation program during the iteration. The computing 
stations used to represent the blade/vane leading and trailing 
edges are closely matched to the envelope of the stacked airfoil. 
To avoid peculiarly shaped airfoils having undesirable me­
chanical and/or aerodynamic properties, the distributions of 
work vary smoothly both along streamsurfaces and along com­
puting stations. Distributions that depart greatly from a linear 
distribution along streamsurfaces are not usually required. 

The through-the-blade-row design technique described above 
requires several additional assumptions to be made within each 
blade/vane row. These are the spatial distributions of deviation 
angle, blockage, and loss, listed in decreasing order of im­
portance. The assumption was made that the deviation angle 
should equal the incidence angle at the leading edge and the 
conventional deviation angle (predicted by empirical correla­
tions) at the trailing edge. The deviation angle should be ex­
tremely small in the covered portion of the passage and have 
a rate of change approximately equal and opposite to the rate 
of change of the camber line angle at the trailing edge. The 
deviation angles were predicted at the trailing edges for blades/ 
vanes according to the method described by Johnson et al. 
(1965) (Eqs. (269) and (271)). A shape correction factor of 1.0 
was used for both the rotor and stator and all predicted values 
for the rotor were increased by 2.0 deg to match existing rel­
evant experimental data better. 

The final choice for leading edge incidence was based on 
results obtained from cascade experiments and inviscid time-
dependent cascade plane analyses. The relative inlet Mach 
number to the rotor is supersonic over most of the span and 
flow through the rotor is controlled primarily by the wave 
pattern propagated upstream. To achieve the desired design 
flow, the final rotor design assumed a constant 2.0 deg of 
incidence with respect to the suction surface. A sonic absolute 
Mach number and high solidity at the hub of the stator were 
conducive to choking. A positive incidence of 5.0 deg with 
respect to the camber line was assumed for the stator hub. 
Highly cambered subsonic cascade sections favor low to neg­
ative incidence angles. High incidence angles were expected at 
the stator tip as the stage was throttled toward stall. For these 
reasons, zero degrees of incidence with respect to the camber 
line was assumed for the stator tip. The stator incidence angle 
was linearly varied from hub to tip in the final design. 

The absolute level of blockage at each computing station 
was calculated according to a simplified formula for a turbulent 
boundary layer on a flat plate. Meridional velocity and length 
were substituted for absolute velocity and path length as de­
scribed by Jansen (1967). Although the computation was orig­
inally conceived as an annulus wall blockage model, it was 
employed here as a wake blockage model. The blockage was 
linearly distributed from hub to tip in proportion to the span-
wise solidity variation. Midspan blockage estimated in this 
manner rose from 1.0 percent at the rotor leading edge to 6.0 
percent at the rotor trailing edge, and remained at 6.0 percent 
throughout the stator. 

By using arbitrary camber line airfoils, the axial static pres­
sure distribution could be largely controlled by specifying the 
work distributions through the rotor and stator. It was not 
necessary to make large adjustments to the annulus wall con­

tour within the blade/vane passages to satisfy the optimization 
criteria. Consequently, a specific objective in laying out the 
annulus geometry of this design was to maximize the radii of 
curvature defining the hub and case flow paths. As a result, 
the spinner contour is a circular arc tangent to the rotor hub 
and the hub flow path from the rotor trailing edge to the exit 
plane is a single circular arc tangent to the rotor hub and to 
a cylinder about half a stator chord length downstream of the 
stator exit plane. The case flow path consisted of a circular-
arc bellmouth tangent to a cylinder that extended past the stage 
exit plane. 

The original rotor was designed to be minimally adequate 
structurally so as not to compromise the aerodynamics. A 
maximum rotor section thickness distribution of from 6.0 per­
cent chord at the hub to 2.5 percent chord at the tip was 
selected. For the redesigned rotor, the maximum thickness-to-
chord ratio at the hub was increased to 10.0 percent; the tip 
value was unchanged. This change in maximum thickness was 
approximately linearly distributed from hub to tip. 

Rotor leading edge wedge angles near the tip were minimized 
to reduce shock losses by locating the position of maximum 
airfoil thickness relatively far aft. At the hub, wedge angles 
were minimized to prevent choking. The position of maximum 
airfoil thickness was linearly varied from 55 percent chord at 
the hub to 70 percent chord at the tip. The same distribution 
was used for both the original and redesigned rotors. 

The original rotor leading edge radius was a constant 0.005 
in. (0.13 mm) in the tip region flaring to 0.015 in. (0.38 mm) 
within the last 50 percent of span approaching the hub. Trailing 
edge thickness from one-third trailing edge span outward was 
equal to leading edge thickness on the same streamsurface. 
Trailing edge thickness inboard of that point was increased to 
a maximum at the hub two-thirds greater than at the leading 
edge. For the redesigned rotor, the leading and trailing edge 
thicknesses were doubled everywhere. 

To enhance aerodynamic stability, a tip solidity high enough 
to capture a weak oblique passage shock, extending from the 
leading edge of one airfoil to the suction surface of another, 
within the passage was selected. A tip solidity of approximately 
1.5 was chosen so that such a shock would intersect the suction 
surface at approximately 90 percent chord. This tip solidity 
plus the chord length set the number of rotor blades at 20. 
The resultant hub solidity was 3.2, with a nearly linear span wise 
variation. The bowed appearance of the rotor blade in the 
meridional view shown in Fig. 2 resulted from the desirability 
of increasing the solidity (by increasing the chord length) near 
two-thirds span for aerodynamic reasons and to preserve the 
satisfactory, nearly linear area distribution. 

The stator solidity distribution was defined based on aero­
dynamic considerations related to loading, operating range, 
and leading edge sweep. The stator leading edge was swept 
forward near the hub to reduce the normal component of Mach 
number to maximize incidence range and to minimize shock 
losses. The corresponding high solidity also reduced the dif­
fusion factor. The stator leading edge was also swept forward 
at the tip to increase solidity and reduce stage length. Chord 
length was approximately fixed according to the considerations 
related to aspect ratio and hub flow path contour. A minimum 
solidity of approximately 1.6 was selected because of the high 
turning required of the stator (varying from 40 to 50 deg) and 
the high average Mach number level (varying from about 0.7 
to 1.0). An odd number of vanes having no common divisor 
with the 20 rotor blades was desired to minimize the chance 
of exciting any resonant frequencies in the rotor through rotor-
stator interaction. These conditions were satisfied by choosing 
the stator vane meridional envelope shown in Fig. 2 and by 
specifying 31 vanes. Maximum vane thickness was located at 
a constant 50 percent chord and varied in magnitude from 4.0 
percent chord at the hub to 6.0 percent chord at the tip. Leading 
and trailing edge radii were held constant at 0.006 in. (0.15 
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mm) across the span. The same stator design was used for 
both the original and redesigned rotor investigations. 

The fillet geometry chosen was patterned after the aircraft 
wing-fuselage juncture model to minimize interference drag 
and boundary layer growth (and the possibility of separation) 
in the corner. A fillet was chosen equal to approximately one-
fourth of the average local blade/vane spacing. Then, over a 
distance equal to about 20 percent chord, the fillet was reduced 
to about one-fourth of its midchord value as the leading and 
trailing edges were approached. This fillet treatment was ap­
plied to the rotor hub and to both stator end walls. 

The final stage dimensional and design point characteristics 
obtained for the original and redesigned (ruggedized) rotor 
configurations were as follows: 

Original Ruggedized 
17.0 
0.312 
20/31 
0.312 
1.320 
1.255 
1.966 
1.912 
2.169 
1.658 
0.869 
0.830 

17.0 
0.312 
20/31 
0.312 
1.320 
1.255 
1.964 
1.911 
2.211 
1.675 
0.868 
0.829 

Stage outer diameter, in. 
Rotor inlet hub/tip radius ratio 
Number of blades/vanes 
Rotor inlet hub/tip radius ratio 
Mean rotor aspect ratio 
Mean stator aspect ratio 
Rotor mass averaged total pressure ratio 
Stage mass averaged total pressure ratio 
Rotor tip static pressure ratio 
Rotor tip relative Mach number 
Rotor isentropic efficiency 
Stage isentropic efficiency 

Test Apparatus and Procedure 

Test Facility and Vehicle. The high-throughflow com­
pressor (HTFC) with the original and ruggedized (redesigned) 
rotor configurations was tested in the 2000-hp Compressor 
Aerodynamic Research Laboratory shown schematically in Fig. 
3. The compressor rig design employed a cantilevered rotor 
supported by four struts with leading edges located about two 
stator chord lengths downstream of the stator trailing edge 
plane. The rotors were of integral construction, the blades and 
disks being machined from single forgings of 6A14V titanium. 
The rotor tip diameter was nominally 17 in. (43.2 cm) with a 
designed running clearance at design speed of 0.025 in. (0.635 
mm) or about 0.6 percent of the rotor tip chord. A typical 

Casing Static Pressures: 

Fig. 4 Compressor test vehicle and instrumentation 

compressor test vehicle and instrumentation layout are shown 
in Fig. 4. 

Instrumentation and Data Reduction. Aerodynamic in­
strumentation in the compressor consisted of probes mounted 
in the stator leading edges to measure rotor exit total pressure 
and temperature, rakes downstream of the stators for meas­
uring total pressure and temperature, static pressure taps on 
the inner and outer flow paths and on the surfaces of one 
adjacent pair of stator vanes, dynamic pressure measurements 
along the casing wall over the rotor tip, and dynamic strain 
gage measurements at several points on the rotor blades. Fa­
cility instrumentation consisted of probes to measure inlet total 
pressure and temperature and relative humidity, a Universal 
Venturi Tube to measure mass flow rate, a Bentley transducer 
to measure rotor driveshaft speed (rpm), and active Rotadata 
probes to measure rotor tip clearance at two axial planes. 

Detailed aerodynamic analyses of all test points were per­
formed using a complete radial equilibrium, streamline-cur­
vature analysis comparable to that used for the design 
aerodynamic analysis. A computational grid similar to that 
shown in Fig. 2 was used, with the exception that not all data 
points were analyzed with computing stations located within 
the rotor blade row (computing stations located within the 
stator vane row were omitted for all data points). Although 
total temperatures and total pressures were measured both at 
the stator leading edge and the exit plane, exit plane data were 
considered to be more reliable and used for determining rotor 
performance. Rotor performance was calculated using total 
temperatures, circumferentially mass-averaged in the exit plane, 
and total pressures that were the peak values obtained from 
the exit plane circumferential distribution. The circumferen­
tially mass-averaged exit plane total pressures and temperatures 
were used to determine stage performance. Boundary layer 
and wake blockages were determined within the analysis com­
puter program by iteratively adjusting the throughflow solu­
tion until calculated and measured casing static pressures 
coincided, interpolating blockage between planes where the 
static pressure was measured. For selected data points of in­
terest (the operating point, peak efficiency point, etc.) within-
rotor computing stations were used and blockage and work 
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Fig. 5 High-throughflow compressor stage performance with original 
and ruggedized rotors 

(total enthalpy) were adjusted to match the experimental values 
of static pressure measured on the casing across the rotor tip 
and to give a reasonable through-blade distribution of devia­
tion angle. 

Performance Results 
The results from the tests of the HTFC with the original 

and ruggedized rotor configurations are shown in Fig. 5. The 
aerodynamic performance of the HTFC with the ruggedized 
rotor configuration was not as good as that with the original 
rotor configuration, but was still respectable. At design speed 
and peak efficiency, the flow rate was down approximately 2 
percent from design at 61.36 lb/sec (27.84 kg/s, the stage 
pressure ratio was 0.4 percent higher than design at 1.93, and 
the peak stage efficiency was 2.4 percentage points higher than 
design at 85.4 percent. The aeromechanical instability dem­
onstrated by the original rotor configuration was no longer 
present. 

The ruggedized rotor configuration was tested later in the 
compressor test vehicle designed specifically for the Parametric 
Blade Design Study. The designation for the compressor con­
figuration was changed from "HTFC" to "PBS." The HTFC 
test vehicle and facility were modified somewhat for the PBS 
and included conversion of the facility to run in the closed-
loop mode as shown in Fig. 3, modifications to the facility 
data acquisition system to upgrade the pressure and temper­
ature calibration and scanning systems, and test vehicle mod­
ifications to improve exit plane instrumentation and stator vane 
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Fig. 6 High throughflow compressor stage performance with the rug­
gedized rotor in the PBS configuration 

installation. Test vehicle modifications also included a new 
integrally machined stator (using the original aerodynamic de­
sign specifications) and new, higher density, exit plane instru­
mentation. 

The results obtained from the PBS configuration were slightly 
different from those obtained from the original HTFC con­
figuration (shown in Fig. 5). The differences are assumed (but 
cannot be proved) to be the result of improved exit flow field 
definition and the use of a higher manufacturing quality, one 
piece stator assembly. The map of stage performance for the 
PBS configuration with the ruggedized rotor from 40 to 100 
percent corrected speed is shown in Fig. 6. Transonic stall 
flutter was not experienced anywhere in the operating range 
and conventional stalls were experienced at all speeds. 

Design point performance can best be assessed by examining 
Fig. 7, which plots efficiency versus pressure ratio at design 
speed. At design pressure ratio (1.912), the flow achieved was 
61.2 lb/sec (27.8 kg/s), or approximately 2.2 percent below 
design, and the efficiency was 0.856, or 2.6 points above design. 
The peak stage efficiency measured at design speed was 0.869, 
with a pressure ratio of 2.04. The peak stage efficiency meas­
ured was 0.912, with a pressure ratio of 1.752 at 90 percent 
speed. 

Discussion of Results 

Shock Loss Prediction. It is apparent that the design aero-
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Fig. 9 Measured static pressure contours at design speed, peak effi­
ciency condition 

Fig. 10 Measured static pressure contours at design speed, stall con­
dition 

dynamic analysis has underestimated the efficiency potential 
of the HTFC with both the original and ruggedized rotors. 
One explanation for this fault is the inaccuracy of the shock 
loss prediction schemes for low aspect ratio blades. One aero­
dynamic design problem introduced by a move to lower aspect 
ratio blading is the increased three dimensionality of the flow. 
The normal shock loss model proposed by Miller et al. (1961) 

worked well for past designs with aspect ratios in excess of 
2.0. However, as aspect ratio declines below 2.0, significant 
spanwise sweep of the shock surface results due to blade twist 
and solidity variations characteristic of blade rows of low hub/ 
tip ratio. 

An improved shock loss model was developed by Wenner-
strom and Puterbaugh (1984) to take into account the sub­
stantial spanwise sweep of the shock surface near the blade 
suction surface. The shock model was incorporated into the 
axisymmetric, streamline-curvature-type computer program 
described by Hearsey (1975) used to design both the original 
and ruggedized HTFC rotors. The shock model was evaluated 
with several axial compressor designs that shared the common 
characteristics of low aspect ratio, tip relative Mach numbers 
in the range of 1.5 to 1.7, and higher than expected efficiency 
demonstrated at design speed. One test case chosen was the 
HTFC with the original rotor design. The following table pre­
sents a comparison of the stage performance predicted using 
the Miller-Lewis-Hartmann (M-L-H) shock loss model (used 
to design all HTFC configurations), using the new-oblique (N-
O) shock loss model, and as experimentally measured at peak 
efficiency at design speed. 

M-L-H 
model 

N-O 
model 

Test 
results 

Total pressure ratio 
Isentropic efficiency, percent 

2.026 
86.96 

2.061 
89.07 

2.058 
88.90 

The new oblique shock model predicted an isentropic efficiency 
2.11 points higher than the Miller-Lewis-Hartmann model and 
only slightly higher (0.17 points) than the experimental test 
results. It should be pointed out, however, that this relatively 
successful prediction was primarily due to the use of the ex­
perimental data for calibration of the diffusion loss curves 
rather than the introduction of shock surface sweep effects. 

To verify the validity of the new shock loss model, it was 
necessary to determine the actual shock surface shape. To this 
end, a complement of 12 high-frequency response Kulite pres­
sure transducers was mounted in the outer casing over the 
rotor blade tips of the PBS compressor test vehicle. From these 
transducers, ensemble-averaged static pressure distributions 
were measured and the results for the ruggedized rotor at design 
speed are shown in Figs. 8-10 in the form of static pressure 
contours. At the choke condition, shown in Fig. 8, the passage 
shock is quite oblique to the inlet relative flow and a strong 
reflected shock is clearly present. At the peak efficiency con­
dition, shown in Fig. 9, the passage shock has moved forward 
but is still oblique to the inlet relative flow and the reflected 
shock has nearly disappeared. At the stall condition, shown 
in Fig. 10, the passage shock becomes nearly normal to the 
inlet relative flow angle and the suction surface shock moves 
forward to approximately 55 percent of chord. 

Although these results did not conclusively prove the validity 
of the new shock loss model, they did illustrate the potential 
of increasing efficiency prediction accuracy by including the 
shock surface obliquity in the shock loss calculations. 

PBS Design Data Match. The intent of the parametric 
blade design study (PBS) was to vary specific rotor design 
parameters individually, keeping other design variables as close 
as practical to the baseline rotor. To accomplish this goal, an 
aerodynamic design point was established by a data match of 
a design speed data point for the baseline rotor located at a 
typically acceptable 15 percent constant stall margin from its 
measured stall line. The measured stage pressure ratio at this 
point was 1.92 with a measured corrected flow level of 61.36 
lb/sec (27.87 kg/s) and an efficiency of 0.854. 

The measured airflow, discharge pressures and tempera­
tures, flow path geometry, and rotor and stator blading ge-
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ometries were used to calculate the circumferential average 
flow field through the stage. Figures 11-13 show the total 
pressure and total temperature distributions used in the 
throughflow analysis along with the test data at the rotor exit 
and stage exit stations. Some smoothing and extrapolation of 
the data at the endwalls were required. The assumed chord wise 
work distribution was adjusted at each streamline until a rea­

sonable internal blade mean camber line deviation angle dis­
tribution and level and a good match of the measured static 
pressure over the rotor tip was obtained. Figure 14 shows both 
the measured and "data match" casing static pressures over 
the rotor tip. The overall agreement with test data is good. 

The rotor and stator blade element total pressure loss coef­
ficients are illustrated in Fig. 15. The calculated baseline in-
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cidences for the rotor and stator and the rotor deviation and 
diffusion factor are illustrated in Figs. 16-18. Since all PBS 
rotors were to be tested with the same baseline stator config­
uration, it was imperative that their implied stator incidence 
angle levels did not depart too greatly from that shown in Fig. 
16. Further aerodynamic details of the data match calculations 
can be found in Parker and Simonson's (1982) report. 

The streamsurface blade sections were analyzed to determine 
the various cascade aerodynamic parameters including several 
passage area ratios on each streamsurface. Figure 19 shows 
the resulting radial distribution in the rotor throat margin 
levels. The throat margin for a streamsurface section is defined 
as the percent excess throat area available over the minimum 
theoretical area required (Mthroat= 1.0) to pass the streamtube 
flow assuming a total pressure loss equivalent to one normal 
shock at the upstream Mach number, and accounting for the 
effect of the radius change (between the leading edge and 
throat) on the relative total enthalpy and pressure. 

Conclusions 
The assumptions made during the design and some of the 

unusual features incorporated in the HTFC ruggedized rotor 
have led to an efficient, practical axial compressor stage design. 
Ruggedization of the original HTFC rotor has been success­
fully accomplished to eliminate an undesirable aeroelastic insta­
bility. Some design features that may have contributed to this 
success are as follows: 

1 The high degree of sweep incorporated in the stator leading 
edge at the hub appeared to eliminate entirely the shock losses 
that otherwise might be appreciable in this region. 

2 The optimization criteria based upon the meridional static 
pressure gradient appeared reasonably successful for both sub­
sonic and supersonic sections. 

3 Still open for discussion is the effect of the airfoil fillet 

geometry on performance: No direct conclusion can be reached 
because only one fillet geometry was tested. 

The general conclusion can be reached that it has been proven 
feasible to obtain high efficiency at higher values of flow, Mach 
number, and loading than have heretofore been common. Fur­
ther, a high level of performance has been demonstrated for 
a practical compressor design, one that is aeromechanically 
stable and robust enough for general application in military 
and commercial aircraft turbofan and turbojet engines. 

To achieve further performance improvements in transonic 
compressor-stages, it has been considered desirable to conduct 
a comprehensive experimental program aimed at exploring the 
sensitivity of compressor performance to variations in several 
common design parameters. The objectives of the program 
have been to perform the aerodynamic design and experimental 
analysis of a series of transonic compressor rotors, all para-
metrically related to a baseline design that has been well doc­
umented and demonstrated. Because of its excellent 
performance and robust characteristics, the HTFC stage with 
the ruggedized rotor configuration was chosen as the baseline 
for the Parametric Blade Study. Each of the design variations 
were to deviate from the baseline, insofar as practical, by a 
variation of one parameter only. The results of two of these 
design variations and their respective performance analyses are 
the subject of part two of this paper. 
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Low Aspect Ratio Transonic 
Rotors: Part 2—Influence of 
Location of Maximum Thickness 
on Transonic Compressor 
Performance 
Transonic compressor rotor performance is sensitive to variations in several known 
design parameters. One such parameter is the chordwise location of maximum 
thickness. This article reports on the design and experimental evaluation of two 
versions of a low aspect ratio transonic rotor that had the location of the tip blade 
section maximum thickness moved forward in two increments from the nominal 70 
percent to 55 and 40 percent chord length, respectively. The original hub charac­
teristics were preserved and the maximum thickness location was adjusted propor­
tionately along the span. Although designed to satisfy identical design speed 
requirements, the experimental results reveal significant variation in the performance 
of the rotors. At design speed, the rotor with its maximum thickness located at 55 
percent chord length attains the highest peak efficiency among the three rotors but 
has lowest flow rollback relative to the other two versions. To focus on current 
ruggedization issues for transonic blading (e.g., bird and ice ingestion), detailed 
comparison of test data and analysis to characterize the aerodynamic flow details 
responsible for the measured performance differences were confined to the two 
rotors with the most forward location of maximum thickness. A three-dimensional 
viscous flow analysis was used to identify the performance-enhancing features of 
the higher efficiency rotor and to provide guidance in the interpretation of the 
experimental measurements. The computational results of the viscous analysis show 
that the difference in performance between the two rotors can be attributed to the 
higher shock losses that result from the increased leading edge "wedge angle" as 
the maximum thickness is moved closer to the leading edge. The test data and the 
three-dimensional viscous analysis also reveal that the higher efficiency rotor achieves 
the same static pressure rise potential and loading at a higher flow level than its less 
efficient counterpart and this is responsible for its resulting lower flow rollback and 
apparent loss in stall margin. Comparison of the peak efficiencies attained by the 
two rotors described in this article with the baseline ruggedized rotor performance 
presented in part 1 of this paper suggests the existence of an optimum maximum 
thickness location at 55 to 60 percent chord length for such low aspect ratio transonic 
rotors. 

Introduction 
In 1971, the Air Force Aero Propulsion Laboratory initiated 

a program to develop an axial compressor known to the tur-
bomachinery community as the High-Through-Flow Com­
pressor (HTFC) with the purpose of significantly reducing the 
number of stages to achieve a given pressure ratio. This meant 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 11, 1992. Paper No. 92-GT-186. Associate Technical 
Editor: L. A. Langston. 

higher pressure ratios per stage, requiring higher blade tip 
speeds/Mach numbers and lower airfoil aspect ratios relative 
to contemporary design technology. 

During the preliminary design of the HTFC, it was concluded 
that the greatest aerodynamic challenge was to design an ef­
ficient first stage. The USAF designed the original first stage 
(Wennerstrom and Frost, 1976) with high specific flow, low 
aspect ratio custom tailored blading with swept leading edge 
stators and variable blade fillet radii. The original design was 
tested and the results have been reported by Wennerstrom et 
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al. (1976). Good aerodynamic performance was achieved but 
the blade exhibited aeromechanical instability. The original 
rotor was ruggedized (Wennerstrom and Buzzell, 1979) and 
retested. The test results of this ruggedized rotor are reported 
in part 1 (Law and Wadia, 1992) of this two-part paper. 

While significant improvement to turbomachinery aerody­
namic design state of the art was accomplished by the design 
and test of this transonic compressor stage, it was felt that a 
new era would evolve in transonic fan design if a comprehensive 
experimental program aimed at exploring the sensitivity of 
compressor performance to variations in several common key 
design parameters could be initiated. This paper reports on 
some of the test results obtained during the course of this joint 
program by the Compressor Research Group, Technology 
Branch, Turbine Engine Division at Wright Patterson Air Force 
Base. The aerodynamic design of the rotors was performed by 
GE Aircraft Engines under an Air Force contract. 

One of the parameters investigated in this experimental pro­
gram was the chordwise location of maximum thickness. NACA 
research in the 1950s indicated that, in general, as the inlet 
relative Mach number increases, it is desirable to move the 
location of maximum thickness aft on an airfoil. However, 
the early work was done with airfoils having significant positive 
camber distributed on predefined mean camber line shapes. 
With the current design approach that uses custom tailored 
mean camber lines, the tip regions of transonic rotors have 
little overall relative turning, sometimes negative turning, and 
frequently high customized mean camber lines of S-shape, i.e., 
negative camber followed by some positive camber. For fans 
with stringent bird strike requirements, moving the location 
of maximum thickness forward becomes structurally manda­
tory and this study addresses the expected performance impact 
associated with this type of ruggedization for transonic blad­
ing. 

Objectives and Scope 
The objective of the work presented in this paper was to get 

definitive aerodynamic performance data comparing the effect 
of the location of airfoil maximum thickness on two transonic 
compressor rotors henceforth described as Rotor 1 and Rotor 
2, parametrically related to the baseline ruggedized design 
whose test results have been presented in the companion paper 
(Law and Wadia, 1993). Rotor 1 was designed with the location 
of maximum thickness of the airfoil tip section at 40 percent 
of chord length, and Rotor 2 at 55 percent. The original hub 
characteristics of the baseline ruggedized rotor were preserved 
in both rotor designs. The distribution of the location of max­
imum thickness was adjusted proportionately along the span 
and is illustrated in Fig. 1. 

The aerodynamic and cascade area quantities from the data 
match circumferential averaged flow solution presented in part 
1 (Law and Wadia, 1993) are used to define the detailed geo­
metric configuration of the two new rotors. The design of 
Rotors 1 and 2 is described first, followed by the comparison 
of the measured performance of the rotors. Three-dimensional 
viscous analysis results of Rotors 1 and 2 at the design speed 
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Fig. 1 Comparison of the distribution of the location of maximum thick-

peak efficiency condition are used to illustrate the details of 
the internal flow field that are responsible for the difference 
in performance between the two rotors. The three-dimensional 
calculations are also used to provide guidance in the interpre­
tation of the test data at off-design conditions. 

Design of Rotors 1 and 2 
The aerodynamic synthesis of the baseline rotor described 

in part 1 served as the basis to perturb the baseline configu­
ration to study the effect of the location of maximum thickness 
on transonic fan performance. 

The thickness distribution as a function of distance along 
the meanline was described by two cubic equations. The first 
equation describes the thickness from the leading edge to the 
maximum thickness point, while the second defines the thick­
ness between the point of maximum thickness and the trailing 
edge. The magnitude and chordwise location of maximum 
thickness and the leading and trailing edge thicknesses are 
specified by the designer. Slope and curvature are continuous 
at the maximum thickness location where the two equations 
meet. The comparison of the thickness distributions of the tip 
section calculated from the above procedure is presented in 
Fig. 2. 

During the design of Rotors 1 and 2 the annulus blockage 
used in the internal blade calculation stations for the circum­
ferential average throughflow analysis adjusted to be consistent 
with the forward shift of airfoil maximum thickness. The ele­
ment loss coefficients were held fixed. There was no attempt 
made to adjust the local loss coefficient levels to reflect changes 
in the location of maximum thickness. The assumed chordwise 
work distribution was iteratively adjusted to obtain the cal­
culated chordwise distribution of static pressure similar to that 
of the data match calculations of the baseline rotor. The blade 
mean camber line angles were adjusted to maintain the same 
throat area and flow induction capacity as the baseline blade. 

To adjust for the increased blade blockage in the forward 
half of the blade, and to preserve the data match static pressure 
distribution in the hub, the hub contour internally within the 

Nomenclature 

D-Factor = diffusion factor 
IMM = radial immersion (0 = tip 

and 1 = hub) 
LE = leading edge 

Mjsen = isentroptic Mach number 
P = pressure 

PS = pressure surface 
PSI = fraction of stream func­

tion (0 = tip and 1 = hub) 

R = radial distance 
SS = suction surface 

T = temperature 
TE = trailing edge 
tje = leading edge thickness 

'max = maximum thickness 
t,e = trailing edge thickness 

UT = tip speed 

Z = 

Subscripts 
In = 

s = 
T = 

axial distance 

blade-row inlet 
static conditions 
stagnation quantity (total 
conditions) 
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55
0.025,0.0624,
0.1216

61.36Ib/sec
1500 ft/sec
43.13
Ibm/sec-ft'
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0.311
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20222 RPM
0.592

Rotor 1

1.3/1.46
2.3/1.68
57.80,42.06,
15.09
0.56,13.22,
61.95
3.820,3.771,
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Table 1 Rotors 1 and 2 design parameters

Parameter

Pressure Ratio
Inlet Radius Ratio
Number of BladesNanes
Tip Diameter .
Corrected RPM
Stage Exit Mach No.
(Ae/A=0.95)

Avg. Aspect-Ratio Rotor/Stator
Avg. Solidity Rotor/Stator
Tip, Pitch and Hub Stagger

(degrees)
Tip, Pitch and Hub Camber

(degrees)
Tip, Pitch and Hub Chord

(inches)
Tip t,/tm..
Tip tt/tm..
Location of tip tm.. (% chord)
Tip, Pitch and Hub tm.lc

Inlet Corrected Flow
Corrected Tip Speed
Specific Flow

1.20.8
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Fig. 4(a) Comparison of the tip sections of rotors 1 and 2
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1 and 2 are shown in Fig. 4(a). The suction sides of both blades
at the leading edge are almost identical by design intent to
maintain the flow induction capability. The difference in the
pressure side of the leading edge characterizes the increased
leading edge "wedge-angle" on Rotor 1. The term "effective
camber" is used to indicate approximately the circulation ca­
pacity of a cascade and the trailing edge variations between
Rotors 1and 2 are a direct consequence of keeping the effective
camber level identical on both rotors. The manufactured blisk
for Rotor 1 is shown in Fig. 4(br

~~ ! Flowpath
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Fig. 3 Low aspect ratio rotor f1o·wpath

rotor was "scalloped" slightly relative to the baseline rotor.
Figure 3 shows the compressor flowpath and the blading in
the meridional view. The rotor hub scalloping amounts to a
0.012 in. lower radius at 60 percent chord location, which then
fairs smoothly into the baseline hub contour near the edge
locations.

The rotor leading and trailing edges were kept at the same
axial projection as the baseline rotor. Since the blade stagger
angle in the outer portions changed slightly for the two dif­
ferent rotors, the blade chords differed a small amount relative
to the reference blade. The radial distribution of maximum
thickness was kept the same as the baseline. Since the chords
for the two designs differed slightly, there were some minor
variations in the maximum thickness to chord ratios. The radial
distribution of the ratio of the leading edge and trailing edge
thicknesses to maximum thickness was the same as the baseline
ruggedized rotor (see Table 1).

The rotor exit radial distributions of total pressure and tem­
perature were maintained the same as those used for the data
match of the baseline rotor. To satisfy similar flow induction
capacity as the baseline blade, it was necessary to use larger
meanline incidence angles, especially for Rotor 1, as a result
of the larger blade leading edge wedge angle resulting from
the forward location of maximum thickness. The overall blade
circulation between Rotors 1 and 2 relative to the baseline
blade was maintained, taking into account the change in
streamline radius and meridional velocity.

To evaluate the performance of the new rotor designs ac­
curately by comparing overall stage performance, the stator
had approximately the same inlet conditions in both cases.

Table 1 summarizes the salient geometric and aerodynamic
features of Rotors 1 and 2. Further details of the blading
geometry and design vector diagrams can be found from Parker
and Simonson (1982). The streamsurface tip sections of Rotors
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Test Setup and Instrumentation 
This section briefly describes the compressor rig instrumen­

tation that provided the experimental measurements for the 
performance of the two rotors. The single-stage test com­
pressor rig is shown in part 1 (Law and Wadia, 1993) of this 
article. There are no inlet guide vanes in the experimental setup. 

Aerodynamic instrumentation in the single-stage configu­
ration consisted of vane-mounted leading edge total-pressure 
and temperature probes and rakes downstream of the stators 
for total-pressure and temperature measurements. The ten dis­
charge-plane rakes each had eight sensors spaced at centers of 
equal area radially while the rakes were uniformly distributed 
around the circumference and spaced to divide a single exit 
vane passage into ten equal parts. The nine stator leading edge 
probes were distributed on two vanes and uniformly spaced 
to radially divide the area between the hub and the case into 
nine equal parts. 

Static pressure taps were located on the inner and outer 
endwalls at the inlet and exit plane of the stator. Dynamic 
pressure measurements along the casing over the rotor tip, in 
conjunction with complimentary steady-state static pressure 
measurements, were acquired to determine the tip blade-to-
blade flow field at key operating points. In addition, meas­
urements of inlet total pressure, temperature, mass flow, and 
inlet relative humidity and rotor speed were also obtained. 
Further compressor instrumentation details are summarized in 
part 1 of this article. 

During the test, the vane-mounted instrumentation ceased 
to work effectively and the "rotor-alone" performance was 
determined from the stage measurements of total pressure and 
total temperature. The three highest stator exit plane total 
pressures were used to determine the rotor exit total pressure 
distribution and the exit plane total temperatures were used as 
the rotor exit total temperature distribution. All test data were 
acquired with some degree of depressed inlet pressure and later 
corrected to standard inlet conditions as reported herein. Re­
peatability of the data was quite good and the overall quality 
of the measurements was judged to be excellent. Cold radial 
tip clearance was nominally 0.03 to 0.045 in. representing clear­
ance-to-chord ratios of 0.8 to 1.2 percent, respectively, de­

pending on the axial location. Running clearance was measured 
with an active nontouching spark-gap-type clearance meas­
uring system at the rotor leading edge and midchord at two 
circumferential locations. The average running clearance at 
design speed was approximately 0.025 in. representing a tip 
clearance-to-chord ratio of approximately 0.67 percent. 

Comparison of Rotor and Stage Performance 
The measured rotor and stage performance for Rotors 1 and 

2 is presented in Fig. 5. The design point target matching the 
baseline stage performance, is illustrated in Fig. 5(b). Rotor 2 
exceeded its flow requirements by approximately 0.5 percent 
while Rotor 1 was slightly lower in flow by about 0.6 percent 
at design speed. Generally Rotor 2 has higher flow pumping 
capability relative to Rotor 1. Considering the complexity of 
transonic flows, the difficulty in maintaining all the key design 
parameters identical except for the variation of maximum 
thickness location, and deformation and manufacturing un­
certainties, the similarity of flow levels achieved by both de­
signs relative to the design point is gratifying. 

The stage and rotor-alone peak efficiencies achieved by 
Rotor 2 are higher than those attained by Rotor 1 at all speeds, 
as shown in Fig. 5. At design speed, the stage efficiency with 
Rotor 2 is approximately 0.75 points and the "rotor-alone" 
efficiency is about 1.0 point better relative to Rotor 1. The 
peak efficiency trends are similar at part speed, although the 
slightly lower minimum operating line at 80 percent speed may 
be responsible for this. Since Fig. 4(a) shows identical suction 
side metal angles between both rotors, the higher flow pumping 
capability of Rotor 2 may be attributed to reduced leading 
edge region shock strength and the reduced blockage effects 
as a result of the improved performance at both design and 
off-design operating conditions. 

While Rotor 2 has higher efficiency, Rotor 1 has consid­
erably more flow rollback relative to Rotor 2 at the design and 
95 percent speed conditions as illustrated in Fig. 5. At 90 
percent speed Rotors 1 and 2 have approximately the same 
flow rollback while below 90 percent speed the flow rollback 
trend is reversed. 
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Fig. 5 Comparison of rotor and stage measured performance for Rotors 1 and 2 ' 
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Similar to the flow trends, Rotors 1 and 2 do not stall at 
the same efficiency levels. Between 90 and 100 percent speeds 
Rotor 2's performance at stall is better than Rotor l's. Rotor 
2 appears to "let go" sooner as it is throttled up the speedline 
at design speed while Rotor 1, even with poorer performance 
than Rotor 2, seems to be able to be throttled much further. 
At 90 percent speed and below, where the inlet relative Mach 
numbers are lower and the shocks are weaker, Rotors 1 and 
2 attain nearly identical performance levels at the near-stall 
condition. In later sections of this article the test data are 
analyzed with the help of a three-dimensional viscous analysis 
to further clarify the flow mechanism responsible for the above 
noted performance differences. 

Comparison of Radial Profiles 

Figure 6 shows the comparison of the radial profiles of total 
pressure, temperature and adiabatic efficiency for Rotors 1 
and 2 at design speed and 90 percent speed. The effects of 
throttling are included in each figure. 

At design speed near the intended aerodynamic design con­
dition, the total pressure profiles for both rotors are very hub 
strong. The work input is almost identical in both rotors at 
this condition and the higher efficiencies in the tip region for 
Rotor 2 result in higher total pressure in its outer 60 percent 
span relative to Rotor 1. The hub element, however, indicates 
slightly lower efficiency for Rotor 2. 
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As the stages are throttled up toward peak efficiency, the 
total pressure profile begins to flatten, with the third element 
from the tip reaching the highest total pressure for both rotors. 
Consistent with the much steeper characteristic slopes in the 
tip region, the tip element total pressure and work input in­
crease significantly relative to the hub element. The efficiency 
profile shows significant improvement in the tip region for 
both rotors, with Rotor 2 being the better of the two in this 
region by 1.0 point. As expected with a transonic stage, the 
peak efficiency is reached at the "knee" of the speedline shown 
in Fig. 5 (pressure ratio versus flow characteristics) where the 
flow roll-back takes on a much quicker pace as the back pres­
sure is increased. 

As the stages are throttled up toward stall the profiles show 
markedly different characteristics between Rotors 1 and 2. For 
Rotor 1, the total pressure increases for the two tip elements 
and decreases elsewhere (pressure ratio for Rotor 1 begins to 
decrease, as seen in Fig. 6(a) whereas for Rotor 2 the total-
pressure profile becomes significantly tip strong with a large 
increase in the tip element value. Consistent with the flat char­
acteristics there is almost not increase in the hub total pressure 
for either rotor. With its added flow roll-back, Rotor 1 achieves 
a larger work input at the near-stall condition relative to Rotor 
2, and unlike Rotor 2 its element efficiencies near stall are 
considerably lower relative to the peak efficiency point. In­

terestingly, Rotor 2 tip element efficiency attains its peak at 
the near-stall condition. Other Rotor 2 element efficiencies 
near stall are lower than their corresponding peak efficiency 
values but higher than those of Rotor 1 at the same condition. 

At 90 percent speed the rotors achieve approximately iden­
tical work input distribution levels. Near the most unthrottled 
point achieved in the test rig, the Rotor 1 total pressure profile 
is more hub strong relative to that of Rotor 2 owing to its 
lower tip efficiencies. At peak efficiency both Rotors 1 and 2 
have slightly tip strong total pressure profiles. At stall, Rotor 
1 has a total pressure profile that is slightly more tip strong 
relative to Rotor 2, a reversal in trend from what was observed 
at design speed. At 90 percent speed the efficiency improvement 
measured with Rotor 2 relative to Rotor 1 appears to be in the 
supersonic part of the blade, i.e., from the tip to approximately 
40 percent immersion. Comparison of the peak efficiency pro­
files at design and 90 percent speeds shows considerable im­
provement in the element efficiencies near the tip (about 8 
points for the tip element), which in most part can be associated 
with reductions in shock strength and shock interaction with 
the endwall boundary layer. 

Comparison of Casing Statics and Over-the-Tip Kulites 
Figure 7 illustrates the shock structure and blade-to-blade 
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Fig. 7(a) Comparison of over-the-blade-tip kulites at design speed 
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distribution at key operating conditions at design and 90 percent 

flow field measured by the over-the-blade-tip dynamic pressure 
transducers for Rotors 1 and 2 at design and part speeds at 
the most unthrottled point near the aerodynamic design point, 
peak efficiency, and stall operating conditions. The corre­
sponding measured casing static pressure distributions are pre­
sented in Figs. 8 and 9. 

Casing Statics and Tip Kulite Comparisons at Design 
Speed 

At 100 percent speed at design point (see Fig. la) there is a 
weak leading edge shock followed by a second stronger passage 
shock near the trailing edge for both rotors at the most un­
throttled condition measured in the compressor rig. The static 
pressure rise across the passage shock (in both rotors) that 
intersects the pressure surface of the blade is more than the 
static pressure rise achieved through the leading edge shock 
resulting in lower leading edge loading and large trailing edge 
loading as illustrated by the casing static pressure distributions 
shown in Figs. 8(a) and 8(c). The larger leading edge wedge 
angle in Rotor 1 (relative to Rotor 2) results in higher leading 
edge loadings as seen by comparing the static pressure rise 
from the leading edge to 40 percent axial distance Figs. 8(a) 
8(c), where, for example, the design point PS/PT, in at 25 
percent axial distance is 0.8 for Rotor 2 (Fig. 8c). 

Throttling up to peak efficiency at design speed results in 
the weakening of the second passage shock and the strength­
ening of the leading edge shock (see Fig. la), which remains 
attached to the leading edge. Again for Rotor 1, due to its 
larger leading edge wedge angle, higher leading edge loading 
is indicated (Fig. 9c) relative to Rotor 2. Both the over-the-
blade-tip Kulites and the measured casing static pressure dis­
tributions in Figs. 8(a), 8(b), and 9(c) indicate a very weak 
second passage shock, especially in Rotor 2. The lower overall 
shock loss (leading edge shock + passage shock + bow wave 

shock) is most likely responsible for the higher efficiency of 
Rotor 2. This issue will be addressed in greater detail in the 
three-dimensional viscous analysis comparisons of Rotors 1 
and 2 presented in later sections of this paper. 

The over-the-blade-tip Kulites (Fig. la) show a single normal 
detached shock for both rotors at design speed near stall. This 
is of special significance in the case of Rotor 2 since it has a 
significantly lower flow roll-back at the stall condition. With 
the advent of the detached shock, the leading edge incidence 
and hence the leading edge loading increases on both rotors. 
This is evident in the casing static pressure distributions shown 
in Figs. 8(a) and 8(c) where the slope of the axial distribution 
of static pressure from the leading edge to approximately 28 
percent has increased rapidly followed by almost no increase 
in static pressure for an additional 10 percent of axial distance. 
This region of almost no static pressure rise implies a very 
weak or even separated boundary layer region downstream of 
the shock as it impinges on the blade suction surface such that 
it cannot support any further increase in the downstream static 
pressure in a steady-state manner, and the stage stalls. 

In Fig. 5 the measured performance at design speed near 
the stall condition indicated Rotor 2 to have lower flow back 
while its efficiency was considerably better relative to Rotor 
1. The improved efficiency (hence lower loss) of Rotor 2 trans­
lates into lower endwall and blade surface displacement thick­
nesses, which enhances the static pressure rise across this rotor. 
This is illustrated in Figs. 9(a) and 9(c) where the static pressure 
at the trailing edge of Rotor 2 is measured to be higher than 
that for Rotor 1 at both the peak efficiency and the near-stall 
conditions. The enhanced static pressure rise across Rotor 2 
will cause this rotor to be aerodynamically more loaded and 
have shock fronts that are more normal compared to Rotor 1 
along a given throttle line. This is illustrated in Fig. 7(a) where 
the shocks on both Rotors 1 and 2 are at approximately the 
same location but the mass flow rate is considerably lower and 
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the throttle line is higher for Rotor 1 with respect to Rotor 2. 
In addition,, because of the higher inlet mass flow rate at this 
condition for Rotor 2, the static pressure at the leading edge 
of Rotor 2 is lower relative to Rotor 1 as shown in Fig. 9(a). 
The casing static pressure rise at stall normalized by the inlet 
dynamic head for Rotors 1 and 2 was calculated to be 0.38 
and 0.40, respectively. This seems to suggest that for the spec­
ified flowpath, the maximum pressure rise potential of the 
blading remains the same. Consequently due to its better ef­
ficiency, Rotor 2 with its enhanced static pressure recovery 
reaches its static pressure loading limit at a lower flow roll­
back and stall margin level. This is in general agreement with 
the ideas suggested by Koch (1981) where the maximum pres­
sure rise potential of individual stages was related with two-
dimensional diffuser performance. 

Casing Statics and Tip Kulite Comparisons at 90 Percent 
Speed 

Figure 1(b) shows the over-the-tip Kulites for Rotors 1 and 
2 at 90 percent speed at the peak efficiency and the near-stall 
conditions, respectively. Figures 8(b), 8(d), 9(b), and9(d) show 
the corresponding comparison of the axial distribution of the 
casing static pressures at part speed for both rotors. 

The tip Kulites at peak efficiency (Fig. lb) show a strong 
leading edge shock for both rotors and also a weak second 
passage shock in Rotor 1. The single shock structure in Rotor 
2 is illustrated by a uniform increase in the measured casing 
static pressure distribution presented in Figs. 8(d) and 9(d). 
The existence of a weak second passage shock in Rotor 1 
illustrated by the tip Kulites is supported by the discontinuity 
in slope of the measured casing static pressure distribution for 
Rotor 1 at approximately 25 percent axial distance shown in 
Fig 2. 8(d) and 9(d). Figure 9(d) also shows the trailing edge 
casing static pressure at the peak efficiency condition to be 

higher on Rotor 2, resulting (as shown in Fig. 1(b) in the leading 
edge shock being pushed further forward from the leading 
edge relative to Rotor 1. 

At 90 percent speed, near the stall condition, the leading 
edge shock is detached from the blade leading edge. The shocks 
are much farther upstream than at design speed near stall (Fig. 
la). The flow separation indicated by no increase in the casing 
static pressure in Figs. 8(b), 8(d) and 9(b) occurs between 10 
and 25 percent axial distance from the leading edge where the 
shock intersects with the suction surface. The casing static 
pressure distributions near the stall condition for both rotors 
are almost identical and hence both rotors stall at the same 
static pressure loading level. Unlike the process at design speed, 
both rotors stall at similar pressure ratio and efficiency level 
at 90 percent speed as shown in Fig. 5. 

The reduced shock losses due to lower inlet relative Mach 
number at 90 percent speed results in higher efficiencies for 
both rotors relative to design speed. However, once the shock 
detaches from the leading edge, bow waves become more pre­
dominant as can be seen in Fig. 1(b). As the shock detaches, 
the local leading edge loadings increase quite rapidly with the 
significant increase in the leading edge loss being responsible 
for the rapid drop in efficiency as the blades are throttled up 
to stall. 

Three-Dimensional Viscous Analysis of Rotor 1 and 
Rotor 2 

The details of the three-dimensional viscous analysis code 
used to study the flow field in the two transonic compressor 
rotors have been reported by Turner and Jennions (1991,1993). 
The code has found wide usage within General Electric Com­
pany for compressor and turbine design and generally agrees 
well with test data. 
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Leading edge grid resolution 
Fig. 10 Computational mesh for three-dimensional calculations 

Grid Description 
The three-dimensional calculations were performed using 

the grid shown in Fig. 10. The computations were performed 
with an attempt to resolve the details of the tip clearance flow. 
The grid consists of 93 nodes in the axial direction, of which 
63 were subdivided nonuniformly from the leading edge to the 
trailing edge, 49 nodes in the blade-to-blade direction and 33 
nodes in the spanwise direction. A stretching parameter be­
tween 1.0 and 1.2 was used in all three directions to model the 
gradients in the flow field near the endwalls and the blade 
surfaces. Special care was taken to model the leading edge 
region accurately to obtain the correct shock structure in the 
analysis. The tip clearance measured in the test was 0.025 in. 
(tip clearance to chord ratio = 0.67 percent) and five grid cells 
were used in the analysis within the tip gap. The rotating hub 
including the spinner was modeled in the three-dimensional 
analysis. Although the capability to account for the presence 
of the downstream stator exists, for our exploratory, com­
parative three-dimensional analysis it was not employed. 

Boundary Conditions 
The inlet boundary conditions for the three-dimensional vis­

cous analysis consisted of the inlet total pressure and temper­
ature and the tangential flow velocity. There is no inlet swirl, 

and the inlet total pressure and temperature were assumed to 
be uniform as it is believed that the compressor rig does not 
have any noticeable inlet pressure or temperature distortion 
present. The exit boundary condition consisted of prescribing 
the exit tip static pressure level such that the flow-pressure 
ratio characteristic calculated by the three-dimensional analysis 
would be on the same operating line as the measured data 
point. The data points selected for the three-dimensional anal­
ysis were the measured peak efficiency and the near-stall con­
ditions at design speed for both rotors (Fig. 5). 

Comparison of Three-Dimensional Calculations at Peak 
Efficiency and Design Speed 

The calculated casing static pressure contours of the blade-
to-blade flow field at the tip determined by the three-dimen­
sional analysis for Rotor 1 and Rotor 2 are illustrated in Fig. 
11. The measured shock structures at peak efficiency design 
speed for both rotors are also shown in Fig. 11. The static 
pressure contours are spaced at approximately the same in­
terval as the measurements. Strong shocks at the leading edges 
were obtained in the three-dimensional analysis and agree well 
with the experimental data. The three-dimensional analysis and 
the over-the-blade-tip Kulites indicate the presence of an oblique 
passage shock near the pressure surface of both blades. In 
comparison, Fig. 12 shows the static pressure rise across the 
leading edge shock is more for Rotor 1 in both the analytical 
calculations and the over-the-blade tip casing static pressure 
measurements. The agreement between the measured casing 
static pressure distribution and the circumferential average 
static pressure distribution calculated from the three-dimen­
sional flowfield is generally good with the relative trends pre­
dicted extremely well. Within the blade, Rotor 1 has higher 
static pressure near the leading edge and Rotor 2 has higher 
static pressure at the trailing edge. 

Figures 13 and 14 show the isentropic Mach number contours 
in the meridional and blade-to-blade planes. In the meridional 
view, the shock front on both surfaces is swept back and is 
approximately parallel to the blade leading edge projection in 
the spanwise direction. At the blade tip a single well-resolved 
leading shock is formed. At 15 percent immersion a two-shock 
structure is observed with the leading edge oblique shock slightly 
stronger in Rotor 1 than Rotor 2. The suction surface Mach 
number just ahead of the shock is also calculated to be higher 
in Rotor 1. At 33 percent immersion a weak leading edge 
oblique shock with a nearly normal second shock was obtained 
in the analysis. The three-dimensional calculations also show 
that, while this second shock is eliminated at the blade tip, it 
is present at the inner immersions for this peak efficiency design 
speed condition. 

Figure 15 compares the calculated blade surface isentropic 
Mach number distributions for Rotors 1 and 2. At the blade 
tip (Fig. 15a) the suction surface Mach numbers from the 
leading edge to 15 percent axial distance are almost identical 
for both rotors as per design intent. The pressure surface Mach 
number in this region is higher for Rotor 2 signifying the 
reduced wedge angle, which causes lower shock static pressure 
ratio (hence lower shock losses), resulting in a significantly 
lower leading edge loading. The suction surface shock on Rotor 
2 is slightly aft of Rotor 1 's shock, but this could be attributed 
to the higher operating line of Rotor 1 at the peak efficiency 
condition (see Fig. 5). Also, at 15 and 33 percent immersions, 
the higher leading edge wedge angle of Rotor 1 results in higher 
leading edge loadings on Rotor 1. The leading edge Mach 
numbers on the pressure surface at 15 and 34 percent immer­
sions are higher for Rotor 2, but the peak pressure surface 
Mach number and the Mach number diffusion are lower and 
occur farther upstream relative to Rotor 1. The higher leading 
edge Mach number level and the lower Mach number diffusion 
indicate lower shock loss levels near the pressure side in the 
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Fig. 11 Comparison of calculated casing static pressure contours with 
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Fig. 16 Comparison of the measured and calculated radial profiles of 
total pressure and total temperature at peak efficiency and design speed 

tip region of Rotor 2. As a further benefit of the more aft 
location of its maximum thickness, the peak suction surface 
Mach number before the shock is also slightly lower on Rotor 
2 relative to Rotor 1 at these immersions. Near the hub where 
the sections are identical for both rotors and the airfoils are 
aft loaded, the isentropic surface Mach number distributions 
(Fig. 15(d)) are similar. 

Comparison of the radial profiles of total pressure and tem­
perature calculated by the three-dimensional viscous analysis 
with the measurements are illustrated in Fig. 16. The calculated 
total pressure in the top 40 percent of Rotor 2 is higher than 
Rotor 1 with a corresponding minor increase in the calculated 
work input resulting in a better performance (efficiency) char­
acteristic for Rotor 2. Some of the small differences observed 
between the measured and calculated radial profiles can be 
attributed to the following: (a) As stated before, measured 
rotor profiles were deduced from the stage exit measurements. 
The mixing through the stator and the unsteady, nonperiodic 
effects could not be isolated perfectly to provide the "rotor-
alone" performance, (b) Also, the presence of the stator was 
not modeled in this comparative three-dimensional study. Fig­
ure 17 shows the comparison of the calculated adiabatic ef­
ficiency profiles relative to the measured values for both Rotors 
1 and 2. While not identical in level, the proper trends in 

0.7 0.8 0.9 

Rotor adiabatic efficiency 
Fig. 17 Comparison of the measured and calculated radial profile of 
rotor adiabatic efficiency 

efficiency variations at different immersions are very well pre­
dicted by the three-dimensional analysis. The calculated per­
formance levels from the three-dimensional analysis show Ro­
tor 2 efficiency to be 0.67 point better than Rotor 1, which is 
in excellent agreement with the measured performance differ­
ence between the two rotors shown in Fig. 5. 

Estimation of Efficiency Penalty Due to Shock Loss 
With the three-dimensional flow mechanism in Rotors 1 and 

2 established, we decided to investigate further the role that 
the shock losses have on the performance of the two rotors. 
The shock losses were calculated by isolating their entropy rise 
contribution according to the indicated static pressure ratio 
level. 

The blade-to-blade static pressure contours were obtained 
from the three-dimensional viscous analysis at several immer­
sions along the span. The blade passage between two adjacent 
blades (blade-to-blade plane) was circumferentially divided into 
ten equal parts. This blade-to-blade grid was superimposed on 
the plot of the contours of static pressure and the static pressure 
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Fig. 18 Shock losses calculated from three-dimensional Navier-Stokes 
analysis 

ratio across each component of the shock system (i.e., leading 
edge shock, bow waves, and second passage shock if one exists) 
was determined along these equidistant grid points. The en­
tropy rise across the nodes was calculated (Equation (112), 
NACA Compressible Flow Tables, Ames Research Staff, 1953) 
and an area-averaged value of the entropy rise was calculated 
for that blade-to-blade plane. The efficiency loss due to the 
shock system at that immersion was then computed. 

Figure 18 shows the comparison of the spanwise distributions 
of calculated efficiency loss for the three-dimensional calcu­
lated shocks for Rotors 1 and 2 with the overall calculated 
radial efficiency profile in the background. The difference in 
the shock loss efficiency levels between the two rotors corre­
sponds to the difference in the overall efficiency predicted by 
the three-dimensional analysis, which as stated earlier is in 
close agreement with the measured efficiency difference. This 
result indicates that the performance impact on transonic blad­
ing due to the change in the chordwise location of maximum 
thickness stems from the alteration it causes in the structure 
of shock system. Even though the inlet relative Mach number 
is decreasing from the tip to 40 percent immersion, the shock 
loss calculated from the results of the three-dimensional anal­
ysis remains approximately the same for either rotor. 

The profile loss can now be estimated from Fig. 18 as the 
difference between the total loss and the shock loss between 
30 and 85 percent immersion. The profile losses between the 
two blades are approximately similar. The tip endwall loss 
consisting of tip leakage, scrubbing, shock and casing bound­
ary layer interaction, and centrifugal blade surface boundary 
layers extends from 0 to 30 percent immersion. Similarly, at 
the hub, but to a much lesser spanwise penetration and level, 
added losses associated with the frictional drag of the inner 
wall materialize. 

Three-Dimensional Viscous Analysis Near Stall at 
Design Speed 

With the three-dimensional flow field established for Rotors 
1 and 2 at peak efficiency, we extended our study to investigate 
the probable cause of lower flow rollback (less stall margin) 
for the higher efficiency Rotor 2. For this study the exit casing 
static pressure in the three-dimensional viscous analysis was 
increased to the measured stall casing static pressure. The inlet 
conditions were the same as for the previous analysis. In the 
"rotor-alone" three-dimensional analysis we assumed that the 
tip clearance and the blade deflection remained the same along 
the speedline with throttling. The calculated flow rollback from 

Path of leakage vortex near 
stall according to Adamczyk, 

Celestina and Greitzer 

Rotor 1 
near stall 

Blade tip streamlines at peak 
efficiency and near stall 

Blade tip pressure surface 
Leakage 

vortex path 

Intersection of 
leakage vortex 
with leading 
edge shock 

Blade tip pressure surface 

Leakage vortex extends 
to the pressure side of 
the adjacent blade at 

the leading edge 

Intersection of leakage 
vortex with leading 

edge shock 

Rotor 1 
peak efficiency-

Rotor 1 
near stall 

Fig. 19 Illustration of the leakage vortex path calculated by the three-
dimensional Navier analysis at design speed 

the peak efficiency condition for both rotors was similar to 
the measured flow rollbacks in Fig. 5. 

Figure 19 shows the contours of isentropic Mach number 
within the clearance space. Adamczyk et al. (1991) have pro­
posed from the results of a three-dimensional analysis of the 
NASA/Lewis Rotor 67 that a transonic blade reaches its max­
imum pressure rise potential when the tip leakage vortex reaches 
the pressure side of the adjacent blade near the leading edge. 
This criterion as illustrated in Fig. 19(d) seems to apply to 
both Rotors 1 and 2 in a similar manner in spite of the large 
difference in their corrected flow level at stall. The change in 
the streaklines at the blade tip of Rotor 1 as it is throttled from 
peak efficiency to stall shown in Figs. 19(c) and 19(d) illustrates 
how the tip leakage vortex reaches the pressure side of the 
adjacent blade near the leading edge at the stall condition. 

Figures 20(a) and 20(b) show the comparison of the blade-
tip surface isentropic Mach number distribution at peak ef­
ficiency and near stall for Rotors 1 and 2. The larger leading 
edge loadings, a precondition to stall, is evident in both rotors. 
While the overall shock strength appears to have been reduced 
near stall for both rotors, the subsequent incidence increase 
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20 Comparison of calculated blade surface isentropic Mach num-
distribution at peak efficiency and near stall at design speed 

and the higher overall blade diffusion levels result in a decrease 
in performance near the stall operating condition. 

Figure 20(c) shows the comparison of the calculated blade 
tip isentropic surface Mach number distribution for Rotors 1 
and 2, near stall. At peak efficiency (see Fig. 15a) the leading 
edge loadings on Rotor 2 are considerably lower relative to 
Rotor 1. However, near stall both rotors have reached the 
same loading levels; Rotor 2 because of its better performance 
reaching a comparable normal shock condition with Rotor 1 
at a higher flow than Rotor 1. 

Comparison of Measured Performance With Baseline 
Rotor 

The peak performance of the baseline rotor described in 
detail in Part 1 of this paper is compared with that of Rotors 
1 and 2 in Fig. 21. Recall that the baseline rotor has its location 

40 45 50 . 55 

Inlet corrected flow, lbs/sec 
Fig. 21 Comparison of the efficiency at flow for baseline rotor, rotor 
1 and rotor 2 

of maximum thickness at 70 percent of chord length at the tip 
while Rotors 1 and 2 have their location of maximum thickness 
at 40 and 55 percent, respectively. The wedge angle at the 
leading edge is no longer critical for the baseline rotor as a 
smooth transition can be easily accomplished from the leading 
edge to the location of maximum thickness. The trailing edge 
wedge angle now appears to be larger, which can indirectly 
affect the blade trailing edge camber. Also, the throats for 
transonic blades are generally located between 60 and 75 per­
cent of axial distance from the leading edge for tip sections 
and the location of maximum thickness in this region with a 
resulting larger trailing edge wedge angle could become a per­
formance liability. 

The efficiency at flow presented in Fig. 21 shows the high­
speed performance of the baseline rotor to be between that of 
Rotors 1 and 2. This suggests the existence of an optimum 
thickness location, which could possibly be at 55 to 60 percent 
for such low aspect ratio transonic rotors. 

Conclusions 
Both analytical and detailed experimental results of an in­

vestigation of the influence of the location of maximum thick­
ness on low aspect ratio transonic rotor performance have been 
presented. Comparison of the measured performance shows 
that the more aft position of maximum thickness (55 percent 
chord length versus 40 percent) is preferred for the best high­
speed performance, keeping the edge and maximum thickness 
values the same. The better performance, as explained by the 
three-dimensional viscous analysis, is a by-product of lower 
shock front losses with the finer section that results when the 
location of the maximum thickness is moved aft. Experimental 
measurements on both rotors investigated verify the analytical 
results. 

The penalty in the stall margin of Rotor 2, as determined 
in the compressor rig test, appears to be a direct consequence 
of its higher efficiency resulting in higher static pressure re­
covery. The blade loading limits for both Rotors 1 and 2 are 
almost identical at stall as illustrated by the three-dimensional 
calculations, but Rotor 2 reaches its static pressure diffusion 
limit at a higher flow relative to Rotor 1. 

One implication of this study is that the designer can depend, 
to some extent, on leading edge loading (reduced shock strength) 
relief by positioning the location of maximum thickness aft 
on an airfoil with the 55-60 percent chord region being about 
adequate for good performance. It seems that some recognition 
of the possible penalty on flow rollback with the higher effi­
ciency attained is desirable in the design process. The only 
reliable technique available to determine the loading conse­
quences of this drawback of high-efficiency blading during the 
design process is to use three-dimensional analysis tools. Key 
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operating points must be analyzed with these advanced nu­
merical techniques if the design is to meet all its performance 
goals. 
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Three-Dimensional Flow 
Phenomena in a Transonic, High-
Thraughflow, Axial-Flow 
Compressor Stage 
A detailed aerodynamic study of a transonic, high-throughflow, single-stage com­
pressor is presented. The compressor stage was comprised of a low-aspect-ratio rotor 
combined alternately with two different stator designs. Both experimental and nu­
merical studies are conducted to understand the details of the complex flow field 
present in this stage. Aerodynamic measurements using high-frequency, Kulitepres­
sure transducers and conventional probes are compared with results from a three-
dimensional viscous flow analysis. A steady multiple blade row approach is used in 
the numerical technique to examine the detailed flow structure inside the rotor and 
the stator passages. The comparisons indicate that many flow field features are 
correctly captured by viscous flow analysis, and therefore unmeasured phenomena 
can be studied with some level of confidence. 

Introduction 
In the mid-1970s a transonic high-throughflow single-stage 

fan was designed and demonstrated as reported by Wenner-
strom (1984). This rotor was subsequently redesigned to pro­
vide a more rugged geometry and yet maintain aerodynamic 
performance. These experimental results were reported by Law 
and Wadia (1993). The salient features of the stage perform­
ance were as follows: 

Pressure ratio 
Isentropic efficiency 
Specific flow rate 

Rotor tip relative Mach number 

1.92 
85.4 percent 
43.13 lbm/sec/ft2 

(210.5 kg/s/m2) 
1.629 

The success of this stage, particularly the rotor, and its state-
of-the-art geometry (e.g., low aspect ratio, arbitrary airfoils, 
etc.) made it an ideal baseline for a parametric design inves­
tigation. The intent of this investigation was to quantify the 
effect of several design parameters by designing, fabricating, 
and testing a series of rotors, each differing as much as practical 
from the baseline by a single parameter. The parameters varied 
were those thought to be important to performance but that 
have not been included in the loss models of contemporary 
design systems. The specific parameters included chord wise 
location of maximum thickness, various cascade area ratios, 
and leading edge sweep. A total of seven rotors were designed 
and fabricated for the initial test program. The most successful 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 11, 1992. Paper No. 92-GT-169. Associate Technical 
Editor: L. S. Langston. 

unswept design was designated Rotor 4 and is the subject of 
the current numerical study. 

Rotor 4 was designed to investigate the ability to control 
shock strength by tailoring the suction surface shape. The 
specific design parameter in this case was inlet-to-throat area 
ratio along with the suction surface contour (when considering 
the airfoil/passage in the cascade plane). Although this could 
be considered as two design variables, it is effectively one since 
a change in inlet-to-throat area ratio must be accompanied by 
some change of surface contour (except for a simple re-
staggering). The rotor was designed with less throat margin 
than the baseline (due to a steeper suction surface angle ahead 
of the passage shock) and the suction surface shape was tailored 
to lessen the shock-boundary layer interaction. Further details 
of the Rotor 4 design are provided by Parker and Simonson 
(1982). 

In addition to the rotor study, an investigation using two 
different stator designs was performed. The original stator 
design was described by Wennerstrom (1984). The redesign 
was accomplished using experimental data given by earlier 
efforts described by Law and Wadia (1993). The range of inlet 
air angles from choke to stall was considered, as well as the 
presence of severe overturning near the casing, which results 
from rotor tip clearance losses. The two stators were tested in 
back-to-back fashion with several rotors of the test series in­
cluding Rotor 4. The original and redesigned stators shall be 
referred to as Stator 1 and Stator 2, respectively. 

The flow field analysis of the full stage (for both Stator 1 
and Stator 2) using a computational fluid dynamics (CFD) 
technique and comparison of the results with experiment are 
the subjects of the present paper. CFD technology for tur-
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bomachinery aerodynamics has been developed significantly 
over the last decade (Davis et al., 1988; Dawes, 1986; Denton, 
1986; Giles, 1988; Hah, 1987; Moore and Moore, 1985; Rao 
and Delaney, 1990; etc.). Fully three-dimensional flow cal­
culations based on the Reynolds-averaged Navier-Stokes equa­
tions are now relatively well established and applied routinely 
for the design analysis of many turbomachinery components. 
The maturation of numerical schemes to compute the flow 
field around isolated blade rows has led to various efforts to 
extend the techniques to multiple blade rows (Adamczyk, 1985; 
Arts, 1985; Dawes, 1986; Denton and Singh, 1979; Ni, 1989; 
etc.). 

In this study, a numerical method based on the steady-state 
Reynolds-averaged Navier-Stokes equations is applied to in­
vestigate the flow field inside the subject transonic compressor 
stage. A relatively simple numerical procedure is employed to 
handle the full-stage computation. The method utilizes a mix­
ing plane to transmit information between blade rows. This 
simple method does not attempt to model any unsteady effects 
on the steady flow field. 

Measured casing static pressure distributions for several dif­
ferent stage operating conditions are compared with the nu­
merical solutions. In addition, rotor exit efficiency profiles, 
determined from stage exit plane information using an axi-
symmetric throughflow experimental data match technique, 
are compared with rotor efficiency profiles obtained from the 
numerical solutions. Finally some discussion is given for in­
teresting flow phenomena including the tip clearance region, 
shock geometry of the rotor, and stator aerodynamic per­
formance. 

Experiment 
The compressor stage configurations (Rotor 4/Stator 1 and 

Rotor 4/Stator 2) were tested in the Wright Laboratory Com­
pressor Aero Research Lab. This test facility is configured for 
closed-loop testing of high specific flow fans and compressors 
with a 2000 hp maximum power requirement. The test con­
figuration and instrumentation were designed to define overall 
steady-state performance of the stage and time-resolved rotor 
tip static pressures. Details of the test facility and steady-state 
instrumentation are provided by Law and Wadia (1993). 

Rotor tip time-resolved static pressure data were obtained 
from twelve high-frequency Kulite pressure transducers. These 
transducers were positioned at 12 uniformly spaced axial lo­
cations beginning 0.75 in. (19 mm) upstream of the rotor lead­
ing edge. The 0.25 in. (6.3 mm) spacing allowed for three 
measurements upstream of the rotor tip leading edge and nine 
along the chord of the blade tip. The time-resolved data were 
ensemble averaged to remove randomness. An ensemble con­
sisted of 400 discrete points that, when spatially resolved, span 
approximately two and one half blade passages. Averaging 
was triggered such that the same two and one half blade pas­
sages were presented in the ensemble. Absolute static pressure 
levels were determined by combining dynamic pressures from 
the Kulites and steady pressures from steady-state casing pres­
sures at the same axial locations. 

Numerical Procedure 
The Reynolds-averaged Navier-Stokes equations detailed by 

Hah and Wennerstrom (1991) are solved for the current prob­
lem. To close the system of equations, a closure model for the 
turbulence stress should be applied. Currently many turbulence 
models are available for large-scale three-dimensional flow 
calculations. Although none of the existing closure models 
represent all of the salient flow features accurately, major 
differences between the flow fields of different aerodynamic 
designs can be calculated with the existing models. 

It is well known that neither the conventional mixing length 
type turbulence'model nor any standard two-equation type 
turbulence model describes turbulence stresses properly in the 
region behind a shock wave or in the separated flow regions. 
Several recent studies indicate that significant improvement 
can be achieved when the standard two-equation model is 
modified to include the low Reynolds number effects. For the 
current study, a standard two-equation model is modified to 
include the low Reynolds number effects following the studies 
of Chien (1982). The following transport equations are solved 
for the turbulent shear stresses: 

oxi 0Xj \ a€ ox, J k 

pe I 2vkexp(-C4u*l/v) 

" I \C2fe+ 7 
/xeff = ii + C,(k2/e) {I-exp[- (C3u*l/u)]) 

0-4 . , . , „ .2, 
/ = ! • 

1.8 
exp-[(^/6w)2 

(1) 

(2) 

(3) 

(4) 

No attempt was made to optimize the constants of the tur­
bulence transport equations for the current study. Therefore, 
standard values for the constants are used; these values are 

C„ = 0.09, d = 1.25, C2=1.8, a* =1.0, <re=1.3, 

C3 = 0.0115, C4 = 0.5. 

The governing Reynolds-averaged Navier-Stokes equations 
are solved with a pressure-based implicit relaxation method 
using a fully conservative control volume approach described 
by Hah (1987) for isolated rotor configurations. A third-order 
accurate interpolation scheme is used for the discretization of 
the convection terms and central differencing is used for the 
diffusion terms. The numerical method is of second-order ac­
curacy with smoothly varying grids. Details of the current 
method for applications to transonic flows are given by Hah 
and Wennerstrom (1991). 

In this study, the numerical procedure is expanded to include 
the stator in a fan stage configuration. In order to maintain 
stability of the numerical method, sufficient domain upstream 
and downstream of the blade row is required. This fact, com­
bined with the close coupling of the blade rows in this stage 
(15 percent of rotor blade chord at the hub), drove the de­
velopment of a somewhat unconventional approach to inter­
face the blade rows computationally. The complete blade free 
region is utilized for both the rotor exit and stator entrance 
computations by using the overlapping grid shown in Fig. 1. 
The computational domain of the rotor extends to the leading 

Nomenclature 

Q , C2, C3, C4, CM = constants in turbulence closure 
models 

k = turbulent kinetic energy 
/ = characteristic length 

Uj = mean velocity components 
Uj = fluctuating velocity components 
e = turbulence dissipation rate 

M 
Meff 

V 

P 
<?ki Oe 

= 
= 
= 
= 
= 

viscosity 
effective viscosity 
kinematic viscosity 
density 
constants in turbulence closure 
models 
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Fig. 1(b) Blade-to-blade grid 

edge plane of the stator while the computational domain of 
the stator begins at the trailing edge plane of the rotor. There­
fore, two interface planes are used to transmit information 
between blade rows. With the current steady-state multiple 
blade rows calculation, the flow field of the rotor and the flow 
field of the stator are computed iteratively. 

For the rotor, the radial distribution of the static pressure 
at the exit of the computational domain is obtained from the 
stator flow field. At this plane, which is located at the leading 
edge plane of the stator, the circumferentially averaged static 
pressure distribution from the stator solution is used for the 
boundary condition of the rotor flow field. All the other vari­
ables at this boundary are extrapolated from the rotor inner 
solution. 

For the stator, radial distributions of all the variables at the 
inlet of the computational domain are obtained from the rotor 
solution. At this mixing plane, which is located at the trailing 
edge plane of the rotor, a classical mixing analysis is performed 
at each radial location to obtain circumferentially uniform 
values of velocity and density. Since a shock wave does not 
cross the mixing planes for the present problem, this boundary 
condition does not cause any numerical instability. The mixing 
analysis, which is based on the work of Dring and Spear (1991), 
is necessary to obtain a steady inlet condition for the stator 
flow field. The overall mass flow rate across the stage is de­
termined by the specified static pressure at the exit of the stator 
and the radial distribution of the total temperature and total 
pressure at the inlet of the rotor. As pointed out by Denton 
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and Xu (1990), this calculation can also be performed by run­
ning two separate isolated blade row solutions. However, some 
human intervention during the solution can be eliminated with 
the current procedure. 

The current computational grid was generated to give an 
orthogonal grid near the leading edge and near the blade sur­
face where the most important flow phenomena occur (passage 
shock, shock-boundary layer interaction, etc.). Spatial peri­
odicity at the periodic surfaces is not enforced for the grid; 
therefore the physical periodicity condition is handled inside 
the code using an interpolation function. The grid consists of 
50 nodes in the blade-to-blade direction, 46 nodes in the span-
wise direction, 152 nodes in the stream wise direction for the 
rotor, and 112 nodes in the stream wise direction for the stator. 
Six grid nodes in the spanwise direction are used to describe 
the tip-clearance region of the rotor. Inside the tip gap, the 
grid is closed in the blade-to-blade direction and the periodicity 
condition is applied. As indicated earlier, the rotor and stator 
flow fields are computed iteratively at each cycle of the com­
putation with the information transmitted through the mixing 
planes. For the currently adopted grid (607,200 nodes), about 
four to five hours of Cray YMP single processor time is nec­
essary to get a fully converged solution for each operating 
condition. 

As is well known, the quality of the numerical solution can 
deteriorate due to numerical diffusion when insufficient grid 
size is used. For the current stage configuration type (low aspect 
ratio, transonic), computational grids with more than 200,000 
grid nodes on each blade row seem to give grid-independent 
solutions for the total pressure and the aerodynamic loss. Re­
siduals of each finite difference equation are integrated over 
the entire domain. The solution is considered converged when 
the integrated residuals of all the equations are reduced by 
four orders of the magnitude from the initial value. 

Results and Discussion 
The three-dimensional Navier-Stokes method previously de­

scribed was applied to the Rotor 4 configuration. The intent 
was to evaluate the capability of the numerical method in 
predicting the detailed features of this complex flow field. The 
full-stage computation (with Stator 1 and Stator 2) was per­
formed at 100 percent speed, peak efficiency point only. Iso­
lated Rotor 4 computations were performed for 6 points from 
choke to stall at both 100 percent and 90 percent speeds. The 
Rotor 4 isolated and in-stage results were very similar at the 
peak efficiency point and this trend was expected to continue 
at other points. Comparisons of steady-state rotor perform­
ance are presented to support the use of the numerical tech­
nique for investigation of flow features that were not measured 
in the test program. The detailed flow features presented from 
the numerical method provide insight into how rotor designs 
may be altered for improved performance. In addition, stage 
performance comparisons are presented that indicate that the 
numerical scheme, chosen to accommodate rotor-stator in­
teractions, can be used for stage investigations. In the following 
sections, the rotor flow fields at four operating conditions (two 
flow rates at two rotor speeds) are analyzed in detail first. The 
flow fields across the two stators are then compared for stage 

, performance. 
All the numerical solutions were performed using rotor hot, 

running geometry. Separate blade stress analyses were per­
formed at 100 percent rotor speed and 90 percent rotor speed 
to determine the true running geometries for the numerical 
analysis. Flow fields at 12 different mass flow rates at these 
speeds have been numerically analyzed for comparison with 
rotor performance data. Detailed casing flow field results at 
the peak efficiency and near-stall points for each rotor speed 
are analyzed and compared with the measured data. 
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speed 

Rotor Aerodynamic Performance. Experimental rotor 
performance presented here is computed using an axisymmetric 
inviscid throughflow data match analysis. As a part of this 
analysis, the stage exit data at a given radius are projected 
forward to the rotor exit along streamlines. No mixing model 
is used in the analysis. At a given radius the exit total tem­
peratures used for this extrapolation are mass averages while 
the total pressures are the numerical average of the three highest 
exit plane circumferential values. The rotor exit comparisons 
presented in this section are between these extrapolated values 
(identified as experimental) and those determined by the cur­
rent three-dimensional Navier-Stokes numerical procedure. No 
special adjustments were made to the numerical procedure, 
for this rotor, to obtain the results presented. 

The rotor efficiency maps from the experimental data and 
the numerical results are compared in Fig. 2. The rotor per­
formances at various flow conditions are properly calculated. 
Both the experimental and the numerical results show that the 
rotor has higher peak efficiency at 90 percent rotor speed than 
at 100 percent rotor speed. This may be due to a reduced shock 
strength at 90 percent speed and a resulting weaker shock-
boundary layer interaction. This theory will be explored further 
when details of the three-dimensional flow field are described. 

In Fig. 3, comparisons are made between the experimental 
and the numerical values of the blade section efficiency for 
two operating conditions. The efficiencies from the numerical 
method were determined from an area-weighted circumfer­
ential average of the nodal temperatures and pressures at the 
rotor exit for common spanwise locations. 

The overall agreement is very good considering the com­
plexity of the flow field. Although the absolute value of the 
loss is not calculated exactly for most spanwise locations, the 
spanwise variation is captured. Differences between the ex­
perimental and numerical results in Fig. 4 may be attributed 
to the lack of a mixing model in the data match procedure 
and possible numerical inaccuracies. Both results, experimental 
and numerical, indicate tip region efficiency levels are much 
lower than midspan and hub region levels. This suggests that 
understanding and controlling the flow near the endwall region 
is very important for improved efficiency over the range of 
operation for such a transonic, low-aspect-ratio fan. Details 
of the endwall flow will be discussed in the next section. 

Rotor Flow Field. In Fig. 4, measured static pressure con­
tours on the casing at 90 percent speed, at peak efficiency and 
near-stall operating conditions, are compared with the cor­
responding numerical solutions. At the peak efficiency con­
dition (Fig. 4a), the shock, which is standing almost normal 
to the incoming flow, is clearly seen in both experimental and 
numerical presentations. The numerical solution also shows 
evidence of the tip-leakage vortex, which cannot be clearly 
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Fig. 3(b) Comparison of blade section efficiency at 100 percent rotor 
speed 

seen in the measured data. At the near-stall condition (Fig. 
4b) the shock is pushed farther upstream than at the peak 
efficiency operating condition. This also is clearly seen in both 
numerical and experimental presentations. The numerical so­
lution indicates that the shock has been moved forward to a 
point where the tip-leakage vortex interacts with the shock and 
weakens it near midpassage. The weakening of the shock at 
midpassage is indicated in the measured pressure contours as 
well, but little evidence of the vortex can be seen. 

The interaction of the shock structure and the tip-leakage 
vortex presented for 90 percent speed is also evident at 100 
percent speed, as shown in Fig. 5, but is less pronounced 
because the shock is farther back in the passage. Figure 5 also 
shows a high gradient static pressure region on the suction 
surface just downstream of the shock. This is considered to 
represent a weak secondary shock. The influence of this weak 
secondary shock on the tip-leakage flows will be discussed later. 
To explore the evidence of the tip-leakage vortex in the ex­
perimental data, measured and calculated static pressure plots 
across the blade passage are presented in Fig. 6. The figure 

, shows the static pressure variation across the passage at an 
axial location just downstream of the leading edge. The drop 
in static pressure near the blade suction surface due to the tip-
clearance vortex is represented in both measured and calculated 
data. The static pressure measurement transducers were spaced 
too far apart to capture the high axial static pressure gradient 
in the vortex, but do indicate a drop in static pressure at this 
location. Figure 6 also demonstrates the excellent agreement 
in measured and calculated circumferential static pressure dis­
tribution. 
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EXPERIMENT NUMERICAL 
Fig. 4(a) Comparison of casing static pressure at peak efficiency con­
dition (90 percent rotor speed) 

The comparisons in Figs. 4, 5, and 6 show that the endwall 
shock structures and tip-leakage flows at various operating 
conditions are calculated very well with the current numerical 
procedure. Therefore, to gain an increased understanding of 
the interaction of these fluid structures, details of unmeasured 
three-dimensional flow phenomena predicted by the numerical 
procedure will be studied. 

Calculated static pressure contours on the blade surfaces for 
90 percent rotor speed and 100 percent rotor speed at peak 
efficiency operating conditions are shown in Figs. 7 and 8, 
respectively. Changes in the passage shock system due to the 
changes in rotor speed are clearly displayed in both Figs. 7 
and 8. The shock system for both operating conditions in this 
unswept design is three dimensional and inclines forward away 
from the endwall. However, the shock becomes normal to the 
endwall near the casing due to the physical constraint. The 
impact of this shock structure on design assumptions was pre­
sented by Hah and Wennerstrom (1991). The figures suggest 
that the passage shock is weaker below the tip region at 90 
percent rotor speed (Fig. 7) than at 100 percent speed (Fig. 8). 
This weaker shock system and resulting less severe shock-
boundary layer interaction might imply why the rotor has the 
highest peak efficiency at 90 percent rotor speed as was pre­
sented in the performance results. 

The influence of tip-leakage vortices on the shock system at 
the rotor casing was presented in Figs. 4, 5, and 6. Three-
dimensional details of the tip-leakage vortex system present in 
the rotor passage, as determined from the numerical calcu­
lation, provide additional insight into their interactions with 
passage shocks and clearance flows. Figure 9 shows particle 
traces near the tip region for the peak efficiency condition at 
100 percent rotor speed. The particles, which are released near 
the suction side of the blade tip, show the detailed structure 
of the tip-leakage vortex. The vortex emanating from the lead-

EXPERIMENT NUMERICAL 
Fig. 4(b) Comparison of casing static pressure at stall condition (90 
percent rotor speed) 

ing edge is clearly the dominating flow structure in the figure. 
It is formed almost at the leading edge and shows a clear 
swirling motion along the vortex core line. Particles released 
along the tip downstream of the leading edge and upstream 
of the shock eventually are influenced by the tip-leading-edge 
vortex and follow a vortex like behavior. As these fluid struc­
tures encounter the shock, they turn and the vortex becomes 
less organized. Downstream of the shock a third vortexlike 
structure is evident. It is formed behind the passage shock 
where a weak secondary shock appears, as was defined pre­
viously (Fig. 5). The static pressure gradient across this vortex 
like structure is much smaller than of the tip-leading-edge 
vortex and therefore it is difficult to identify this phenomenon 
clearly as a vortex. 

The interrelationship of the tip-clearance vortex structure 
and the passage shock is important to understand, as the aero­
dynamic efficiency and the surge margin of the compressor 
rotor are closely associated to the tip-leakage flow. Control 
of this tip-leakage flow structure could improve the compressor 
efficiency and the operating range. 

Steady-state numerical computations of the Rotor 4 flow 
field in an isolated environment have shown that good agree­
ment with experimental data can be achieved, and many im­
portant flow field phenomena have been identified. The Rotor 
4 geometry was then thought to provide a good opportunity 
to apply the multiple blade row modeling approach. Results 
from this approach will be discussed next. 

Stator Flow Field. The original detailed stator design (Sta­
tor 1) was described by Wennerstrom (1984); a quick overview 
will be given here. The stator inlet Mach number ranged from 
1.0 at the hub to 0.7 at the case. In an attempt to eliminate 
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Fig. 5(a) Comparison of casing static pressure at peak efficiency con­
dition (100 percent rotor speed) 
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CIRCUMFERENTIAL DISTANCE ( I N ) 
Fig. 6 Comparison of circumferential casing static pressure distribu­
tion 0.25 in. (6.4 mm) downstream of leading edge at stall condition (100 
percent rotor speed) 

shock-related losses due to the high hub Mach number, the 
leading edge was swept near the hub. The inlet flow was turned 
to axial at the exit, requiring 40 to 50 deg of turning. This 
drove the selection of aspect ratio (1.255) and solidity (2.8 at 
the hub and 1.6 at the tip). The spanwise distribution of dif­
fusion factor peaked at the hub at a value of 0.55. The ex­
perimental results showed that the stator performed very well, 
as indicated by the overall stage performance, as reported by 
Wennerstrom (1984). 

The stator was redesigned (Stator 2) and tested. The moti­
vation for the redesign was to evaluate an alternate design 

Journal of Turbomachinery 

EXPERIMENT NUMERICAL 
Fig. 5(b) Comparison of casing static pressure at stall condition (100 
percent rotor speed) 

SUCTION SIDE PRESSURE SIDE 
Fig. 7 Blade surface static pressure distribution at peak efficiency 
condition (90 percent rotor speed) 

approach. The objectives of the new approach were to generate 
blade sections that were more tolerant to off-design incidence 
angles and produce a lower loss than the original. The inlet 
conditions as determined by experiment, at design and off-
design points, were used in the redesign. Subsequent tests 
showed that at 100 percent rotor speed, peak efficiency op­
erating point the Rotor 4/Stator 2 combination outperformed 
the Rotor 4/Stator 1 combination by 1.4 points in efficiency. 
The detailed flow features that existed in the stator were not 
measured directly; therefore, the numerical method was uti­
lized to provide this information. 

The subject multiple blade row' calculation technique was 
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SUCTION SIDE PRESSURE SIDE 
Fig. 8 Blade surface static pressure distribution at peak efficiency 
condition (100 percent rotor speed) 

Fig. 9 Tip-leakage flow structure at peak efficiency condition (100 per­
cent rotor speed) 

applied to both rotor/stator combinations at the peak effi­
ciency point. According to the numerical results, the rotor 
flow fields with Stator 1 and with Stator 2 are very similar. 
However, the stator flow fields are quite different. Some of 
the representative features of the two stator flow fields are 
compared in this section. 

Spanwise distributions of stage efficiency are compared in 
Fig. 10. The numerical results indicate that the stage with Stator 
2 installed performed more efficiently than the Stator 1 in­
stallation over most of the span. The experimental data show 
similar behavior except near the hub. The overall trend of the 
efficiency distribution is successfully captured by the numerical 
method. However, the distribution of the difference in effi­
ciency between the two stator installations is less successfully 
captured. The difference in integrated stage efficiency for the 
two stator installations obtained from the numerical solutions 
was 0.6 percent, with the Stator 2 installation being higher. 
The measured difference was 1.4 percent, with the Stator 2 
installation being higher. The magnitude of this variation is 
considered small and can be explained by lack of modeling of 
unsteady effects, experimental inaccuracies, and numerical er­
ror. Since the trend is correct and the absolute levels agree 
fairly well, flow field details that only computational fluid 
dynamics techniques can provide were studied. 

EXPERIMENT (STATOR 2) 
1 0 0 . 0 - 1 H ^ : \ 
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NORMALIZED RADIUS 
Fig. 10 Comparison of stage efficiencies with the two stators 

Fig. 11 Comparison of velocity vectors near the case 

Fig. 12 Comparison of Mach number contours near the hub 

Since the experimentally determined inlet flow conditions 
were available for the Stator 2 design, an improved incidence 
angle match was achieved. This was especially evident at the 
casing where Stator 2 was overcambered to accept the flow 
from the rotor tip. The flow in this region possessed a large 
tangential velocity component due to rotor tip clearance losses. 
Figure 11 compares velocity vectors near the case in the leading 
edge region from each solution. The stagnation point on the 
Stator 1 airfoil is located downstream of the leading edge of 
the pressure surface. This causes an expansion of the flow 
around the leading edge, onto the suction surface. The Stator 
2 flow field shows a well-behaved velocity field, the stagnation 
point located near the leading edge with no expansion around 
the leading edge. Experimental results (not shown here) showed 
a slight increase in flow range while maintaining higher effi­
ciency for the stage with Stator 2 installed. 

Mach number contours are compared in Fig. 12 for the near-
hub region. The Stator 1 hub flow field indicates a near-choke 
condition, while Stator 2 is clearly unchoked. Choked flow 
was not present at any other spanwise location. Also note that 
a shock is not found in either case (near sonic inlet Mach 
number), which may be evidence of the success of the swept 
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LOW VELOCITY 
REGION 

Fig, 13 Stator 2 velocity vectors near the pressure surface 

leading edge, especially in the case of Stator 1. Stator 2 achieves 
less severe velocity gradients near the leading edge, due to the 
design of the suction surface contour, which would tend to 
reduce losses. 

Figure 13 shows velocity vectors for Stator 2 in a nearly 
meridional plane close to the pressure surface. Radial second­
ary flow is indicated by the deviation of the velocity vector 
from the streamwise grid lines (these approximate streamlines 
from the axisymmetric solution). The magnitude of the sec­
ondary flow in other regions in both stators is less than in­
dicated in this figure. As can be seen, the magnitude of the 
secondary flow is minimal. A feature peculiar to the region 
depicted in this figure (and peculiar to Stator 2 as well) is an 
area of low-velocity fluid at about 3/4 span. This flow decel­
eration is apparently due to the concavity of the blade surface 
in the streamwise direction. The presence of the low-velocity 
region would increase blockage and possibly reduce the dif­
fusion potential of the blade row. The pressure surface con­
cavity is more severe for Stator 2 than for Stator 1. No flow 
separation is evident, but a small degree of secondary flow 
around this region of low velocity is present. It is not clear 
whether this would be detrimental to efficiency. Flow sepa­
ration was not observed on the suction surface of either stator 
for any spanwise location. 

The computational results examined in this section give some 
interesting insight into details of the stator flow field. The 
solutions indicate that both stators are well behaved (at least 
at the operating point considered). One must keep in mind, 
however, that this was a steady-state computation and caution 
should be exercised when generalizing various findings. For 
example, it is reasonable to expect that unsteady effects, es­
pecially for this close-coupled stage, may induce a greater 
degree of secondary flow in the stator than what was seen here. 
The unsteady calculations may yield a greater variation in 
performance for the two stators, closer to the measured dif­
ference of 1.4. A follow-on effort to develop and demonstrate 
an unsteady rotor-stator computation is currently under way. 

Concluding Remarks 
An experimental and numerical study to investigate a tran­

sonic, high-throughflow, low aspect ratio fan stage has been 
conducted. The details of the flow structure and the aerody­
namic performance of a state-of-the-art rotor were studied at 
100 percent rotor speed and 90 percent rotor speed. 

A multiple blade row calculation method based on a mixing 
plane approach is used to study the steady-state flow char­
acteristics. To obtain stable and correct solutions for the cur­
rent closely coupled blade rows, two interface planes are used 

for the transmission of information between the rotor and the 
stator. Comparisons between the numerical solution and the 
experimental data show that major time-averaged flow features 
inside the stage are properly calculated with the approach pre­
sented. 

Both the experimental data and the numerical analysis in­
dicate that the overall aerodynamic efficiency and the operating 
range of the stage are directly associated with the flow char­
acteristics near the endwall. Interactions among the passage 
shock, tip-leakage vortex, and the boundary layers dominate 
the flow near the end wall. The numerical results imply that 
a leading edge vortex and two other vortexlike structures are 
generated by the tip-leakage flow. 

The numerical results also confirm that Stator 2 has indeed 
better incidence tolerance without choking than Stator 1. The 
experimental data and the numerical results indicate that the 
stage with Stator 2 has better peak efficiency than the stage 
with Stator 1. This improvement comes from the reduced in­
cidence and shock losses. 

The excellent agreement between experimental and numer­
ical performance suggests that the current three-dimensional 
Navier-Stokes numerical approach can be applied for para­
metric study of transonic compressor blades for improved fan/ 
compressor stage design. Further improvement in physical 
modeling for strongly diffusing flow and further development 
of numerical techniques to shorten the turnaround time of the 
numerical analysis will certainly widen the application of the 
numerical method to fan/compressor stage design. 
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D I S C U S S I O N 

N. A. Cumpsty 

There are not many data relating to high-performance tur-
bomachinery in the open literature and it is very welcome to 
see some of the results of the highly successful program carried 
out at Wright-Patterson. It is also very welcome to see these 
compared with calculations. I have two principal observations 
to make. 

A careless reader could get the impression that all the cal­
culations performed for this paper were carried out using the 
procedure for the coupled stage, the procedure that uses the 
approach outlined in Figs. 1(a) and \(b) of the paper. In fact 
the coupled calculation was only used to calculate the flow at 
peak efficiency. The results for the rotor treated as an isolated 
component and the results for the rotor when it was treated 
as part of a stage were found to be similar at peak efficiency, 
and it is stated that this trend was expected to continue at 
other operating points. This may be true, but it is not self-
evident. Peak efficiency is probably close to the design point 
at which the actual flow is likely to follow fairly closely the 
axisymmetric streamsurfaces presumed in the design, without 
very large spanwise shifts associated with off-design operation 
or major regions of separation. Under such conditions the 
effect of a downstream blade row on the rotor may be expected 
to be small. At other flow conditions, particularly near stall, 
there may be large spanwise movements of the streamsurfaces 
and the downstream blade may have a substantial effect. Can 
the authors show how well the two calculations agree for a 
range of conditions, including comparisons of the mean me­
ridional flow, from calculations with and without the down­
stream blade row at a range of conditions? 

The second major point relates to the pressure distributions 
measured by Kulite pressure gages on the casing. In looking 
at such traces in the past I have always been surprised how 
smeared such results are, seeming to lack fine detail even when 
the transducers were very small compared to the blade pitch. 
This smearing is particularly clear when compared with the 
calculated distributions in Fig. 4 of the present paper. I feel 
fairly confident that the explanation for this smearing is the 
inherent unsteadiness of the shock and clearance vortex struc­
ture, since the measured pressure distributions invariably con-

'Whittle Laboratory, Cambridge University, Cambridge, United Kingdom. 

sist of ensemble averages. This means that in trying to 
understand the flow field one may perhaps obtain a better 
appreciation of the actual instantaneous pressure field and 
shock pattern from the calculations than the measurements. 

Two additional small matters. Do the authors have expla­
nations for the "ears" in the calculated efficiency at around 
80 percent span shown in Figs. 3(a) and 3(6)? Can they please 
provide enlarged versions of Fig. 11 and Fig. 13 because in 
both cases the detail is lost? 

Authors' Closure 
Dr. Cumpsty's comment regarding in-stage rotor perform­

ance at various operating conditions is a good one and requires 
further discussion. We did not mean to imply that we had 
proven that the stator has minimal effects on the rotor, al­
though it should be considered a possibility. We merely stated 
what was observed in the results of these particular compu­
tations. Several other operating points were investigated, and 
for all cases, the stator had minimal impact on the rotor. In 
other words, the solution of the isolated rotor computation 
and the solution of the in-stage rotor computation were vir­
tually identical. This implies that the rotor downstream bound­
ary conditions for the two cases (isolated and in-stage) were 
very similar and remained so as a function of operating point. 
This may be a result of the mixing plane technique, which was 
used to interface the two blade rows. This treatment (required 
for a steady calculation) may or may not be a true represen­
tation of the actual conditions; we, therefore, cannot be as­
sured that all potential stator effects on the rotor are adequately 
modeled. We do not feel that including details of such results 
would provide any additional information. 

With regard to Dr. Cumpsty's other point about smearing 
of the Kulite results, we agree that shock position unsteadiness 
is the likely cause, but to date, have not conducted any detailed 
investigation. Furthermore, we feel that although numerical 
results certainly provide a more detailed view of the flow phys­
ics, both measured and computed pressure distributions have 
merit, and in conjunction, can provide much knowledge about 
the flow field. 

The presentations in Fig. 4 were provided to indicate that 
the code captures the significant structures in the flow field. 
When comparing contour plots with different numbers of con­
tours, it is difficult to determine flow field details. We, there­
fore, provided a plot with a comparison of spatially resolved 
measured and calculated data in Fig. 6. We would note that 
for the axial location reported, the calculation indicates a more 
gradual rise in static pressure across the shock than the meas­
ured (ensemble-averaged) signals, thereby indicating greater 
smearing in the computation. We agree that the Kulite meas­
urements have limitations and care must be used in interpre­
tation, but they should not be discounted as they provide some 
valuable information. The shock unsteadiness can be deter­
mined from unaveraged data and we intend to review this. 

With regard to the "ears" on the efficiency curves, we have 
not investigated their cause in detail but we presume it is a 
result of the complex interactions in the tip region of the shock, 
tip vortex, and blade surface boundary layers. Similar features 
have been observed in the results from other calculation tech­
niques during informal presentations. 
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A careless reader could get the impression that all the cal­
culations performed for this paper were carried out using the 
procedure for the coupled stage, the procedure that uses the 
approach outlined in Figs. 1(a) and \(b) of the paper. In fact 
the coupled calculation was only used to calculate the flow at 
peak efficiency. The results for the rotor treated as an isolated 
component and the results for the rotor when it was treated 
as part of a stage were found to be similar at peak efficiency, 
and it is stated that this trend was expected to continue at 
other operating points. This may be true, but it is not self-
evident. Peak efficiency is probably close to the design point 
at which the actual flow is likely to follow fairly closely the 
axisymmetric streamsurfaces presumed in the design, without 
very large spanwise shifts associated with off-design operation 
or major regions of separation. Under such conditions the 
effect of a downstream blade row on the rotor may be expected 
to be small. At other flow conditions, particularly near stall, 
there may be large spanwise movements of the streamsurfaces 
and the downstream blade may have a substantial effect. Can 
the authors show how well the two calculations agree for a 
range of conditions, including comparisons of the mean me­
ridional flow, from calculations with and without the down­
stream blade row at a range of conditions? 

The second major point relates to the pressure distributions 
measured by Kulite pressure gages on the casing. In looking 
at such traces in the past I have always been surprised how 
smeared such results are, seeming to lack fine detail even when 
the transducers were very small compared to the blade pitch. 
This smearing is particularly clear when compared with the 
calculated distributions in Fig. 4 of the present paper. I feel 
fairly confident that the explanation for this smearing is the 
inherent unsteadiness of the shock and clearance vortex struc­
ture, since the measured pressure distributions invariably con-

'Whittle Laboratory, Cambridge University, Cambridge, United Kingdom. 

sist of ensemble averages. This means that in trying to 
understand the flow field one may perhaps obtain a better 
appreciation of the actual instantaneous pressure field and 
shock pattern from the calculations than the measurements. 

Two additional small matters. Do the authors have expla­
nations for the "ears" in the calculated efficiency at around 
80 percent span shown in Figs. 3(a) and 3(6)? Can they please 
provide enlarged versions of Fig. 11 and Fig. 13 because in 
both cases the detail is lost? 

Authors' Closure 
Dr. Cumpsty's comment regarding in-stage rotor perform­

ance at various operating conditions is a good one and requires 
further discussion. We did not mean to imply that we had 
proven that the stator has minimal effects on the rotor, al­
though it should be considered a possibility. We merely stated 
what was observed in the results of these particular compu­
tations. Several other operating points were investigated, and 
for all cases, the stator had minimal impact on the rotor. In 
other words, the solution of the isolated rotor computation 
and the solution of the in-stage rotor computation were vir­
tually identical. This implies that the rotor downstream bound­
ary conditions for the two cases (isolated and in-stage) were 
very similar and remained so as a function of operating point. 
This may be a result of the mixing plane technique, which was 
used to interface the two blade rows. This treatment (required 
for a steady calculation) may or may not be a true represen­
tation of the actual conditions; we, therefore, cannot be as­
sured that all potential stator effects on the rotor are adequately 
modeled. We do not feel that including details of such results 
would provide any additional information. 

With regard to Dr. Cumpsty's other point about smearing 
of the Kulite results, we agree that shock position unsteadiness 
is the likely cause, but to date, have not conducted any detailed 
investigation. Furthermore, we feel that although numerical 
results certainly provide a more detailed view of the flow phys­
ics, both measured and computed pressure distributions have 
merit, and in conjunction, can provide much knowledge about 
the flow field. 

The presentations in Fig. 4 were provided to indicate that 
the code captures the significant structures in the flow field. 
When comparing contour plots with different numbers of con­
tours, it is difficult to determine flow field details. We, there­
fore, provided a plot with a comparison of spatially resolved 
measured and calculated data in Fig. 6. We would note that 
for the axial location reported, the calculation indicates a more 
gradual rise in static pressure across the shock than the meas­
ured (ensemble-averaged) signals, thereby indicating greater 
smearing in the computation. We agree that the Kulite meas­
urements have limitations and care must be used in interpre­
tation, but they should not be discounted as they provide some 
valuable information. The shock unsteadiness can be deter­
mined from unaveraged data and we intend to review this. 

With regard to the "ears" on the efficiency curves, we have 
not investigated their cause in detail but we presume it is a 
result of the complex interactions in the tip region of the shock, 
tip vortex, and blade surface boundary layers. Similar features 
have been observed in the results from other calculation tech­
niques during informal presentations. 
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An Investigation of Turbulence 
•0,9 

Modeling in Transonic Fans 
Including a Novel Implementation 
of an Implicit k-e Turbulence 
Model 

An explicit Navier-Stokes solver has been written with the option of using one of 
two types of turbulence model. One is the Baldwin-Lomax algebraic model and the 
other is an implicit k-e model which has been coupled with the explicit Navier-
Stokes solver in a novel way. This type of coupling, which uses two different solution 
methods, is unique and combines the overall robustness of the implicit k-e solver 
with the simplicity of the explicit solver. The resulting code has been applied to the 
solution of the flow in a transonic fan rotor, which has been experimentally inves­
tigated by Wennerstrom. Five separate solutions, each identical except for the tur­
bulence modeling details, have been obtained and compared with the experimental 
results. The five different turbulence models run were: the standard Baldwin-Lomax 
model both with and without wall functions, the Baldwin-Lomax model with mod­
ified constants and wall functions, a standard k-e model, and an extended k-e 
model, which accounts for multiple time scales by adding an extra term to the 
dissipation equation. In general, as the model includes more of the physics, the 
computed shock position becomes closer to the experimental results. 

Introduction 
The fan in a commercial or military turbofan engine is a 

component critical to the successful attainment of the per­
formance and efficiency targets of the entire engine. As the 
pressure ratio and loading increase, it becomes more difficult 
to meet efficiency goals, stall margin, and mechanical con­
straints. The flow field is extremely complex and the geometry 
length scales span several orders of magnitude, from the span 
of the blade to the tip gap and leading edge radius. Current 
designs are already very efficient with relatively high pressure 
ratios. Designing more efficient fans requires better under­
standing of the fluid mechanics and more sophisticated ana­
lytical tools to predict the performance and efficiency 
accurately. Tip clearance effects, boundary layers with asso­
ciated shear stress and blockage, turbulence effects, and shock 
loss must be accurately modeled to predict the shock position, 
the flow rate, and the overall loss and performance correctly. 
This requires a three-dimensional Navier-Stokes solution of 
the flow field. 

Starting with the Navier-Stokes equations, which fully de­
scribe the flow field, one could perform a direct numerical 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 27, 1992. Paper No. 92-GT-308. Associate Technical 
Editor: L. S. Langston. 

simulation with a minimum number of assumptions. These 
have been obtained for simple geometries (Rai and Moin, 1991), 
but the approach has not yet been demonstrated for transonic 
flow and complex geometries. In addition, the current cost in 
computer time would make this approach prohibitive as a 
design tool. The first level of assumptions leads to the Reyn­
olds-averaged Navier-Stokes equations. These are obtained by 
ensemble averaging the equations, which filters out the tur­
bulent or random fluctuations of the flow field. The dependent 
variables in these equations then become the unsteady deter­
ministic (non-random) velocity, density, and energy. Apparent 
stresses are produced by the averaging process due to the time 
unsteadiness of the actual flow field and the nonlinear terms 
in the equations. The problem with this system of equations 
is how to determine these apparent stresses and close the sys­
tem. This is accomplished with a turbulence model. 

One could solve the time-accurate equations or account for 
the deterministic unsteadiness by performing a time and pas­
sage average as proposed by Adamczyk (1985). The former is 
still too costly in computer time while the averaging operators 
lead to additional apparent stresses, which must be determined 
from empirical models. Rather than do this, one more level 
of assumptions can be introduced, namely, that the determin­
istic flow field is steady in a rotating frame of reference. 

The explicit Euler code described by Holmes and Tong (1985) 
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was extended by Cedar and Holmes (1989) to account for 
boundary layer blockage and solid bodies. This code has been 
further extended at GE Aircraft Engines to solve the Reynolds-
averaged Navier-Stokes equations. The resulting code has the 
option of running inviscid, laminar, and turbulent with the 
Baldwin-Lomax model or the k-e model. The numerical scheme 
for solving the k-e equations is based on an implicit staggered 
grid method of solving convection-diffusion equations as de­
scribed by Patankar (1980). An explicit k-e solver was not 
pursued because the stability of this scheme was not well under­
stood at the time. It was decided instead to modify extensively 
an existing implicit staggered grid k-e solver and couple this 
with the Runge-Kutta explicit Navier-Stokes solver. The mod­
ifications included using the area projections contained in the 
explicit solver rather than the inverse Jacobian, modifying the 
data structures to those used by the explicit solver and vec­
torizing the entire code on the CRAY YMP. The details of the 
algorithm will be presented in this paper. 

The coupling strategy is very simple. The density, velocity, 
and energy field is updated at each time step in the time march­
ing solver. Using this velocity and density field, the turbulence 
model and law of the wall are applied with a resulting turbulent 
viscosity and wall shear stress calculated. For the algebraic 
Baldwin-Lomax model, the turbulent viscosity is simply cal­
culated, whereas for the k-e model, the finite volume forms 
of the k and e equations are advanced one iteration, and the 
turbulent viscosity is calculated from the k and e values. The 
turbulent viscosity and shear stress in turn are used by the 
viscous time marching solver. 

A transonic fan rotor that has been experimentally inves­
tigated by Art Wennerstrom, formerly at Wright-Patterson 
AFB, has been used to validate and compare the Navier-Stokes 
code with five variations of the turbulence models. By using 
the same Navier-Stokes solver, the same grid and the same 
boundary conditions, the effect of the turbulence model on 
the quality of the flow field results can be quantified. Except 
for investigating the effect of the Baldwin-Lomax constants, 
which other researchers have made a function of pressure gra­
dient, it has been the intent to keep the method general and 
not "tune" the constants based on the experimental results. 

The Wennerstrom fan has also been run as a stage with the 
stator modeled as axisymmetric source terms. These results 
along with the results of two other fan geometries are described 
by Jennions and Turner (1993). 

Nomenclature 

C^, CD = k-e constants 
Ci-C3 = k-e constants 
C.V. = control volume 

f,f\f2 = functions of j'" '" 
M = Mach number 
R = added term in extended k-e model, or 

ideal gas constant 
s = surface of control volume, or entropy 

TURBIN = inlet turbulence intensity 
vx, vy, vz = absolute velocity components 

V = absolute velocity magnitude 
V = absolute velocity vector 

Vol = volume of control volume 
wx, wy, wz = relative velocity components 

W = relative velocity magnitude 
W = relative velocity vector 

x, y, z = Cartesian position components; z is axial, 
y is also a generic distance from a wall 

7 = ratio of specific heats = Cp/Cv 
e = turbulent dissipation rate 
K = thermal conductivity 

Background to Turbulence Modeling Efforts 
Closing the Reynolds-averaged Navier-Stokes equations re­

quires a model for the turbulent shear stresses. The Boussinesq 
hypothesis has been used, which says that the effective tur­
bulent shear stress can be related to the strain times the tur­
bulent viscosity. 

The Baldwin-Lomax turbulence model (Baldwin and Lo-
max, 1978) is a two-layer algebraic model, which determines 
the turbulent viscosity in an inner and outer layer, which are 
subsequently matched. Dawes (1985), Adamczyk et al. (1989), 
and Rai (1989) have used this model for turbomachinery ap­
plications. Granville (1987) and York and Knight (1985) have 
investigated the effects of pressure gradients on the predictive 
capability of such a model, and have concluded that the model 
constants need to be modified in the presence of a pressure 
gradient. 

The two-equation k-e model, described by Launder and 
Spalding (1974), has been developed with fewer approxima­
tions than the Baldwin-Lomax model. The turbulent viscosity 
is a function of the k and e values. This model is often as­
sociated with a pressure-correction solver, and the current code 
started with the k-e model in a pressure-correction solver, 
which was modified to fit into the framework of the explicit 
time-marching solver. 

Chen and Kim (1987) describe an extension to the k-e model. 
Basically an attempt is made to model the physical process of 
the generation of large eddies, which break down into smaller 
eddies, and fine-scale eddies, which are then dissipated. This 
is done by using two time scales of the turbulent kinetic energy 
spectrum rather than just one, making a few assumptions, and 
adding an extra term to the dissipation rate equation. This 
additional term has the effect of decreasing the turbulent vis­
cosity, which seems to be overpredicted using the standard 
model when the mean shear is large. 

In order to overcome the extremely fine grids required to 
model boundary layers accurately down to the wall, both tur­
bulence models use wall functions. This is an option when 
using the Baldwin-Lomax model. However, the k-e solver is 
a high Reynolds number model, and the wall functions are 
always applied. It is a gridding requirement to keep the grid 
from becoming too fine. 
The Navier-Stokes Equations 

The compressible Navier-Stokes equations for a single blade 

v = kinematic viscosity coefficient 
£', £2, £3 = three-dimensional computational coordi­

nates, £' is blade-to-blade, £2 is hub-to-
tip, and £3 is streamwise 

II = work done due to viscous stresses 
a = k-e constant 
T = shear stress 

TW = wall shear stress magnitude 
iz = wall shear stress vector 

Subscripts and Superscripts 
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cell center 
relates to law of the wall 
local cell center (point) 
viscous terms 
x components 
y component 
z component 
tensor components 
refers to a node number 
computational coordinates 
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row in three dimensions are cast in terms of absolute velocity 
but solved in a relative non-Newtonian reference frame rotating 
along with the blade about the z axis with angular velocity 0. 
The equations are written in a conservative form in Cartesian 
coordinates (x, y, z). The equations in differential form are: 

3U 3F 3G dH ^ 3FV dGy dHy 
1 1 + — = E + — - • + — - • + — -

dt dx dy dz dx dy dz ' 

where the solution vector U is given by 

(1) 

U = pVy 

pvz 

LpeJ 

(2) 

in which p is the density and e is the total internal energy. The 
absolute velocity vector V= vxf+ vyf+ vzlc and f, J, and k~ are 
the unit vectors in the x, y, and z directions. E accounts for 
terms due to rotation of the coordinate system: 

0 

E = 

QpVy 

-Qpvx 

0 

0 

(3) 

and F, G, and H are the convective fluxes given by: 

F = 

G = 

PWx 

pwxvx+p 

P\VxVy 

pwxvz 

_wx(pe+p)-Qyp_ 

PWy 

pWyVX 

P\VyVy +P 

PWyVZ 

.wy(pe+p ) + Qxp_ 

, H = 

> 

pwz 

PWZVX 

PWzVy 

pwzvz+p 

.> vz(pe+p). 

(4) 

(5) 

The pressure p is determined through an equation of state. 
The ideal gas law is assumed: 

P=(y-l)(pe-pV2/2). (6) 

The static temperature T is determined by: 

e 
T=-

V2/2 
(7) 

where Cv is the specific heat at constant volume, which is a 
property of the fluid and is a constant if the_gas is assumed 
to be perfect. The relative velocity vector W= wxf+ wyf+ 
wzk is related to the absolute velocity through the following 
equations: 

wx=vx + Qy, Wy=vy-Qx, wz=vz. (8) 

The viscous terms F v , Gv , and H v are given assuming no 
internal energy sources or radiation heat transfer: 

F v = 

0 

Txx 

Txy 

Txz 

J^x-Qx. 

> G y — 

0 

fyx 

Tyy 

• Tyz 

Ry-Qy. 

, H v -

0 

Tzx 

Tzy 

l"zz 

.Rz-Qz. 

(9) 

in which the shear stresses are related to the strains by the 
following linear relationships: 

,=f/.(: „ dvx „-., 
2Tx-^-

:Tyx=H 

dVy 

~ dy 

dvx 

dvz 

~ dz 

dx) 

(10) 

(11) 

where n is the viscosity. The equations for ryy and TH are similar 
to Eq. (10), and the equations for rxz, t^, Tyz, and T^, are 
similar to Eq. (11). The components of work done due to 
viscous stresses are: 

n* = y x r ^ + vyTxy + VZTXZ, 

nv 
VXTXV+VVTVV+V,T. wx' xy y'yy 

(12) 

(13) 

(14) 

-Z-. (15) 

(16) 

and q accounts for the heat condition within the fluid: 

dT dT dT 
q*=-KTx' q>=-KTy>

 q*=~KTz' 
with the thermal conductivity being given by: 

lxCp 

in which Cp is the specific heat at constant pressure and Pr is 
the Prandtl number. 

The unsteady Navier-Stokes equations have been presented. 
These equations fully describe the flow field including the 
turbulence, but to solve them numerically requires resolving 
very small spatial and temporal details. To obtain meaningful 
results with coarser grids, these equations can be averaged over 
relatively small time periods to produce the Reynolds-averaged 
form of these equations. This yields equations with apparent 
stresses due to the time unsteadiness. Boussinesq introduced 
a hypothesis that says that this apparent stress can be related 
to the strain times the turbulent viscosity. An effective vis­
cosity, fieff, therefore has two distinct parts: 

(17) /Xeff=/X/ + /X„ 

and similarly: 

Keff = • C 1 - ^ + ^ 
"\Pi, Pr, 

(18) 

where the / and t subscripts denote laminar and turbulent 
quantities, respectively. For air, Pr, = 0.74 is a property and 
Pr, = 0.9 has been applied. With /xeff and Keff replacing \x. and 
K, the above Navier-Stokes equations remain unchanged in 
form. Conceptually these are now the deterministic velocities 
being calculated rather than instantaneous velocities. The lam­
inar viscosity is modeled by Sutherland's law in which M is a 
function of the local static temperature. The turbulent viscosity 
calculation, which is needed to close this system of equations, 
is discussed below for two turbulence models. 

The Navier-Stokes Numerical Scheme 
The equations above would reduce to the Euler equations 

if F„, G„, and H„ are set to zero. The code and solution method 
is then the same as described by Holmes and Tong (1985) and 
Cedar and Holmes (1989), both of which describe a turbo-
machinery version of the cell-centered Runge-Kutta algorithm 
described by Jameson et al. (1981). Essentially, the equations 
are integrated about a finite control volume and marched in 
time using a five-stage Runge-Kutta scheme. This scheme, on 
which the dissipation is evaluated on the first and second steps 
only, has dissipative properties that are particularly suited to 
the multigrid strategy employed to accelerate the solution. Both 
second and fourth-order smoothing are applied with the sec­
ond-order smoothing being tripped by a pressure gradient 
switch. Because only a steady result is desired, local time step­
ping is used. 

The current algorithm extends this basic strategy. Various 
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Runge-Kutta schemes have been coded to compare the schemes 
and aid in starting particularly difficult solutions. A two-stage 
scheme, similar to that of Dawes (1985) where the dissipation 
is calculated on each step, has proved particularly robust. 
Residual averaging has been added to enhance stability and 
robustness. Rather than increase the Courant number (CFL), 
the residual averaging has been used to stabilize solutions using 
the same CFL number. Essentially, the residuals are smoothed 
implicitly using an SLOR type strategy. The smoothing pa­
rameters used to obtain the results presented here are all unity. 

To account for the viscous terms, velocity and temperature 
gradients are required. A Green's theorem approach is used 
similar to that used by Kallanderis (1987). The volume integral 
of the gradient can be converted into a surface integral using 
Green's theorem. The resulting integral can be expressed in 
terms of face areas and variable values as: 

voif-II5vfrf9=!tr(A" )*-s7^- (19) 

This is applied to a control volume that is offset from the 
other control volumes as shown in Fig. 1. Appropriate values 
and averages of these gradients are then used to obtain the | £x 

viscous fluxes, F„, G„, and H„, about the flux balance control 
volume. 

For a viscous calculation, the no-slip and adiabatic wall 
boundary conditions are applied. In order to utilize grid points 
most efficiently, a law of the wall model can be used to evaluate 
the shear stress and shear work terms at a wall boundary. This 
model is described below in more detail. At the inlet, the 
absolute total pressure and temperature profiles are specified 
as well as the absolute tangential velocity and flow angle in 
the r-z plane. At the exit, the static pressure is specified at one 
spanwise location and a simple radial equilibrium condition is 
used to determine the static pressure at the rest of the exit 
plane. 

gradient control volumes 

\ \ ^ gradient location 
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Cross Flow 
Plane 

gradient control volumes 
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0 

o 

0 

0 0 0 0 0 0 0 0 0 0 

inlet Blade-to-Blade Plane exit 
Fig. 1 Location of the cell center nodes, gradient calculation control 
volumes, and gradient location; the flux balance control volume sides 
are defined by, and are identical to, the grid 

The Baldwin-Lomax Turbulence Model 
The formulation of the Baldwin-Lomax model is identical 

to that described by Baldwin and Lomax (1978), but there is 
much contention as to how it should be coded in practice. 
Several assumptions or clarifications of the model were used: 
9 The equations are applied along grid lines rather than nor­
mals to solid surfaces. This avoids having to calculate all the 
normal distances and the interpolation of flow variables. 
9 Since a law of the wall approach is used in practice, the 
Van Driest damping terms are dropped. 
• There is a limit placed on Crossover in order for it not to 
occur too far from the wall. 
9 Beyond the trailing edge, the turbulence model is essentially 
frozen. Average values of Fmax and ymm are taken from the 
trailing edge suction and pressure surfaces and applied at 
downstream locations. 
9 The downstream running grid line from the blade trailing 
edge is assumed to be the wake centerline. 
9 -Fwake has been formulated to be the smaller of two terms 
(Baldwin and Lomax, 1978). Only the term Fwake=>,

max/?
max 

has been used. 
9 The turbulent viscosity is limited to 1000 times the laminar 
viscosity in order not to have spuriously high viscosities in the 
flow field. The number of nodes that are clipped in this fashion 
is kept track of in the code. 

Granville (1987) has attempted to predict the behavior of 
two of the constants, CCp and CKLEB. for varying pressure 
gradients. The values used by Baldwin and Lomax are Ccp = 1.6, 
and CKLEB = 0.3, which lie far outside the curve suggested by 
Granville. York and Knight (1985) have also suggested dif- FAr_£ = 
ferent values of these constants in their work. The effects these 

changes can have on a solution are demonstrated later in the 
paper. 

The k-t Turbulence Model 
The k-t turbulence model is a two-equation model, which 

determines the turbulent kinetic energy k, and a macro length 
scale of the turbulence / from transport equations. The tur­
bulent kinetic energy is defined as 

k = -u'ju'j, (20) 

where u\ are the components of the unsteady velocity vector. 
The length scale can be related to k and the isotropic turbulent 
dissipation rate e through the following relation: 

Cnk™ 
/ = - (21) 

where CD is a constant. The dissipation rate is defined as: 

/* du'j du'i 

p dXj dx/ 
(22) 

The k-t model for high Reynolds numbers is described by 
the following equation (Launder and Spalding, 1974) presented 
in the conservative differential form of Eq. (1). Subscripts of 
k-e will indicate the vectors for these equations: 

(23) Uk-

E,fc-e — 

pwxk 

pwxe 
» G t _ 6 

e 
pk 

pe 
j 

Gen - pe 

[ k Qm~ * J 

= 
pw 

pH 

yk 

ye. 
• H*_ 

> 

E 

pwzk 

pwze 

(24) 

(25) 
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lit dk 

ak dx 

Hi de 

ai dx 

> Gv t -£ — 

Hi dk 

akdy 

Hi de 
aedy 

> H v t - e — 

Ht dk 

Ok dz 

H, de 

ffe dz 

(26) 

In Cartesian coordinates, the generation term, Gen, is: 

dw: 

dx 

ay 

dw> 

~d~Z 

a~M »( (==?! • (£ + fe 
9w, 
ax 

dWg 

~dx 

3w, 

"a! 
3_W; 

dy 

The turbulent viscosity is 

Hi = min 
C.P*2 

Mimitft 

(27) 

(28) 

where the turbulent viscosity is clipped for numerical stability 
of the time marching solver. A value of numit = 1000 is generally 
used in practice (for cases in which the inlet fit values would 
be clipped, larger values of Hiimit are used). 

The constants applied are: 

C„ = 0.09, C, = 1.44, C2=1.92, <r*=1.0, ae = 1.217. 

(29) 

Extended k-t Model 
Chen and Kim (1987) describe an extended turbulence model, 

which adds one term to the e equation and uses a modified set 
of constants. This new term is in the source term 

E* 

where 

Gen - pe 

j G e n ( C 1 + C 3 7 ? ) - ^ -

. / Gen\ 
R = mini 3, . 

(30) 

(31) 

C3 is a new constant. The value of this constant and the sug­
gested values of the other constants (Chen, 1991) are: 

C„ = 0.09, C , -1 .15 , C2=1.90, C3 = 0.25, 

ak = 0J5, ae=1.05. (32) 

This extra term represents the energy transfer rate from 
large-scale turbulence to small-scale turbulence controlled by 
the production rate time scale and the dissipation rate time 
scale (two time scales as opposed to one in the standard model). 
If the generation term is large (i.e., the mean shear is strong), 
then this extra term will increase e and suppress the overshoot 
of k (Chen and Kim, 1987). The resulting turbulent viscosity 
is also decreased. 

k-t Boundary Conditions. At the inlet, k and e must be 
prescribed. For the results presented, these are specified as 
uniform for the entire inlet plane. The inlet turbulence inten­
sity, TURBIN, defines the level of turbulent kinetic energy 
given an average relative velocity, W, as: 

fci„ie, = 2 (TURBIN W)', (33) 

where the factor of 3 is needed because there are three com­

ponents of velocity. It is assumed that /is proportional to some 
characteristic length L of the problem (the inlet annular height 
for the fan solution) so 

finlet: 
*--,pft inlet 

XL 
(34) 

where CD=\ and A = 0.05 is the proportionality constant. The 
values of k and e at the inlet can be specified to be nonuniform, 
but the variation of turbulence intensity and length scale is 
very difficult to predict. Consequently, k and e assume uniform 
values at the inlet. 

The boundary conditions for k and e at the wall are based 
on the wall-function method discussed in the next section and 
more fully explained by Launder and Spalding (1974). A nor­
malized distance, y+, is defined by: 

y =-
yyf. PwTw (35) 

where the w subscript denotes values at the wall. At the node 
closest to the wall, the value of y+ is determined from 

y =-
ps[kC%*hy 

/*/ 
(36) 

which is based on r/p = C]!2k = const. The value of e is pro­
portional to k?/2/y so 

fiwall = 
Kiw y 

(37) 

The value of k is determined from the transport equation 
applied at the near-wall point. However, several modifications 
of the equation need to be applied. First, there is no flux of 
k across the wall. Second, based on Eq. (37) the e term in the 
k equation is applied as 

iliv 
»C?' 4 / t 3 / 2 ^ V o l 

pedV--
by 

if.y+<11.63 

.3/4/,3/2 
crk 

(38) 

K,w5y 
\n(E,wy+)\ol if y+> 11.63 

where the constants E/w= 9.793 and K/W = 0.4187 are the coef­
ficient of roughness and the von Karman constant, respec­
tively. Third, the generation term includes the stresses along 
the wall that are not related to the strains, but are determined 
from the law of the wall. The generation term for the faces 
parallel to the wall is 

dW 
Gen = T w — , (39) 

dy 
where rw is obtained from the law of the wall. 

k-e Discretization Approach and Solution Method. The 
k-t model is discretized about the same flux balance control 
volumes used by the explicit solver (Fig. 1), and the k and e 
values are stored at the cell center nodes. The approach is 
based on writing a general form of the transport equations as 
is common in a pressure-correction scheme, which involves the 
local cell center, P, plus the six neighbor cell centers N, S, E, 
W, D, and U: 

ap4>P= 2 afa+lSJp. (40) 
i = N,S,E,W,D,U 

The variable <j> is either k or e. The term (S^p includes the 
original source term in the equation plus any additional terms 
that are not made up from the seven grid points. As explained 
by Patankar (1980), the following condition must be satisfied 
to ensure stability: 

M > 2 , l«,l. (41) 
i=N,S,E,W,D,U 
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C.V. face 

e ol o2 
Fig. 2 Discretization stencil for the diffusion term in the k-i equation 
for the face denoted by its outward normal A1 

This is achieved by using a hybrid scheme, which upwinds the 
convective terms if the diffusion terms are too small. The 
convective term is just the mass flux through a face times the 
average of the cell center values. 

Equation (40) is solved using an ADI scheme on a crossflow 
plane. A tridiagonal solver couples the blade-to-blade direction 
and the span wise direction. The equations are not solved im­
plicitly in the streamwise direction. The equations are solved 
on a crossflow plane starting at the inlet and marching down­
stream to the exit. 

The diffusion term discretization is based on summing 
(tit/a^)(y<i>'n)ds over the six faces of the control volume. This 
term can be related to the derivatives along the grid lines as 
follows: 

d4> 
(V<f>-n)ds=Ax—+Ay ... 

dx by dz 

d<f> _ d(j> 

= M * + , £ + ^ \ * 

+ A 

dx 

d£_ 

dx 

dy dz) 9?' 

+ A, K 
dy 

+ A. 
dz 

d$_ 

a?2 

dx y dy z 

d?\ dct> 

dz) ar 

(42) 

(43) 

(44) 

(45) 

If this face projection is in the £' direction as shown by A1 in 
Fig. 2, then the grid derivatives 

where 

dx Vol' by Vol' dz Vol' 

A}=AlJ+A\j+A\fc, 

(46) 

(47) 

and the derivative d</>/d£' is approximated by central differ­
encing the nodes on either side of the face. This term is then 

{A*ta+A>lt+A'i*)w 
(Al)2 + (Al)2 + (Al)2 , 

= Vol <**"**> <48> 

and is contained in the coefficients of Eq. (40). The volume 
is the average of the two adjoining control volumes: 

Vol =l- (Vol3 + Vol4). (49) 

For the other derivatives, the grid derivatives are obtained 
by averaging the surrounding area projections, and central 
differencing is again used. For example 

\ dx y dy z dzjbg 

(.(AX)JAJ) + (Al
y)jAjj+ {A[)jAj)) 

where 

Vol 

C4&=i(C4)3+(4£ 

(4>5 + <t>6) -"(</>! + < f e ) 
2 

4+(A2
x)5+(A2

x)6), 

(50) 

(51) 

and similar expressions can be written for (Ay) and (Az). Terms 
such as this are made part of the source term (S^p in Eq. (40). 
The other terms for this face and the other faces are calculated 
similarly. 

The use of the projected areas is very similar to using the 
inverse of the Jacobian matrix to obtain the grid derivatives, 
which is a more common approach (Anderson et al., 1984). 
It was used here because the areas had already been allocated 
memory storage for the explicit solver and the inverse of the 
Jacobian did not need to be calculated. 

The Law of the Wall 
The law of the wall model uses empirical data of how the 

wall shear stress relates to the distance away from the wall. 
White (1974) shows that these data collapse to a log-linear 
curve for y+ >30 when u+ and y+ are plotted. The inner-law 
velocity variable u+ is defined as: 

u+ =u/^Tw/p, (52) 

and y+ is defined by Eq. (35). By using this u+-y+ relation, 
the grid does not have to be fine enough to resolve the entire 
boundary layer to get the correct shear stress. The grid does 
have to be fine enough to ensure the log-linear relation is valid, 
which depends on the pressure gradient. The maximum valid 
y+ at the wall lies between 150 and 1000. 

The force of the shear stress on the wall is applied parallel 
to the velocity vector and has a magnitude of the shear stress 
times the area magnitude. 

Law of the Wall With the Baldwin and Lomax Model. The 
u+-y+ relation used with this model is a combination of Spald­
ing's model presented by White (1974), blended with the fol­
lowing log-linear curve: 

" + = ^ l n ( 1 . 0 1 + 9 . y + ) . (53) 

The cell Reynolds number is 

Rer = 
pudy 

(54) 

At the wall Sy=y so y+ = Re c /w+ . The u+-y+ relation defines 
u+ =f(y+) so the cell Reynolds number 

Rec=y+u+=fl(y+). (55) 

This relation has been curve fit to give 

y+ =/2(Rec) (56) 

where the cell Reynolds number is known. Oncey+ is known, 
u+ is determined from the u+-y+ relation and the wall shear 
stress is known. 

Law of the Wall With the k-t Model. The law of the wall 
has already been assumed in prescribing the boundary con­
ditions for the k and e equations. The y+ values are calculated 
using Eq. (36), and the u+-y+ relation used is: 

ifj<+<11.63 

\n(Elwy+) if y+> 11.63 
(57) 
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trailing edge 

leading edge 

Fig. 3 Meridional view of the grid with a blowup of the tip gap 

where £,,,, = 9.793 and K,,V = 0 .4187 . The way this equation is 
applied is that for y+ < 11.63, 

dW 
T = M 

For y+> 11.63, 

_ = B. 
dy' W by 

dW 
T = H, dy' 

(58) 

(59) 

From this equation, the equation for viscosity, Eq. (28), and 
the average dissipation over a control volume, Eq. (38), the 
shear stress equation is 

PCl/4kl/2Klw8y 

ln(Elwy+) 

dW 

dy' 

Therefore, 
.-,1/4,1/2,, 

T__ t - , . * K-lw 

W~P \n(Elwy+)-

(60) 

(61) 

Results 

The Navier-Stokes solver has been used to solve the flow 
field about a transonic fan rotor, which was designed at GE 
Aircraft Engines under a USAF contract and has been exper­
imentally investigated by Wennerstrom at Wright Patterson 
AFB. This is the fourth rotor in a sequence of experimental 
fan rotors. Solutions have been obtained using three variations 
of the Baldwin-Lomax turbulence model and two variations 
of the k-e model. Each of the five cases used the same grid, 
the same smoothing constants, and the same boundary con­
ditions. 

The grid used is shown in Figs. 3 and 4. The grid near the 
walls was spaced to be valid for a turbulence model with wall 
functions. It has 49 grid points within the blade passage and 
37 grid points spanwise (5.855 in. span at the leading edge) of 
which 4 are within the tip gap (0.025 in.). Upstream of the 
leading edge, there are 16 axially spaced grid points; there are 
65 grid points along the blade surface axially, and there are 
16 grid points downstream of the trailing edge for a total of 
97 axial grid points. This is a total of 175,861 grid points. 

The inlet boundary conditions specified are a uniform ab­
solute total pressure and total temperature. The test inlet total 
pressure and temperature were 9.85 psi and 545 R, respectively. 
All measurements have been corrected to standard conditions, 
so the calculation ran with an inlet total pressure of 14.696 
psi and an inlet total temperature of 518.688 R. The tip speed 
is 1500 ft/sec at a tip radius of 8.5 in. The tangential velocity 

Fig. 4 Blade-to-blade view of the grid with a blowup of the leading edge 

is zero, and the meridional flow angle, arctan (Vr/Vz), was 
determined from a throughflow calculation. The inlet turbu­
lence intensity for the k-e solutions have been specified as 2 
percent. At the exit, the static pressure at the casing was spec­
ified, and simple radial equilibrium was applied to determine 
the static pressure at the rest of the span. The pressure at each 
radial grid line is treated to be uniform tangentially (i.e., dp/ 
90 = 0). At the wall, the shear stress is determined from the 
velocity gradient or from the wall function if the wall functions 
are used. These shear stresses are then multiplied by the velocity 
of the wall in the absolute frame to determine the shear work 
terms of Eqs. (12)-(14). This means there is a shear work 
contribution from the rotating hub and blade surfaces, but it 
is zero at the casing. 

Solutions have been obtained using the following turbulence 
models: 

1 The Baldwin-Lomax model with standard constants and 
no wall functions. 

2 The Baldwin-Lomax model with standard constants and 
wall functions. 

3 The Baldwin-Lomax model with a set of constants mod­
ified for pressure gradient (CCp= 1.0 and CKLEB = 0 .64) 
and wall functions. These were chosen to lie on the curve 
predicted by Granville (1987) in the adverse pressure 
gradient region. 

4 The standard k-e model. 
5 The extended k-e model. 
The general procedure to run these complex solutions is to 

start using the more robust two-stage Runge-Kutta scheme 
and continue with the faster five-stage scheme. The k-e so­
lutions were run until a level of the residual was smaller than 
a convergence criterion (1000 iterations for case 4 and 915 
iterations for case 5). The Baldwin-Lomax residuals, however, 
leveled off at a larger value than this convergence criterion, 
and would not reduce further. The solution was determined 
to be converged when the rms velocity in the flow field stopped 
changing (1300 iterations for case 1 and 1000 iterations for 
cases 2 and 3). This lack of continued convergence is attributed 
to the discrete maximum operator used in the Baldwin-Lomax 
model (Baldwin and Lomax, 1978). If the turbulent viscosities 
are frozen at a given iteration, the solution converges. 

The solution time using the five-stage scheme, the k-e model, 
three levels of multigrid and residual averaging was 3.67 x 10~"5 

sec/iter/grid point with all arrays in main memory on a CRAY 
YMP. The Baldwin-Lomax model with everything else iden­
tical takes about 10 percent longer for each iteration. Even 
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Table 1 Calculated mass flow compared to experiment 

case 

B aid win- Lomax 

standard consts. 

Baldwin-Lomax 

standard consts. 

Baldwin-Lomax 

modified consts. 

k-e standard 

extended k-e 

wall 

functions 

no 

yes 

yes 

yes 

yes 

calculated mass flow 

(difference from experiment) 

+3.5% 

+2.5% 

+2.3% 

+ 1.7% 

+ 1.4% 

Pressure Surface 

The experimental mass flow is 
1.372 kg/sec /b lade passage with an accuracy of ± 0 . 8 % . 

Table 2 y* statistics for the standard k-t model solution 

hub 

tip 

pressure surface 

suction surface 

min 

16.5 

16.2 

8.36 

8.61 

max 

173.0 

73.10 

384.0 

347.0 

avg 

84.08 

44.56 

86.17 

77.47 

stand, dev. 

17.67 

10.28 

67.06 

59.67 

though the k-e coding has been vectorized and modified to 
reduce redundant calculations, and the Baldwin-Lomax coding 
has not, it is still surprising that it is faster to update two partial 
differential equations than calculate a complex algebraic equa­
tion. Many people choose the Baldwin-Lomax model because 
it is supposedly more efficient. However, based on the speed 
difference demonstrated, the choice of using the Baldwin-
Lomax turbulence model should be based on simplicity of 
coding and quality of results, but not efficiency. The time 
solving the k-e equations could be reduced further if one it­
eration of the k-e model is run every other or every fifth 
iteration of the time-marching procedure rather than every 
iteration. 

The flow rates calculated using the different turbulence 
models are shown in Table 1 as a percentage greater than the 
experimentally measured flow rate. The extended k-e model 
predicts the flow rate to be closest to the experimental value, 
but still outside the accuracy of the measurement, which is 
±0.8 percent. 

In Table 2, the near-wall y+ statistics for the standard k-e 
solution are presented. These are typical values for the other 
cases except the Baldwin-Lomax solution with no wall func­
tions (case 1), which are approximately half those in Table 2. 
The statistical quantities of y+ are useful because with current 
structured gridding techniques, one cannot a priori create a 
grid that satisfies the y+ constraints. One can calculate an 
approximate distribution of y+ prior to obtaining a solution 
that helps in the gridding process. The variation of y+ at 
midspan for the standard k-e solution is shown in Fig. 5. The 
average and standard deviation are convenient to determine 
whether the grid is appropriate for the given turbulence model. 
For the standard k-e model presented (high Reynolds number 
and law of the wall), an average y+ plus or minus the standard 
deviation with 35 to 300 is felt adequate. For a Baldwin-Lomax 
solution with wall functions, the average plus the standard 
deviation should be less than 300. The upper bound of 300 is 
valid for any pressure gradient as long as the flow is not 
separated; however, it can be as high as 1000 for a very fa­
vorable pressure gradient. With no wall functions, the y+ val-

-7.5 -7 
Axial Location (inches) 

Fig. 5 The y* values on the blade surface at midspan for the standard 
k-t solution 

ues should all be near 1. The values for case 1 are much too 
large for the solution to be meaningful. It is presented to 
demonstrate that a quality solution is obtained only when the 
grid resolution matches the model being used. 

Figure 6 shows the contours of the casing static pressures 
for the five cases compared with the measured Kulite data 
contour plot. In Fig. 6(b), one can clearly see the bow shock. 
Other features are harder to distinguish, but with the help of 
Fig. 6(a), one can see a diffuse passage shock and the presence 
of a tip vortex originating near the leading edge. Clearly, the 
Baldwin-Lomax solution without wall functions in Fig. 6(e) 
predicts the passage shock to be too strong and too far aft like 
an inviscid solution. This is because the shear stress is under-
predicted without the law of the wall and with the near-wall 
y+ values too large. With the shear stress underpredicted, there 
is not enough blockage to move the shock forward. The Bald­
win-Lomax solution with standard constants and wall func­
tions in Fig. 6(f) still seems to predict the passage shock to be 
too strong; it is not spread out enough. Figures 6(c, g) (the 
standard k-e solution and the solution using the Baldwin-
Lomax model with modified constants) are remarkably similar, 
showing good agreement with the experimental results. The 
extended model in Fig. 6(d) is very similar to the experimental 
results also. In this solution, the tip vortex emanating near the 
leading edge appears tighter and stronger than in the other 
solutions. 

Figure 7 compares the measured casing static pressure with 
the circumferentially averaged static pressure for each nu­
merical solution. This essentially represents the tangential av­
erage of the pressures in Fig. 6. The pressure rise shown in 
this plot comes mainly from the bow and passage shocks. The 
pressure rise is wrong when wall functions are not used. The 
Baldwin-Lomax solution with standard constants and wall 
functions predict the pressure rise to be too far aft. Again the 
standard k-e solution and the Baldwin-Lomax model with 
modified constants are very similar and close to the test data. 
The extended k-e model moves the shock slightly forward 
compared with the standard k-e model, and a little closer to 
the test data. 

Figures 6 and 7 show that the modified constants chosen 
for case 3 do produce a change to the results that were expected 
based on the pressure gradient. However, the constants chosen 
for this Baldwin-Lomax run were somewhat arbitrary and may 
not be suitable in other flow situations. Also, it is difficult to 
generalize and code an algorithm that determines the values 
of the constants to use. The standard k-e model, however, 
already contains this pressure gradient effect. 
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leading edge shock 

- diffuse passage shock 

(a) Schematic 

(b) Experiment (e) Baldwin-Lomax, standard consts, no wall functions 

(/) Baldwin-Lomax, standard consts, wall functions 

(d) k-e extended model (g) Baldwin-Lomax, modified consts, wall functions 

Fig. 6 Casing static pressure contours comparing five numerical results with experimental Kulite meas­
urements; the numerical contour intervals are 0.5 psi 
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experiment 

Axial Location (inches) 

Fig. 7 Circumferentially averaged static pressures at the casing: com­
parison between experiment and five numerical results 

Figure 8 shows the hub-to-case efficiency profiles calculated 
at the trailing edge plane compared with experimentally derived 
data. The measurements were taken downstream of a stator, 
and a data-match has been used to separate out the stator 
losses. It can be seen that all but the Baldwin-Lomax solution 

hub 

60 

Baldwin-Lomax, standard constants, 
no wall functions 

Baldwin-Lomax, standard constants, 
wall functions 

Baldwin-Lomax, modified constants, 
wad functions 

k-eps extended model -

k-eps standard model 

70 90 100 80 
Efficiency % 

Fig. 8 Adiabatic efficiency hub-to-case profile at the trailing edge plane 
comparing the five numerical results with experimentally derived values 

without wall functions are in good mutual agreement and match 
the data reasonably. 

The previous discussion focused mainly on the comparison 
of the casing static pressures. This is because the fan is being 
modeled as an isolated rotor, but was run as a stage (a stage 
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Fig. 9 Ideal Mach number on the pressure surface for the standard k-
i solution; contour intervals are 0.05 

Fig. 10 Ideal Mach number on the suction surface for the standard k-
c solution; contour intervals are 0.05 

simulation has been run by Jennions and Turner, 1993). The 
efficiency, therefore, has to be calculated assuming a stator 
loss. Also, the shock position is more sensitive for the different 
turbulence models. Getting the shock position correct using 
the experimental downstream static pressure means the flow 
rate, efficiency, and pressure rise should be correct and con­
sistent. The comparison of shock position can therefore be a 
sensitive measure of the prediction capability of the code. The 
shock position compared well for the Baldwin-Lomax solution 
with the modified constants and both k-e solutions. The flow 
rate for both the k-e solutions was closer to experiment than 
any of the Baldwin-Lomax solutions. 

Even with the k-e models, the flow rates are still high relative 
to the accuracy of the measurement. There are several physical 

Fig. 11 Entropy function contours at the trailing edge grid surface for 
the standard k-e solution; contours are of exp( - As/R) with 0.04 intervals 

phenomena still missing in these solutions that might explain 
this. First, the inlet total pressure profile was specified to be 
flat because the incoming casing boundary layer was not meas­
ured. However, even though the experiment was set up to 
minimize the boundary layer thickness, it would still not be 
zero. Second, the fan was run as a coupled stage. The as­
sumption that the relative deterministic flow is steady is not 
100 percent valid. This effect could be modeled by adding the 
terms that Adamcyzk (1985) recommends or using a time ac­
curate solver for both the rotor and stator. Third, the tur­
bulence has been assumed to be locally isotropic. With such 
a complicated flow field, especially in the tip, this is probably 
not the case, although no detailed measurements of turbulence 
have been made in the tip region of a transonic fan. Fourth, 
the running tip clearance is not accurately known because it 
is very small and hard to measure, and the flow rate is very 
sensitive to the size of the tip clearance modeled. 

The contours of ideal Mach number (a normalized static 
pressure assuming no loss) for the standard k-e model solution 
are shown in Figs. 9 and 10 for the pressure and suction sur­
faces, respectively. These clearly show the calculated shock 
locations on the blade surfaces. 

Contours of an entropy function (exp( - As/R)) are shown 
in Fig. 11 at the trailing edge grid surface for the standard k-
e model solution. Entropy is a much better quantity for ob­
serving loss than total pressure because the system is rotating. 
Values of one indicate no loss. There are large losses associated 
with the tip clearance represented by the low level of this 
entropy function (0.60) associated with the tip clearance vortex. 
The losses are much larger on the suction surface than the 
pressure surface due to the higher shock losses. 

To demonstrate how different the k-e and Baldwin-Lomax 
models are, a contour plot of the quantity JX,//XJ is shown for 
the Baldwin-Lomax solution with standard constants and wall 
functions (Fig. 12) and the standard k-e solution (Fig. 13) at 
midspan. In Fig. 12, the turbulent viscosity goes to zero in the 
middle of the passage, whereas in the standard k-e model 
solution, the turbulent viscosity at the inlet is 400 times the 
laminar value based on the specified inlet turbulence intensity 
and length scale. Figure 14 shows how the turbulent viscosities 
are reduced using the extended model. 
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Fig. 12 Contour plot of n, Ip., at the midspan of the blade for the Baldwin-
Lomax solution using standard constants and wall functions; contour 
intervals are 10 in the lower passage and 100 in the upper passage 

Fig. 13 Contour plot of / i , /;i, at the midspan of the blade for the standard 
k-i solution; contour intervals are 100 

Concluding Remarks 
An explicit Navier-Stokes solver, which has the option of 

using either a Baldwin-Lomax algebraic turbulence model or 
an implicit k-e turbulence model, has been written. Five so­
lutions have been presented for a transonic fan rotor using 
modifications of these two turbulence models while keeping 
the grid, smoothing, and boundary conditions identical. Sev­
eral conclusions can be drawn from the current work: 

1 Coupling an implicit k-i solver with the explicit Navier-
Stokes solver has proven very successful. 

2 Unless the Baldwin-Lomax constants are modified for 
the pressure gradient, the shock position does not com­
pare as well with experiment as the k-i solutions. 

Fig. 14 Contour plot of ji,/f/ at the midspan of the blade for the ex­
tended k-e solution; contour intervals are 100 

3 The flow rate for the k-e solutions is closer to experiment 
than any of the Baldwin-Lomax solutions. 

4 An extended k-e model, which is a simple modification 
to the standard k-e model, produces a shock position 
and mass flow rate that agree slightly better with exper­
imental data than even the standard k-e model. Further 
cases need to be run to determine the generality of the 
extended model. 

5 The k-e code, which solves two partial differential equa­
tions, actually runs faster than the algebraic Baldwin-
Lomax code. Coupled with the k-e solutions converging 
better than the Baldwin-Lomax solutions, the overall 
run times are less. 

6 The k-e equations are very stiff and the practical success 
of the model can be attributed to solving these equations 
implicitly. Using this approach to solve other stiff sys­
tems, such as the chemical reaction equations, might 
prove very useful. 

Based on these conclusions, designers at GE Aircraft Engines 
are using this code with the k-e turbulence model on a day-
to-day basis. Many different turbomachinery components are 
being analyzed and designed with the help of this code at both 
design and off design conditions. 

Additional solutions using this code with the standard k-e 
model are presented by Jennions and Turner (1993) for two 
other fan geometries and the fan presented in this paper run 
as a stage. These results show similar agreement of shock 
position and flow rate with experimental results to those pre­
sented in this paper, and rotor operating characteristics are 
computed that include tip clearance effects. 
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Three-Dimensional Navier-Stokes 
Computations of Transonic Fan 
Flow Using an Explicit Flow Solver 
and an Implicit a - e Solver 
Computational fluid dynamics (CFD) has become a powerful ally of the experi­
mental test facility in revealing the flow physics of some highly complex flows. For 
certain classes of flow, CFD has reached maturity and is therefore being increasingly 
used in industry by designers. This paper is intended to show current transonic 
prediction capability at GE Aircraft Engines in terms of a recently developed three-
dimensional Navier-Stokes code. The flow simulations addressed are concerned with 
transonic fan design and illustrate those issues that are important to designers such 
as tip leakage flow, shock boundary layer interaction, boundary layer growth, and 
account of internal solid bodies such as part-span shrouds and engine splitters. In 
this respect, three successively more complex Navier-Stokes simulations represent­
ative of modern fans—NASA Rotor 67, GE/Wennerstrom Rotor 4, and the GE/ 
NASA E 3 fan —are considered in this paper. 

Introduction 
The long-range goal of CFD code developers is to produce 

computer programs that can be used accurately to optimize 
aerodynamic designs, aid understanding of fluid flow phe­
nomena, and to supplement experimental testing. As this is a 
long-range goal, the users of such codes work with a list of 
assumptions inherent in their codes and relinquish these as­
sumptions as the next layer of modeling is validated for their 
use. Much progress has been made recently and three-dimen­
sional Navier-Stokes solutions are now used routinely by aero­
dynamic designers in a number of industries. Issues of solution 
accuracy, geometric complexity, speed (cost), unsteadiness, 
turbulence (in particular near-wall modeling), and overall time 
to analyze a design still exist, but use of the currently available 
methods can lead to significant insight into the physical flow 
that is being studied. 

The flow in the transonic fan of modern commercial engines 
is perhaps the most physically complex of all turbomachinery 
flows. Shock position is governed by blade profile and endwall 
boundary layer blockage, tip clearance, part-span shroud 
placement, adjacent blade row effects, and the influence of 
core to bypass flow split. Important physical length scales vary 
from the large span and chord to the small tip gap and leading 
edge radii, a range of several orders of magnitude. Coupled 
with this, the overall efficiency is very high (around 90 percent) 
and so each contribution has to be modeled accurately before 
the shock position and hence the associated flow field is re­
vealed. 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, 
Cologne, Germany, June 1-4, 1992. Manuscript received by the International 
Gas Turbine Institute February 27, 1992. Paper No. 92-GT-309. Associate Tech­
nical Editor: L. S. Langston. 

Early three-dimensional solutions with Euler solvers (Den­
ton, 1983; Singh, 1982) showed the shock system to be placed 
very firmly at the blade trailing edge. With compensation for 
boundary layer blockage via a coupled inviscid/viscous ap­
proach utilizing either a quasi-three-dimensional (Calvert and 
Ginder, 1985) or three-dimensional (Wood etal., 1988) method, 
reasonable agreement with experimental data was achieved. 
Full three-dimensional Navier-Stokes solutions have likewise 
progressed to the point at which good agreement with exper­
imental data is possible (Dawes, 1987; Von Backstrom, 1990; 
Hah and Reid, 1992). Such an approach offers an attractive 
hands-off operation for a designer with less built-in empiricism 
than previous methods. 

The challenge that is faced in industry today is to bring these 
CFD codes into use in a design system. Miranda (1982) sug­
gested the Effectiveness of a code for general use by technical 
(non-CFD) personnel be defined by: 

Effectiveness = Quality * Acceptance 

with Quality being demonstrated through a series of validation 
studies against acceptable data bases (experimental, analytical, 
etc.). Acceptance is defined in terms of criteria such as: user-
friendliness, robustness, and affordability. Although this for­
mula is shown as linear, experience indicates that the 
Acceptance has a much stronger influence outside the CFD 
community and provides a good reason for any company to 
build on its previous CFD successes. This has been the line 
pursued in the development of the current Navier-Stokes sol­
ver. 

In 1985 an Euler code was written for GE Aircraft Engines 
by Holmes and Tong and subsequently used in the design of 
the unducted fan (Smith, 1987). The code was then further 
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enhanced (Cedar and Holmes, 1989) to account for boundary 
layers, solid bodies such as part-span shrouds and engine split­
ters, and the presence of adjacent blade rows. It was used 
extensively in transonic fan design. Next, the viscous stress 
terms, viscous boundary conditions, and Baldwin-Lomax tur­
bulence model were added, followed by a novel implementation 
of the k-e turbulence model as discussed by Turner and Jen-
nions (1992). These progressive steps allowed for code devel­
opment inside a common framework, both from a CFD code 
developer's and a designer's point of view, arid consequently 
have increased designer productivity. 

As it is difficult to show actual commerical designs, this 
paper illustrates our current capability by presenting three-
dimensional Navier-Stokes flow results for three different fan 
geometries representative of modern transonic fan design from 
the open literature. Results from the code are also shown in 
a paper by Wadia and Law (1993) who used it to identify 
performance enhancing features and aid interpretation of ex­
perimental data for transonic rotors. This paper is divided 
broadly into three sections. The first section describes the equa­
tions solved and the numerical scheme employed, followed by 
a short look at the preprocessing and postprocessing system 
inside which the code operates. Lastly the results from the fan 
simulations are presented and discussed. 

The Three Dimensional Navier-Stokes Code 
The papers cited above describe the individual parts of the 

present code and an accompanying paper (Turner and Jen-
nions, 1993) describes the viscous numerics in some detail. 
Thus we restrict ourselves here to a brief description, empha­
sizing the main attributes of the solver, in order to provide 
background for the numerical simulations. 

The Reynolds-averaged form of the full three-dimensional 
Navier-Stokes equations including the energy equation written 
in Cartesian coordinates are solved. The flow is assumed to 
be compressible with adiabatic walls; supersonic and transonic 
solutions are allowed. The equations are cast in terms of ab­
solute velocity, but are solved in a relative non-Newtonian 
reference frame rotating with the blade. All that is needed to 
close this system of equations are models for the laminar and 
turbulent viscosity. 

The laminar viscosity is modeled by Sutherland's law and a 
choice of turbulence models is provided. The Baldwin-Lomax 
model (Baldwin and Lomax, 1978) implemented as a nearest 
wall model for three-dimensional flows was coded first. This 
model unfortunately contains very little physics, especially in 
accounting for pressure gradient effects (Dawes, 1990), which 
we believe to be important in fans. As a consequence, the k-
e turbulence model (Launder and Spalding, 1974) was also 
coded and used as the default model in all runs. In order to 
achieve engineering solutions in acceptable times, both models 
use optional wall functions, which yield the shear stress and 
shear work terms at wall boundaries. It is interesting to observe 
that as the Baldwin-Lomax model is not highly vectorized, as 
is the case with all Baldwin-Lomax models the authors have 
seen, both turbulence models take approximately the same 
computer time to execute. 

The equations of motion are integrated to produce a cell-
centered finite volume flux balance, which, with the addition 
of the usual second and fourth-order smoothing terms, is solved 
using the explicit Runge-Kutta scheme of Jameson et al. (1981). 
Various stage schemes are available in the code with the default 
being the five-stage scheme described by Cedar and Holmes 
(1989), which has good dissipative properties for use with mul-
tigrid. Velocity and temperature gradients are computed using 
auxiliary control volumes, an approach similar to that adopted 
by Kallinderis and Baron (1987). Local time stepping and mul-
tigrid are used to accelerate convergence. At present Up to five 
levels of multigrid may be used, with a simple V cycle. Residual 

averaging with constant coefficients (usually 1.0) is used to 
stabilize solutions rather than accelerate convergence. This was 
found to be necessary to converge fine grid cases with features 
such as overtip leakage and, as it adds very little computer 
time, is currently used as default. For a Runge-Kutta scheme 
with an odd number of partial steps, the averaging is applied 
on the finest grid level and the odd steps only. 

The k-e turbulence model is discretized about the same flux 
balance control volumes used by the explicit flow solver, with 
k and e stored at cell centers. The resulting equations are solved 
implicitly using an ADI scheme on a crossflow plane. Alter­
natively, the algebraic equations used in Baldwin-Lomax are 
solved on a crossflow plane with reference to the nearest wall. 
Although the number of explicit time steps per turbulent vis­
cosity update (solving of the turbulence model) can be varied, 
in practice the viscosity is updated every time step. All runs 
presented in this paper use the k-e model with wall functions. 

Developing a code with this "building block" approach 
results in a very flexible tool with many attractive features. 
Those that have not been mentioned so far are listed below: 

9 An option to use tip leakage has always been available 
in the code and is now being exercised with the viscous 
version. 

• Solid bodies, e.g., part-span shrouds and engine splitters, 
are now modeled as viscous and can be rotating or sta­
tionary. As we are using an implicit ADI solver for the 
k and e equations this had to be modified to account for 
the triple grid lines, which are used to define solid bodies 
in the code. 

9 Source terms are used to account for the average effects 
of adjacent blade rows. These source terms usually come 
from a throughflow analysis but could come from a 
separate three dimensional calculation in a manner sim­
ilar to that used by Celestina et al. (1986). 

s The radial equilibrium exit boundary condition has been 
supplemented by the addition of an exit condition, which 
allows no change in the cross-stream pressure gradient 
between the next to last and the last streamwise cell center 
values. This boundary condition, although not totally 
nonreflective, allows vortices and shock waves to escape 
from the solution domain without causing spurious re­
flections. 

Quality solutions depend on the control of numerical viscosity, 
i.e., an accurate differencing scheme, and a good grid. Because 
the Navier-Stokes solver is an extension of an Euler solver, 
the amount of numerical viscosity produced by the code for 
inviscid applications has been monitored extensively and grid-
ding requirements have been established. The extension to 
quality viscous solutions can therefore be made knowing the 
underlying errors associated with a purely inviscid solution. 

Preprocessing and Postprocessing 
The three dimensional system of codes—preprocessing, sol­

vers, and postprocessing—is built around the use of binary 
files that separately contain the grid and flow information. 
These binary files permit storage of large amounts of data in 
a relatively small space. Conversion routines for transfer of 
files between computers (principally to and from the GE CRAY 
YMP 464), all of which are unseen by a designer, permit easy 
use of this format. 

The preprocessing part of the system consists of the follow­
ing main steps, the exact number used depending on the com­
plexity of the geometry to be modeled: 

s Convert the quasi-three-dimensional design system files 
obtained from throughflow and blade-to-blade codes into 
a three-dimensional blade passage description of the ge­
ometry. The meridional grid distribution on both suction 
and pressure surfaces is set in this code, which allows 
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for the setting of lines along which solid bodies may 
appear. 

9 The passage wall distribution is then taken and a blade-
to-blade grid is produced by solving a sequence of two 
dimensional grid sections from hub to casing. The blade-
to-blade grid is generated by an elliptic grid generator, 
which is loosely based on that of Sorenson (1980). At 
this point we have a full three dimensional grid, which 
for a stator would be complete. 

• Tip clearance is accommodated by placing grid lines in 
the tip gap region and restretching the grid locally in 
order to obtain acceptable stretchings in the spanwise 
direction. 

• Internal solid bodies are grown from an existing grid line 
that has been placed to run through the center of the 
body. Extra lines are placed to describe the upper and 
lower surfaces of the body, these lines being coincident 
with the central line upstream and downstream of the 
body. Leading and trailing edges are then matched to 
the real geometry and the grid relaxed in the neighbor­
hood of these bodies to produce lines that blend in 
smoothly with the surrounding grid. 

• The flow conditions from the throughflow are mapped 
onto the grid to give a starting flow file for the three 
dimensional Navier-Stokes solver. 

The grids produced by the above sequence are checked for 
near-wall proximity in order that calculations are not per­
formed outside the range of validity of the wall functions being 
used. Likewise, in all of the above gridding steps, multigrid 
requirements are adhered to. This amounts to areas with like 
boundary conditions, not crossing a triple line, being grouped 
together for multigrid purposes. Sometimes this poses a prob­
lem, but grid numbering is quickly established for a new con­
figuration and used in similar future designs. 

Postprocessing is mainly performed using an in-house code, 
which runs in both interactive and batch modes on a number 
of different platforms, including the CRAY. The code prin­
cipally deals with line or contour plots and for designer use 
runs in a batch mode with input dictating the plots to be 
produced. In this fashion the solver and postprocessor can be 
run together, plots of convergence history and engineering 
variables of interest being returned to the designer in order 
that the next design decision can be made. Third party post­
processors are available on high-end workstations and their 
use in rendering complex three-dimensional information in a 
meaningful way is growing rapidly. 

In the overall cycle time of producing a solution, a majority 
of the time is spent in creating good grids. The initial grid can 
take some time to produce, especially if new features (e.g., 
island splitters) have to be accommodated. However, once a 
gridding procedure is established, future design iterations are 
regularly accomplished within a working day. We are currently 
working on reducing the overall time to produce an initial grid 
and foresee that a three dimensional grid generator would be 
extremely useful. 

Simple Test Cases 
As was stated previously, the quality of a numerical tech­

nique should be evaluated with regard to analytical or simple 
test cases as well as real (engine) simulations. The code has 
been validated using the following simple cases: 

9 Boundary layer flow on a flat plate—laminar and tur­
bulent. 

9 Low Reynolds number flow around a cylinder (Re = 20). 
8 Fully developed flow in a channel. 

For these simple runs, effects of grid sizing and wall functions 
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Fig. 1 Meridional view of rotor 67 showing laser anemometer and aero­
dynamic survey locations 

were ascertained and used as starting points for gridding the 
more complex engine cases. It should be noted that while these 
cases are simple, they can be manipulated so as to check the 
operation of most of the coding. For example, although we 
may compute a boundary layer flow along a plate aligned with 
the axial direction and hence test the cross-stream gradient and 
turbulence model calculation, if the plate is rotated to be in­
clined to all three axes a much more severe test of the code is 
devised. 

Fan Simulations 
While the code has been applied to axial stators and rotors, 

radial diffusers, impellers, and unducted fans, only its tran­
sonic fan capability will be shown here. The simulations pre­
sented are chosen to demonstrate three successively more 
complex calculations. The first case is that of an isolated rotor 
(NASA Rotor 67). The next case demonstrates a design point 
multirow capability by including the downstream stator in the 
computation (GE/Wennerstrom Rotor 4). Lastly, we examine 
the real engine case of the NASA/GE E3 fan in which solid 
bodies (part-span shroud and engine splitter) are accounted 
for, along with core engine adjacent blade row effects. In all 
three cases, only the normal design system has been employed 
to generate the grid and process the fan results. Grid clustering 
and number are typical of those used in day-to-day operation 
by designers and are very similar for each case. 

NASA Rotor 67. Rotor 67 was designed and tested at 
NASA Lewis and is shown schematically in Fig. 1. It has 22 
blades with a design pressure ratio of 1.63 and mass flow of 
33.25 kg/s at 100 percent speed, corresponding to 16,043 rpm 
with a tip relative Mach number of 1.38. The extensive test 
data available both from laser measurements and static probes 
are given by Strasizar et al. (1989). The rotor has also been 
tested as a stage with a following stator, but this configuration 
will not be addressed here. Instead we investigated the oper­
ating map for three values of tip clearance: nominal (0.024 
in., the observed running clearance), half nominal, and twice 
nominal. In particular, the data reported here concentrate on 
the near peak efficiency and near stall conditions where most 
experimental data are available. These cases are also interesting 
as a number of other researchers have recently computed the 
flow through this fan (Chima, 1991; Hah and Reid, 1992; 
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o

Fig. 3 View aft looking forward of rolor 67 al near peak efficiency
showing the separated region found In the hublsuclion surface trailing
edge corner

point on each of the computed characteristics represents the
highest downstream static pressure at which the code would
converge. Raising the static pressure further produced reverse
flow near the tip through the inlet and hence no solution was
possible. This is not what would happen in practice as the rotor
would probably experience rotating stall before being pushed
to its ultimate stall point, but as only a single passage is being
modeled it is the closest the simulation can come to the stall
point. It should be noted in passing that although inlet total
pressure profiles at near peak efficiency and near stall are
available from experimental data, the near peak efficiency
profile has been used throughout these runs. The two profiles
only marginally different near the tip and the mechanism for
transitioning between profiles is not easy to define.

As the exit pressure was lowered from stall past the peak
efficiency point, a separated region observed near the hub!
suction surface trailing edge (Fig. 3) at all operating conditions
began to grow and become unsteady. This behavior manifests
itself in the solution neither converging nor diverging, with
slowly fluctuating errors in the solution domain being en­
countered only in the separated region. These solutions are
marked with open symbols. As local time stepping is being
used to accelerate convergence, the true unsteady solution is
not found, but rather a pseudo-unsteady solution. Such so­
lutions are not uncommon with fine grids and have been ob­
served around part-span shrouds at off-design conditions and
on turbine blade trailing edges where vortex shedding can oc­
cur. The present results do, however, fall at reasonable po­
sitions on the performance map, because the separated region
is affecting such a small region of the flow, and are considered
realistic.

There are a number of ways to produce a steady-state result,
such as increasing the smoothing to damp out the unsteadiness.
In Fig. 2 we show the sensitivity of the solutions by removing
the small inlet hub boundary layer (Fig. 5) and hence produce
the converged points shown at a (consistently) slightly higher
mass flow. While no other inlet boundary layer profiles have
been investigated, it is clear that reasonably fine grids are
needed for an accurate definition of this profile.
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Fig. 2 Rolor 67 design speed operating characteristics
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Weber and Delaney, 1991; Adamczyk et aI., 1993) thus facil­
itating comparison with other published computed results.

The simulations employed 328,937 grid points; 49 points in
the blade-to-blade direction, 49 in the spanwise direction (4
being in the tip gap), and 137 in the axial direction. The inlet
was positioned at Aero Station 1 and the exit just downstream
of Aero Station 2. The code took 1 to 1.5 hours on the GE
CRAY YMP to produce results for one point on the perform­
ance map. Other points can take less time, being restarted from
previous solutions.

Computed and experimental performance maps are shown
in Fig. 2. Three individually computed tip clearance cases are
shown, with higher pressure rise, greater peak adiabatic effi­
ciency, and greater flow range being obtained as the clearance
is reduced. The computed mass flows are nondimensionalized
with respect to the choked mass flow for the nominal tip
clearance case. This mass flow was found to be 1.2 percent
lower than the experimentally observed value. The leftmost

264/ Vol. 115, APRIL 1993 Transactions of the ASME

Downloaded 01 Jun 2010 to 171.66.16.60. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Leading Edge 
Shock 

Flow 

Aero Station 1 

Leading Edge 
Shock v. : 

Leading Edge 
Vortex 

Leading Edge 
Vortex 

Fig. 4 Computed relative Mach number contours midway between tip 
and casing snowing tip vortex shock interaction for near peak efficiency 
(left) and near stall (right) cases; contours at intervals of 0.05; schematics 
shown for clarification 

The presence of this separation region near the hub has been 
observed by Chima (1991) but it is interesting to note that other 
researchers (e.g., Hah and Reid, 1992) do not seem to have 
found this feature in their computations. When experimental 
data were being taken on the rotor, it was found to be very 
difficult to seed, and hence take data, in this hub corner region. 
While this does not confirm the presence of the separated 
region, it lends some weight to its possible existence. 

Efficiencies seem to be reasonably well predicted with the 
nominal clearance except that the dramatic fall off from 93.4 
to 91.3 percent as the mass flow changes from 0.989 to 0.974 
is not seen in the calculations. Instead a smooth curve extending 
out toward stall is predicted. It is not understood what phe­
nomena cause the sudden efficiency loss in the experiment 
(hysteresis effects have been proposed) and so it is difficult to 
explain the behavior of the computations, which, on an isolated 
basis, look reasonable. 

Three tip clearance cases were run to test the sensitivity of 
the results to the modeled clearance and hence aid with future 
tip clearance modeling. The tip of the blade is formed by simply 
closing the crossflow plane grid at this location, resulting in a 
roof type structure on the top of the blade. The clearance is 
then the distance from the roof apex to the casing, modeled 
as the true tip clearance for the nominal case. What this dis­
tance should actually be set to is the subject of some debate. 
If the flow perpendicular to the chord over the tip is likened 
to the flow through a sharp two-dimensional slot, then it can 
be argued that in shaping the tip of the blade is this manner 
we have in some way modeled the limiting streamline ema­
nating from the upstream blade corner and the tip gap should 
be reduced according to a coefficient of discharge for such a 
geometry. Alternately, the current results show a 14.4 percent 
peak pressure loss for a 1 percent increase in tip gap. Existing 
experimental data could be correlated and the modeled tip gap 
sized to produce the correct pressure loss effect. At present 
these data are viewed as a first attempt to understand tip 
clearance effects and no definite conclusions regarding the tip 
gap sizing have been drawn. 
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The interaction between the tip vortex and the shock is very 
complex, especially near stall. At near peak efficiency it ap­
pears that a tip vortex is formed from the blade leading edge 
and intersects the shock inside the blade passage (Fig. 4). It 
has been found that the tip vortex is tighter and more discrete 
as the clearance is reduced, affecting some 2 percent of the 
blade span for the smallest clearance and 8 percent of the blade 
for the largest case (an increase of a factor of 4 on clearance). 
Near stall the shock is detached (Fig. 4) with traces of the tip 
vortex appearing from the leading edge just behind the shock 
system. Viewed in terms of casing separation, a three-dimen­
sional line appears inside the passage for the near peak effi­
ciency case and is moved to the leading edge as the back 
pressure is increased to near stall. Further increase of the exit 
pressure causes the shock and vortex to be pushed upstream 
and eventually intersect the inlet boundary, the condition we 
are describing here as numerical stall. It is believed that these 
observations are consistent with, and serve to support, those 
found by Adamczyk et al. (1993). 

Experimental and computed Aero Station 2 total pressures, 
temperatures, and angles are shown in Figs. 5, 6, and 7, re­
spectively. The present results agree reasonably well with the 
experimental data. They have also been compared with Chi-
ma's (1991) results and show remarkably good agreement for 
both the profiles and the Mach number contours (not shown). 
Finally, Figs. 8 and 9 present a comparison of the computed 
and experimental relative Mach number contours at 10, 30, 
and 70 percent span from the casing, both at near peak effi­
ciency and near stall cases. The experimental data are taken 
using laser anemometry in which a laser system measures the 
speed of particles assumed to be moving with the flow. As the 
flow passes through a shock the particle response lags behind 
that of the flow, i.e., particles do not decelerate as quickly as 
the flow. It is therefore believed that the beginning of the 
shock is correctly captured by the laser measurements, but the 
shock itself is somewhat smeared. Taking this into account, 
Pierzga and Wood (1984) estimated the location of the ex­
perimental shocks, shown by the dashed lines on the experi-

ROTATIOft 

FLOW 10% Span from the Shroud 

30% Span from the Shroud 

70% Span from the Shroud 

Fig. 8 Experimental (left) and computed (right) contours of relative Mach number near peak efficiency for 
Rotor 67; contours at intervals of 0.05; dashed lines are estimated shock positions from Pierzga and Wood 
(1985) 
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70% Span from the Shroud 

Fig. 9 Experimental (left) and computed (right) contours of relative Mach number near stall for Rotor 67; 
contours at intervals of 0.05; dashed lines are estimated shock positions from Pierzga and Wood (1985) 

mental plots. With this in mind the experimental and computed 
results at the two operating points appear to be in reasonable 
agreement. Again, when the present calculations are compared 
to those of other researchers, agreement in terms of overall 
shock structure and position is more obvious. It seems to us 
that most of these computations are producing very similar 
results; indeed, they correspond better to each other than to 
the experimental data. 

GE/Wennerstrom Rotor 4. For a number of years a col­
laborative effort has existed between WPAFB (Wennerstrom) 
and GEAE aimed at the design and testing of transonic rotors. 
This case presents the fourth rotor in the series, simulated with 
its accompanying stator to demonstrate a full-stage calculation. 
The rotor has 20 blades rotating at 20,222 rpm, with a design 
stage pressure ratio of 2.0 and a tip speed of 1500 ft/sec. The 
rotor alone configuration,with an investigation of turbulence 
modeling, appears in an accompanying paper (Turner and 
Jennions, 1993). 

The total grid for this case consists of 49 points in the blade-
to-blade direction, 37 in the spanwise direction (4 in the tip 

gap), and 117 in the axial direction; 212,121 grid points in all. 
The stator lies between axial grid lines 89 and 111 as shown 
in Fig. 10. A full simulation of the stage would be unsteady 
and extremely computer intensive. Here we do not attempt to 
model this unsteady flow but rather produce a solution in which 
the time-averaged effects of the stator have been included via 
the use of axisymmetric source terms in this region (Cedar and 
Holmes, 1989). The steady simulation run in this manner took 
45 CPU minutes on the GE CRAY YMP. 

The casing endwall static pressures are shown against ex­
perimental data in Fig. 11. Agreement is good and the presence 
of the stator on the endwall pressure is clearly visible. Figure 
12 shows the more detailed kulite pressure measurements on 
the casing. An oblique leading edge shock followed by a pas­
sage diffusion to the trailing edge is seen in both cases. The 
numerical solution shows the tip leakage vortex emanating 
from the leading edge region of the blade and intersecting the 
shock. While the experimental data do not pick out the details 
of the tip vortex, it is possible to detect its interaction with the 
passage shock. 
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Fig. 10 Wennerstrom Rotor 4 grid showing rotor and stator locations 
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Fig. 11 Wennerstrom Rotor 4 casing static pressure comparison 

Finally, Fig. 13 presents a passage-averaged contour plot of 
the product of radius and absolute tangential velocity (RCu). 
This product is considered constant along a streamline in duct 
regions for most throughflow calculations and changes through 
blade rows depending on the turning of the flow. From Fig. 
13 the turning of the rotor can be observed, the almost hor­
izontal contours between the trailing edge of the rotor and the 
leading edge of the stator and then the turning back to axial 
imposed by the source terms used to model the stator. This 
type of simulation with an adjacent blade row modeled by 
source terms provides more flexibility when dealing with 
boundary condition location and effect on the solution. 

GE/NASA E 3 Fan. The last, and most complex, simu­
lation is that of the GE/NASA E3 fan (Sullivan and Hager, 
1983). This fan was chosen because it is one of the few high-
efficiency, high-bypass-ratio fans typical of modern aero-en­
gines for which test data are available and because it had 
previously been simulated by Cedar and Holmes (1989). Figure 
14 is taken from their paper and shows the fan configuration, 

Computed 

Schematic 

Leading Edge 
Vortex 

Flow 
% 

Leading Edge 
Shock 

Rotation 
Diffuse Passage 

Shock 
Fig. 12 Wennerstrom Rotor 4 casing static pressure contours and ex­
planatory schematic 

Fig. 13 Passage-averaged contour plot of RCu for Wennerstrom Rotor 
4; contour interval of 1000 

part-span shroud, island splitter, and quarter stage booster. 
The meridional grid is shown in Fig. 15 and has 81 points in 
the spanwise direction, including 4 points in the tip gap. Such 
a high number is needed in order to model viscous effects on 
the endwalls and solid bodies. There are 157 points in the axial 
direction to enable an accurate description of all the geometry 
present, an enlargement of the part:span shroud and blade 
leading edge region being shown in Fig. 15. Finally, 49 points 
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Fig. 15 E3 fan grid details 

are used in the blade-to-blade direction, giving a total grid of 
623,133 points. 

An initial estimate of the flow field is made by mapping the 
throughflow datamatch onto the three dimensional grid. Even 
so, starting a calculation as complex as this can be difficult 
with a five-stage Runge-Kutta scheme and usually a two-stage 
scheme, which has been found to be more robust, is run for 

Measured Computed 

Fig. 16 E3 Casing normalized static pressure contours 

the first 100 time steps, after which the five-stage scheme is 
run as normal. For the present case, including the effects of 
the booster blade rows as source terms, a converged solution 
was obtained in a total of 500 time steps, taking some 3.6 
hours on the GE CRAY YMP. Of course, in the normal design 
process, changes of back pressure will have to be made to 
obtain the correct bypass ratio, such runs typically taking a 
further 300-400 iterations to converge depending on the se­
verity of the change that is made. 

The current simulation models a 97.2 percent speed case. 
The datamatch throughflow analysis that was performed sub­
sequent to the fan being tested gave a bypass ratio of 3.52. 
The current calculation, which was essentially run to the da­
tamatch bypass exit and booster vane leading edge static pres­
sures, predicted a bypass ratio of 3.51 with the individual mass 
flows being predicted to better than 1 percent. 

Figure 16 shows contours of static pressure on the casing 
from kulite measurements and from the calculation. Agree­
ment is reasonable with both showing a two-shock system, the 
calculation predicting a more noticeable tip clearance vortex 
from the leading edge. This vortex is also evident in the relative 
Mach number contours, plotted midway between the tip and 
casing in Fig. 17. It is accompanied by a second stronger vortex, 
driven by the pressure difference created across the tip by the 
in-passage shock. This second vortex interacts more strongly 
with the in-passage shock than does the leading edge vortex. 

The measured pressures show an almost constant pressure 
on the "pressure" surface behind the first shock (static pressure 
ratios around 1.3) whereas the computation shows a rapid 
acceleration into the second shock. This is further seen in the 
average endwall statics shown in Fig. 18 where the higher 
pressure from experiment is again evident. This discrepancy 
is not fully understood at the present time but a combination 
of probe error and tip clearance gap sizing might be the cause. 
Possible probe error was investigated by Weyer and Schodl 
(1971) where they concluded that a pneumatic measuring sys­
tem such as that used here could record up to five percent high 
at the frequencies and pressure ratios encountered in this rotor. 
For the other two rotors simulated in this paper, probe error 
would be much lower, as their rotational speeds and hence 
their excitation frequencies are much higher. Studies of the 
effect of tip clearance gap are underway. 

Total pressure and temperature measurements were available 
at the booster vane leading edge and on the bypass OGV. 
These are compared with the prediction in Figs. 19 and 20 and 
show remarkably good agreement. Island static pressure taps 
were also taken and are shown in Fig. 21. As the main interest 
of this simulation was with the fan, matching the booster 
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Fig. 17 Computed E 3 relative Mach number contours between tip and 
casing and schematic showing tip vortex/shock interaction; contour in­
terval of 0.05 
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Fig. 18 E3 casing static pressure comparison 

20 25 

leading edge pressure was judged to be important; the other 
pressures on the island inner side depending critically on the 
source term modeling. 

Recent design interest in cases like this has focused on the 
part-span shroud as being an area for possible performance 
improvement. Ideally, this body would be nonlifting to cause 
minimal disturbance to the surrounding flow, a situation that 
cannot be fully achieved due to the presence of the fan's shock 
system. The loading on the part-span shroud is shown in Fig. 
22, the near suction surface velocity vectors in Fig. 23, and 
the local velocity vectors around the part-span shroud at three 
locations across the passage in Fig. 24. Near the suction sur-
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Fig. 19 E3 downstream total pressure profiles 
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22 

face, the pressure inbalance between the upper and lower part-
span shroud surfaces causes flow around the trailing edge and 
a small separation to form on the upper surface. This radial 
flow then joins the radial flow produced by the action of the 
passage shock on the suction surface boundary layer as it is 
centrifuged out toward the tip, action that is confined to a 
region very close to the blade surface. At midpassage the flow 
appears healthy, the loading being mostly from the interaction 
of the part-span shroud with the passage shock. Over near the 
pressure surface an overspeed is observed near the leading edge 
on the upper surface and the flow in the trailing edge region 
behaves in a more orderly manner than that near the suction 
surface. Design improvements aimed at better aligning the part-
span shroud with the flow, to remove the leading edge over-
speed and trailing edge flow migration, would improve the 
efficiency of the part-span shroud. 
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Concluding Remarks 
This paper has demonstrated the ability of a three-dimen­

sional Navier-Stokes solver, used on a daily basis in industry, 
to predict the experimental data on three fans typical of those 
found in modern commercial engines. All simulations yielded 
good results and show that CFD has matured into a technology 
useful for industrial design. Progress still needs to be made in 
a number of areas, principally gridding and turbulence mod­
eling, but the results shown here give real encouragment and 
purpose to work in these areas. 
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A Comparison of the Measured 
and Predicted Flow Field in a 
Modern Fan-Bypass Configuration 
A three-dimensional viscous Navier-Stokes flow solver was used to predict core and 
bypass rotor performance and radial flow characteristics of a 4.6:1 bypass ratio, 
single-stage fan. The three-dimensional flow solver can handle several blade rows 
simultaneously and has the capability to include a downstream splitter. Results of 
the analysis are compared with experimental data obtained during rig testing of a 
modern high bypass single-stage turbofan in which rotor performance for both 
bypass and core streams was measured. 

Introduction 
The design of the transonic fan in a modern bypass engine 

is of considerable interest. Any improvement in its efficiency 
has a strong influence on engine thermal efficiency, while any 
shortfall in capacity is detrimental to the overall propulsion 
system efficiency. The design and analysis of the fan blade in 
this environment must include consideration of its interaction 
with the downstream flow splitter. Moreover, core stream per­
formance and bypass duct losses are strongly impacted by fan/ 
splitter flow interactions. It is extremely important to account 
for these effects in an analytical simulation of the fan system. 

The simulation of the flow in multistage turbomachinery 
has become a topic of intense research activity in recent years. 
Truly unsteady simulations, while feasible technically, are far 
too expensive to consider for design use. Attention is therefore 
being given to simplified approaches and the efforts of Dawes 
(1991), Adamczyk et al. (1990), and Cedar and Holmes (1989) 
are representative of this trend. Reported herein is a compar­
ison of experimental test data for a single-stage transonic rotor 
with predictions using the three-dimensional viscous code of 
Dawes (1988, 1991). Calculations were made with and without 
the presence of a down-stream flow splitter and core vane 
typical of a modern turbofan compression system. The ex­
perimental program was designed to provide detailed aero­
dynamic measurements needed for comparison with the 
analytical effort. 

Equations of Motion and Solution Algorithm 
The basic equations of motion are the fully three-dimen­

sional Reynolds-averaged Navier-Stokes equations expressed 
in cylindrical coordinates in integral conservation form: 

dt 
UdVOL= ®H-dAREA+ QpSdVOL (1) 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 27,1992. Paper No. 92-GT-298. Associate Technical 
Editor: L. S. Langston. 
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with 5= Vxix+ Vrfr+ Vefe, the relative velocity, and Vx, Vr, Ve 
are the axial, radial, and tangential relative velocities; 
Q = rotational speed of rotor; r = the stress tensor containing 
both the static pressure and the viscous stresses; and 
I=cpT0rd-0.5 (Qry, the rothalpy. The system is closed by an 
equation of state p = p(y- l)(E-0.5*(q-q-(Qr)2)). 

The turbulent viscous stresses are computed from the Bald-
win-Lomax (1978) mixing length model. The implementations 
of the Baldwin-Lomax (BL) model in a three-dimensional code 
is described by Dawes (1987). The main point algorithmically 
is how to determine the velocity and length scales in the blade 
endwall corners. (We cannot quantify the likely errors asso­
ciated with a strongly three-dimensional boundary layer on the 
fan blade with perhaps strong radial outward migration of 
boundary layer fluid downstream of the shock suction surface 
interaction.) Rather than use weighted averaging of the scales 
in the corners as recommended by some authors (e.g., l=N(l/ 
'suctionside + l/'hub))> which gives rise to too much diffusion, the 
crossflow plane is divided into such zones simply on the basis 
of the closest wetted surface. Within each of these "triangular" 
zones, BL is applied along the crossflow plane. This approach 
was subsequently adopted and recommended by Adamczyk et 
al. (1991). Transition remains a substantial uncertainty and 
for the present work transition was fixed at the blade leading 
edges. 

The equations are discretized on a set of six-faced control 
values, formed by a simple, structured H-mesh construction. 
Flow variables are stored at cell centers and values on the cell 
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face for flux evaluation are found by simple linear interpolation 
conferring second-order accuracy on smoothly varying meshes. 
The code solves the equations of motion using a simple and 
robust time-marching algorithm. The basic solution algorithm 
has been described in detail elsewhere (for example, Dawes, 
1988), and consists of a two-step explicit, one-step implicit 
scheme similar in implementation to a two-step Runge-Kutta 
method plus residual smoothing. 

The Dawes code uses the "industry standard" artificial 
smoothing model, first introduced by Jameson, consisting of 
a solution-adaptive combination of second and fourth deriv­
atives. The fourth derivative term provides background 
smoothing and has the form e4IXlAx3V4« and so does not 
disrupt the formal second-order accuracy of the algorithm (IXI 
is related to the spectral radius of the equation of motion). 
For the current application e4 was set to 0.01. Near shocks, a 
pressure gradient switch (based on the undivided Laplacian of 
static pressure) turns off the fourth derivative smoothing and 
turns on second derivative smoothing to obtain crisp shock 
capture over (3)-(4) cells. In tests (Dawes, 1987), the overall 
impact of smoothing and truncation error on predicted loss 
coefficient was estimated to be such that 10-20 percent of the 
loss level is spurious (i.e., a predicted loss coefficient of 5 
percent is 5 ± 1 percent). 

The basic single row analysis has recently been extended to 
allow simultaneous solution of several blade rows (Dawes, 
1991). To permit multirow analysis in reasonable computer 
times, the assumption is made that the flow is steady relative 
to each individual blade row. Clearly, some sort of circum­
ferential averaging must then be employed to model the relative 
motion of the blade rows and this averaging is implemented 
via interrow "mixing planes." Any model adopted for the 
mixing planes represents an approximation; nevertheless, it is 
important to note that although the circumferential infor­
mation is smeared, the radial variation is not. 

In the present version of the multiblade code, the mixing 
plane model is based on performing a classical mixing analysis 
at each spanwise station on either side of the mixing plane. 
Dring and Spear (1991) have shown in the context of through-
flow analysis, that such mixing analyses are much better able 
to produce an "equivalent steady inlet condition" to subse­
quent blade rows than other forms of averaging. For com­
pressible flow this mixing is expressed as shown below 
(expressed for simplicity in a mixing plane normal to the axial 
direction): 

~ZpvxAA = m = pvxA 

£ (p + pvx)AA = (p + pv2
x)A 

Z(pVxv,)AA=pvJC0tA 

£ (pvxvr) AA = pvxVrA 

ZpvxT0absAA = mT0^s 

EAA=A 

where E. . .AA represents a circumferential summation of area 
for each radial station and m is the mass flow. These five 
equations are solved for the five uniform mixed-out flow vari­
ables (denoted by the superscript ~ to be imposed on either 
side of the mixing plane). 

If the mixing is carried out in this way, then all the loss 
implicit in the nonuniform circumferential flow is mixed out 
explicitly into loss. Obviously not all of the nonuniformity 
may actually become a loss in practice as the following blade 
may interact favorably with its inflow. The point is that no 
spurious losses (or mass flow or total temperature) are intro­
duced by the circumferential averaging process. In practice, 
this mixing plane formulation performs well even if the flow 

To Atmosphere 
t 

Fig. 1 Large compressor facility 

is separated and is coded in a more general manner than de­
scribed above to permit the mixing plane to be inclined to the 
purely axial direction. 

The governing equations are completed by specification of 
boundary conditions, At inflow, total pressure and tempera­
ture are fixed and either flow angle or absolute swirl velocity 
are held constant. At the outflow, the hub or tip static pressure 
is fixed and the radial variation is derived from the simple 
radial equilibrium equation. For cells adjacent to solid bound­
aries, zero fluxes of mass, momentum, and energy are imposed 
through the cell face aligned with the solid boundary. Wall 
static pressure is calculated by setting the derivatives of pressure 
normal to the wall equal to zero. To prescribe the wall shear 
stress, the velocities stored at cell centers adjacent to the wall 
and the known zero value of velocity on the wall are used to 
compute the velocity gradients at the wall. These gradients, 
together with the wall viscosity, are used with a locally defined 
curvilinear coordinate system to compute the wall shear. If 
appropriate, the wall shear stress is computed from a universal 
logarithmic skin friction law; the code itself decides when. 

Test Rig and Instrumentation 
A single-stage fan rig arrangement (Fig. 1) was used for the 

experimental portion of the program. Ambient air enters the 
inlet plenum after being metered through an adjustable orifice 
located in the upstream ducting. Fan drive power is provided 
by two J71 power turbines, which drive through two primary 
(and one secondary) gearboxes. From the fan discharge, the 
air is turned and exhausted to the atmosphere. 

The fan stage is designed to produce a corrected airflow rate 
of the order of 300 lb/sec. The rotor operates transonically 
with an inlet tip relative Mach number of 1.55. The fan rotor 
inlet hub/tip diameter ratio is 0.38. 

Instrumentation 
Fan rotor, core, and bypass vane instrumentation used dur­

ing fan rig testing and the computational domain is summarized 
in Fig. 2. The inlet plenum is instrumented with four five-
element total pressure and four total temperature rakes and 
four tip static pressure taps. The case instrumentation over the 
fan rotor has 14 in-line static pressure taps equally spaced 
axially: two upstream of the blade leading edge, two down­
stream of the blade leading edge, one each in the plane of 
leading and trailing edge, and eight over the blade. No bleed 
was used on the casing of the fan rotor. The hub instrumen­
tation at the fan rotor trailing edge consists of four static 
pressure taps 90 deg apart. The fan splitter nose was instru­
mented with two static pressure taps at each of six axial lo­
cations, each 180 deg apart pitch wise. 
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Fig. 2 Fan rig instrumentation and the computational domain 

At plane A, the leading edge of the core vane was instru­
mented with total pressure probes at 5, 10, 30, 50, 70, 90, and 
95 percent of the vane span. (Duplicate coverage was used at 
each depth.) Two each hub and tip wall static taps were located 
in the axial plane of the total instrumentation. 

At the core vane midpitch, there were two static pressure 
taps 180 deg apart at 50 percent chord, and two static pressure 
taps 180 deg apart at the trailing edge of the vane. At plane 
B, the vane discharge was instrumented with total temperature 
probes at 5, 10, 30, 50, 70, 90, and 95 percent of the vane 
span. (Duplicate coverage was used at each depth.) There were 
two each hub and tip wall static taps. Additional instrumen­
tation consisted of (1) hub and tip wall statics located axially 
along the duct, and (2) a tip boundary layer nine-element rake 
located at the strut trailing edge. 

The bypass vane leading edge instrumentation at plane D 
consisted of total pressure probes at 5, 10, 23, 36, 50, 64, 77, 
90, and 95 percent span (two at each depth). Two tip static 
pressure taps are located 180 deg apart in the plane of the total 
pressure probes. Similarity, the bypass vane discharge instru­
mentation at plane E consisted of total temperature probes at 
5, 10, 23, 36, 50, 64, 77, 90, and 95 percent span (two at each 
depth). Two tip static pressure taps were positioned 180 deg 
apart in the plane of the total pressure probes. 

Conservation of angular momentum was enforced in an 
axisymmetric throughflow analysis to project measured tem­
peratures and pressures from planes A, B, D, and E to the 
rotor blade trailing edge. This analysis uses the method of 
Stratford (1978) to assess endwall boundary layers. No allow­
ance is made for mixing of either the total temperature or 
pressure distribution across axisymmetric streamsurfaces. 

Results and Discussion 
The results computed without the presence of a downstream 

splitter (Case A) and with'splitter and core vane (Case B) as 
shown in Fig. 3 are presented. The geometry of the fan rotor 
is the same for both cases. All the flow parameters are presented 
in normalized form. The corrected flow, total pressure ratio, 
and efficiency are normalized with respect to overall design 
values of these parameters for fan rotor Type II. A discussion 
in each case including fan rotor Type II is presented in the 
following paragraphs. 

Case A. Downstream Splitter Not Included in Computa­
tions. Two fan rotors with different blade designs were fab­
ricated and experimentally tested. The baseline configuration, 
designated as Type I utilized conventionally designed MCA 
(multicircular-arc) blading in the supersonic region of the blade. 
The second fan (Type II) was designed incorporating pre-
compression airfoils in the supersonic region of the blade span. 
Both rotors employed double circular arc blading (DCA) in 
the hub region. • 

Hub 
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Fig. 3 Meridional and blade-to-blade plane mesh for a fan rotor con­
figuration (Case A, Type II) 

Dawes' three-dimensional code was used for designing both 
rotors. An H-grid comprised of 37, 95, and 37 mesh points in 
the circumferential, axial, and radial directions, respectively, 
was used for the rotor analysis. The grid sections in the mid-
pitch meridional and hub and near-tip blade-to-blade planes 
are shown in Fig. 3. The mesh was clustered exponentially near 
the blade suction and pressure surfaces. In the radial direction, 
cells were concentrated near the casing and hub. 

The fan rotor blade tip clearance was modeled rather ap­
proximately in the calculations. The present blade tip model 
used in the code (Dawes, 1988) is the so-called "pinched-tip" 
H-mesh model wherein the blade thickness is rapidly pinched 
to zero just near the tip and the casing. This is obviously a 
poor model for thick turbine blades but, in fact, surprisingly 
good for thin compressor blades. Stores and Cumpsty (1991) 
published a validation of the present pinched-tip model and 
showed good agreement with detailed experimental measure­
ments for a compressor cascade. Basson et al. (1991) published 
a comparison of measured compressor cascade flow with pre­
dictions using a pinched-type H-mesh model and a H-mesh 
with an embedded mesh over the actual square blade tip. They 
showed little difference between the pinched-tip and embedded 
mesh predictions except very near the tip. In particular, global 
features of the clearance flow were similarly resolved by other 
clearance models. In terms of the number of nodes used in the 
clearance gap in the present study (3), Stores and Cumpsty 
(1991) showed, for a thin compressor blade, that even three 
nodes in the gap allowed remarkably accurate predictions of 
global features of the clearance flow like, for example, the 
axial validation of the integrated clearance leakage flow. These 
studies guided our engineering choice of the mesh. As stated 
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Fig. 5 Predicted and measured spanwise variations of pltchwise mass-
averaged total pressure ratio (fan rotor Type I and Type II) 

Near-tip blade section at constant axial plane 

earlier, the blade is treated in the code by simply reducing the 
blade thickness smoothly to zero and then applying periodic 
boundary conditions between the tip and the casing. A view 
of both fan rotors in the axial plane at 40 percent axial chord 
is shown in Fig. 4. As shown in Fig. 4, the blade is truncated 
near the tip in three nodes. In the hot run conditions, the tip 
clearance was taken to be 0.04 in., which is equal to 0.37 percent 
of the average blade span. Only three nodes were used in the 
tip clearance region. 

A mesh of 37 points was used in the blade-to-blade and hub-
to-tip plane to simulate the boundary layers. To characterize 
the meshes in terms of boundary layer resolution, the mesh 
resolve the airfoil boundary layers down to Y+ values in the 
range 15-25 and the hub and casing boundary layers to 30-
50. The numbers of nodes in the boundary layer region were 
4 and 3 for the blade suction surface and blade pressure surface 
and 3 and 4 for the hub and tip endwalls, respectively. 

Regarding the dependency of the solution on the grid, it is 
difficult to establish mesh independence in three-dimensional 
flows. Ritually halving the mesh in each direction increases 
the CPU cost by at least a factor of 8 each time. Dawes (1988) 
reported a mesh refinement study for a transonic compressor 
cascade representative of the midspan of a fan. Three meshes 
containing 17*35, 29*68 and 57*133 nodes in the blade-blade 
plane were used. Y+ values for the blade boundary layers 
were determined to be of the order of 30,15, and 5 respectively. 
The predicted exit loss coefficients were shown to be essentially 
identical for the medium and fine meshes. This guided our 
current choice of meshes with 37*95 points in the blade-to-
blade planes of the fan. 

Design point calculations were made for both rotors. Meas­
ured values of fan inlet total pressure and total temperature 
were the inlet boundary conditions for the calculations. Inlet 
swirl was assumed to be negligible. Although the presence of 
an inlet tip boundary layer was detected from a boundary layer 
rake located 9 in. upstream of the rotor, this effect has not 
been included in the calculations. However, it should be noted 
that it is our intention to include inlet boundary layer effects 
into the calculations during future efforts. Cold-to-hot airfoil 
coordinate transformations were made using a finite element 
analysis as a means to account for blade untwist and shape 
change. 

The solution was assumed to be converged when the mass 
flow error was within 0.4 percent of fan inlet flow, and the 
peak suction surface pressure at certain reference locations 
became fairly constant during the time iterations. This gen­
erally occurred after 3000 iterations. To eliminate the effect 
of iteration count on the accuracy of the solution, the com­
putations were continued for another 4000 iterations. (The 
flow, pressure ratio, and efficiency changed by - 0.13 percent, 
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Fig. 6 Predicted and measured spanwise variations of pitchwise mass-
averaged adiabatic efficiency (fan rotor Type I and Type II) 

- 0.4 percent, and - 0.2 percent, respectively.) From this study, 
it was concluded that 3000 iterations were adequate to obtain 
an acceptable solution. The computations were made on an 
IBM RS-6000 work station (Model-550) and the code processed 
at about 0.00022 sec/node/time step. The processing speed of 
a CRAY-YMP for comparison purposes is about six times 
faster than the Model-550. 

Figures 5 and 6 show the predicted spanwise variation of 
pitchwise mass-averaged normalized total pressure ratio and 
adiabatic efficiency at the trailing edges of Type I and Type 
II fan rotors. The predictions are compared with the data as 
projected to the trailing edge of the fan rotor. As previously 
described, the data at the rotor trailing edge were deduced 
from measured total pressures and temperatures at planes A, 
B, D, and E by enforcing conservation of angular momentum 
in an axisymmetric throughflow analysis. No allowance is made 
for mixing across axisymmetric streamsurfaces. It is interesting 
to see in Fig. 5 that the predicted radial variations in pressure 
ratio agree with the projected data to 75 percent of the span, 
even though the absolute levels are slightly different. Between 
75 and 100 percent of the blade span, the computed pressure 
ratio for the Type I rotor did not show any improvement over 
that of the Type II rotor. The projected data showed higher 
pressure ratios for the Type II blade from 75 to 98 percent of 
the span but the computations did not show such differences. 
The rate of change of slopes of pressure ratio near the hub 
and at 20 percent span agrees with the design intent. The 
overprediction of the pressure ratio in the hub region is not 
clearly understood at this time. This may be due to inadequacies 
in the turbulence model or in the numerics. Overall, the pre­
dictions and the projected data confirmed the Type II fan 
design as being better than the Type I fan design. 
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Fig. 7 Predicted and measured spanwise variations of pitchwise mass-
averaged relative (low angles (fan rotor Type I and Type II) 
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Fig. 8 Predicted and measured spanwise variations of pitchwise mass-
averaged relative Mach numbers (fan rotor Type I and Type II) 

The spanwise variations of efficiency shown in Fig. 6 indicate 
that the Type II fan rotor (designed using precompression) is 
more efficient than the Type I rotor. The main improvement 
in efficiency in the Type II rotor design occurs outboard of 
50 percent span when compared to the Type I fan rotor. Such 
behavior is confirmed by the data. As shown in Fig. 6, even 
though the level of spanwise variation of predicted efficiency 
differs from the projected data, the differences in efficiency 
between the Type I and Type II rotors are in good agreement 
with the data. Efficiency is a very sensitive parameter to predict 
accurately, because a small error in temperature or pressure 
(either numerics or measurements) can produce a big difference 
in efficiency. From Fig. 6, it is clear that the absolute level of 
predicted efficiency, if integrated radially, is higher overall 
than that calculated from the measurements. 

Figure 7 compares the predicted spanwise variation of pitch-
wise mass-averaged relative flow angles and the projected data 
at the trailing edges of both fan rotors. The projected flow 
angle data showed similar behavior in both fan rotors. The 
computations overpredicted flow angles for both rotors com­
pared to the projected data near 30 percent span. The computed 
flow angles were lower than the projected data near 75 percent 
span. The predicted variations of relative flow angles are con­
sistent with the spanwise variation of total pressure ratio shown 
in Fig. 5. 

Figure 8 compares the predicted spanwise variation of pitch-
wise mass-averaged relative Mach numbers and the projected 
data at the design point. The comparison is shown at the rotor 
trailing edge for both fan rotors. The predicted Mach numbers 
compare reasonably well with the projected data except near 
the hub and tip. The overshoot of predicted Mach numbers 

Type-ll 

Type-I 

70% span from hub 

Type-ll 

Type-I 

Type-I 

Type-I 

Fig. 9 Comparison of predicted relative Mach number contours at 30, 
70, and 90 percent span for fan rotor Type I and Type II 

near the hub and tip region is not clearly understood. The 
source of this discrepancy is being investigated. 

Figure 9 shows the predicted relative Mach number contours 
in the blade-to-blade plane at the design point. The contours 
are shown for the Type I and Type II fan rotors at 30, 70, 
and 90 percent span (approximate grid lines; see Fig. 3 for 
clarification). In Fig. 9, the sonic line is shown by the dashed 
lines. At 90 percent span, the inlet Mach numbers to the Type 
I and Type II fan rotors are 1.39 and 1.38, respectively, and 
exit Mach numbers are 0.89 and 0.94. It is interesting to see 
in Fig. 9 that at 90 percent span, the Type I rotor has a different 
shock structure than the Type II rotor. The Type I blade has 
a strong normal shock located slightly upstream of the blade 
trailing edge. The shock is followed by subsonic flow at the 
rotor exit. For the Type II blade, a bow shock is followed by 
a weaker lambda shock. The shock in the Type II blade is 
closer to the trailing edge than the shock in the Type I blade. 
As shown in Fig. 9, at 70 percent span from the hub, the inlet 
relative Mach number is 1.18 and 1.22 in the Type I and II 
fan rotors, respectively. At 70 percent span, the Type I rotor 
has a stronger normal shock than the Type II rotor. The exit 
Mach numbers for Type I and Type II rotors are 0.77 and 
0.82, respectively. At 30 percent span, the inlet Mach number 
is subsonic for both the rotors. A local supersonic bubble 
occurs on the suction surface downstream of the leading edge 
and this flow decelerates to a subsonic conditions after a weak 
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Fig. 10 Predicted velocity vectors in the tip clearance region of the fan 
rotor Type II 
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Table 1 Comparison of predicted and test performance: con­
ventional MCA blading versus precompression blading 
(Type I and Type II) 

Percent change 
(Type II-Type I)/Type I)* 100. 

Test Data Predictions 
Rotor pressure ratio 
Rotor efficiency 
Corrected fan flow 

1.285 
2.5 
1.20 

0.470 
2.800 
1.60 

shock. As anticipated (blades were redesigned in the supersonic 
region only), both the fan rotors did not show significant Mach 
number differences at 30 percent span. 

A view of the predicted velocity vectors in the tip clearance 
region of the fan rotor is shown in Fig. 10 for the Type II 
rotor. The migration of fluid from one surface to the other is 
seen in the tip region. 

Table 1 shows predicted results and the deduced data for 
both rotors. It is significant to note that about two and one-
half percentage points improvement in fan efficiency were 
achieved using the unconventional blade design method. Both 
fan rotor designs were guided by the results of the three-di­
mensional viscous analysis. The predictions and the deduced 
data indicated that fan rotor Type II performed better than 
the Type I fan rotor in terms of pressure ratio, efficiency, and 
flow. 

Comparisons between predicted and measured data given in 
the remaining text refer to the Type II fan design configuration 
(with and without the presence of the downstream splitter). 

Case B. Inclusion of Downstream Splitter/Core Vane. For 
this case, a downstream flow splitter was modeled in the com­
putation. The splitter divides the fan flow into the bypass and 
core streams as is typical for bypass engines. (Also modeled 
in the calculation were the stator vanes in the core stream.) 

The grid for the fan blade and downstream components 
(i.e., ducting, splitter, and core vane) was generated by com­
bining grid systems for individual components. This was ac­
complished by appropriately shifting individual elements axially 
and tangentially to form the composite grid. The geometry of 
the fan rotors was identical to those of case A (Type II) as 
described previously. For both cases, the fan operating tip 
clearance was assumed to be 0.04 in. (0.37 percent of the total 
span), which is the average value as measured during rig testing. 

A structured H-mesh was constructed for the rotor as well 
as for the core vane and bypass duct. This was done by in­
terpolating the input blade sections onto the desired radial set 
of blade-to-blade surfaces. The mesh used in the analysis was 
composed of 31*143*37 points. Figure 11 shows the grid in 
the meridional and blade-to-blade planes at hub and near-tip 
sections. The discontinuity between the fan grid and the grid 
for the downstream system components serves as a "dummy" 
boundary across which flow properties were pitchwise aver-

Section-XX 

Fig. 11 Meridional and blade-to-blade plane mesh for a fan bypass 
configuration (Case B) 

aged. This was accomplished by letting the last plane of cells 
for the upstream domain and the first plane of cells for the 
downstream grid system serve as dummy storage locations for 
interrow mixing calculations. The tip portion of the core vane 
flowpath was made to coincide with the lower boundary of 
the splitter, while the bypass duct was free of blading. The 
zero flux condition was applied on the upper and lower surfaces 
of the splitter and the splitter leading edge. 

The three-dimensional computations were made for the fan 
bypass configuration at 100 percent speed from the fan op­
erating point to near stall. For Case A, the computations were 
also made at the choke point. The exit static pressures at the 
tip of the core and bypass ducts were adjusted to define the 
fan speed characteristics. Because of the complex nature of 
this flow, the convergence for the fan bypass configuration 
was slower than for an isolated fan rotor. The maximum mass 
flow error for Case B did not go below 1.4 percent of the inlet 
mass flow as compared to 0.4 percent for the isolated rotor. 
The flow properties across the mixing plane were approxi­
mately satisfied. For Case B, the numerical calculations di­
verged if the initial guess of the pressure was not reasonable. 
To avoid numerical divergence, it was very important to specify 
a reasonably accurate guess of pressures at the fan rotor leading 
and trailing edges, the inlet to core and bypass vanes, and the 
exit of the fan bypass ducts. In the present calculations, the 
initial estimates for static pressures were obtained from the 
axisymmetric design code. The inlet flow conditions, including 
those for the blade tip treatment, were the same as described 
in the earlier section. 

Figures 12 and 13 show normalized total pressure ratio/ 
airflow and efficiency/airflow characteristics as computed for 
Cases A and B. Also shown are data from the experimental 
rig test. As shown in Figs. 12 and 13, the predicted fan char­
acteristics agree well with data. In general, the predicted pres­
sure ratios and efficiencies for Case B are slightly higher than 
that for Case A for all the fan operating points. The computed 
pressure ratio at a given airflow is greater than the data by 0.7 
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Fig. 12 Comparison of measured and predicted mass-averaged total 
pressure ratio versus flow (Cases A and B) 
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Fig. 13 Comparison of measured and predicted mass-averaged adi-
abatic efficiency versus flow (Cases A and B) 

and 1.8 percent for Cases A and B, respectively. Likewise, the 
predicted efficiency values are higher than the measured data 
by 3.6 percent for Case A and 4.5 percent for Case B. 

Figure 14 shows the predicted and measured spanwise var­
iations of pitchwise mass-averaged normalized total pressure 
ratio at the trailing edge of the rotor for Cases A and B. Figure 
14 presents results for the fan design point and the near-stall 
conditions. The variation in slope of total pressure ratio near 
hub and 20 percent span agrees well with the design intent. 
For Case B, the predicted pressure ratio deviated more than 
the projected data near the hub region. At the design point, 
the predicted total pressure ratio for Case B showed maximum 
difference of 2.6 percent from predicted values for Case A at 
the 10 percent streamline (from hub). Outboard of 55 percent 
span, the computed total pressure ratios compared well with 
data. For the near-stall case, the predicted pressure ratio for 
Case A is closer to that of Case B. However, deduced data 
and the prediction differ from the hub to 50 percent span. As 
stated earlier, these discrepancies could possibly be due to 
numerics, turbulence model, or data transformation and need 
further investigation. 

The spanwise variations of pitchwise-mass averaged relative 
flow angle at the rotor exit are shown for both fan cases in 
Fig. 15. Also shown are angles deduced from test measurements 
at the design and and near-stall points. For the fan design 
point, relative to Case A, Case B predictions show the flow 

z < 

" -
DESIGN 

PREDICTIONS - FAN ROTOR (CASE A) 

PREDICTIONS - FAN BYPASS (CASE B) 

o PROJECTED DATA AT ROTOR TE 

yV 
/ V 

/ J 

/''''* or / / 

/ / / 

/ ,''/ / •' / 

V • l 

G> ''- s -_ 

V 
lit' 

'•If 

TIP 

N O R M A L I Z E D TOTAL PRESSURE RATIO 

7 

fr CO 

£ 
u 

Q. 

9 0 -

7 0 -

8 0 -

6 0 -

4 0 -

30-

2 0 -

10-

0-

NEAR STALL 
PREDICTIONS-

PREDICTIONS-

FAN ROTOR (CASE A) 

FAN BYPASS (CASE B) 

o PROJECTED DATA AT ROTOR TE 

/ • / 

/ •> 

y ;> 

f ,•> 
J> .v 
I /' 
\ • ' ' 

/ ,,s 

Y } 
/ 

A 

HUB 

TIP 

HUB 
NORMALIZED TOTAL PRESSURE RATIO 

Fig. 14 Predicted and measured spanwise variations of pitchwise mass-
pressure ratio (Cases A and B) 

to be about 3 deg closer to the axial direction at approximately 
15 percent span. Between 50 to 70 percent span, the predicted 
flow angles for Case B show less turning (relative to Case A) 
by approximately 3 deg. Similar behavior is predicted for the 
near-stall conditions. In general, the predicted flow angles are 
in fair agreement with the data. 

The spanwise variations of normalized pitchwise mass-av­
eraged efficiencies are compared with projected data at the 
rotor trailing edge in Fig. 16 for Cases A and B at the fan 
design and near-stall points. For both the flow conditions, the 
predicted efficiencies were above the data in the inboard 15 
percent of the span and outboard of 70 percent span. At other 
spanwise locations, the predicted efficiencies compared rea­
sonably well with the data. 

The predicted normalized static pressure contours for Cases 
A and B are shown in Fig. 17 at the midpitch meridional plane 
(at fan operating point and near stall). The static pressures are 
normalized with respect to total pressure at the trailing edge 
of the fan rotor. The predicted pressures show some spatial 
oscillations (design point and near stall). These oscillations are 
caused by using minimum smoothing in the code to reduce the 
numerical loss. The solution is converged and oscillations are 
not due to flow unsteadiness. At midpitch, the predicted pres­
sures for Case A are slightly higher near the hub and lower in 
the tip regions as compared to Case B (for design point). The 
same is true for the near-stall conditions. It is observed that 
the large static pressure gradient shown in the plane of the 
splitter nose does not appreciably affect the static pressure 
distribution in the plane of the rotor blade trailing edge. 

Figure 18 compares spanwise variations of pitchwise mass-
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Fig. 15 Predicted and measured spanwise variations of pitchwise mass-
averaged relative flow angles (Cases A and B) 
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Fig. 16 Predicted and measured spanwise variations of pitchwise mass-
averaged adiabatic efficiency (Cases A and B) 

averaged static pressure (normalized) at the rotor trailing edge 
for Case A, Case B, and as deduced from the test data. Dis­
tributions for the fan design point and at near stall are shown. 
The predicted static pressures are within ±1.8 percent of those 
obtained from the data. 

Predicted normalized static pressure contours in the blade-
to-blade plane of the fan bypass configuration is shown in Fig. 
19(«, b, c). The contours are shown for the fan design point 
and near-stall condition at three spanwise grid locations (XX, 
YY, and ZZ shown in Fig. 11). For the design point, the 
predicted static pressures at spanwise stations ZZ and YY show 
a bow shock followed by normal shock slightly upstream of 
the rotor trailing edge. There seems to be a slight difference 
in the shock pattern at 70 percent span between Case A (Fig. 
9) and Case B (section YY). In Case B a bow shock is followed 
by a normal shock, while in Case A the bow shock is not seen 
noticeably (note that Fig. 9 is presented in terms of relative 
Mach numbers). For the near-stall condition, the predicted 
static pressures at sections ZZ and YY show normal shock 
sitting near the leading edge of the rotor. For the fan design 
and near-stall conditions (section XX), a local supersonic bub­
ble occurs at the suction surface downstream of the rotor 
leading edge and terminates to subsonic flow after a weak 
shock (sonic Mach number at normalized pressure of 0.415). 

Blade Tip Clearance Sensitivity. Table 2 show results of 
the three-dimensional analysis at two levels of blade tip clear­
ances, 0.04 in. and 0.08 in. In the computations, only three 
nodes were used in the rotor tip clearance region of 0.04 in. 
and 0.08 in. Again, the study was very approximate and the 
purpose of the study was to predict the first-order effects in 

Fan Design Point Near Stall 

Case B 

Case A 

.Fig. 17 Predicted normalized static pressure contours in the meridional 
plane at midpitch (Cases A and B) 

the tip clearance region of the fan rotor. These values of clear­
ance were selected to be representative of the two levels of 
clearance, which were experimentally investigated during rig 
tests of the fan. Predicted sensitivity to blade tip clearance 
generally tracks well with observed results for the clearances 
investigated. 
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Fig. 18 Predicted and measured spanwise variations of pitchwise mass-
averaged normalized static pressures at the rotor trailing edge (Cases 
A and B) 

Section-ZZ 

Fig. 19(b) Normalized static pressure contours in blade to blade plane 
(Case B; design and near stall; at section XX, YY, ZZ) 

Section-XX 

Fan design point 

Near stall 

Fig. 19(a) Normalized static pressure contours In blade-to-blade plane 
(Case B; design and near stall; at section XX, YY, ZZ) 

The flow field through the core vane as predicted with the 
three-dimensional solver compared favorably with measured 
data, although these comparisons are not given here in an effort 
to confine the scope of this paper to the fan rotor. 

Fig. 19(c) Normalized static pressure contours in blade to blade 

Table 2 Results of three-dimensional analysis at two levels 
of blade tip clearance 

Percent change in flow parameters for ro­
tor tip clearances of 0.04 in. and 0.08 in. 

(reference 0.04 in. clearance) 

Data (percent) Predictions (percent) 
Rotor pressure ratio 
Rotor efficiency 
Corrected fan flow 

1.21 
1.68 
1.25 

0.962 
1.940 
1.56 

Concluding Discussion 
The generality and robustness of the Dawes three-dimen­

sional Navier-Stokes solver has been demonstrated by appli­
cation to an advanced fan bypass configuration. The detailed 
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flow predictions were compared with the data in terms of design 
parameters at design and off-design conditions. An advanced 
engine fan design has been analyzed within reasonable com­
puter resources. The analysis was used as a guide to modify 
the hardware, which resulted in improving the fan efficiency 
by 2.5 percent. 

In general, the predicted efficiency exceeded the measured 
value by about two and a half percentage points. The shapes 
of efficiency, flow, and pressure ratio flow characteristics were 
in good agreement with test data trends. 

Even with the relatively simple tip clearance model used in 
the calculations, the predicted tip clearance effects agreed well 
with those observed in the data. The predicted pressures and 
efficiencies were higher than the data in the near hub and tip 
regions. The source of these discrepancies is currently under 
investigation. 

Due to the large axial gap between fan rotor and splitter, 
the splitter did not affect the performance of the rotor. How­
ever, the calculations are very important for the fan bypass 
configuration: First, the smaller axial gap may impact the 
performance of the fan rotor due to the presence of the splitter. 
Second, the core vanes are more affected by the performance 
of the upstream rotor. 
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The Extension of a Solution-
Adaptive Three-Dimensional 
Navier-Stokes Solver Toward 
Geometries of Arbitrary Complexity 
This paper describes recent developments to a three-dimensional, unstructured mesh, 
solution-adaptive Navier-Stokes solver. By adopting a simple, pragmatic but sys­
tematic approach to mesh generation, the range of simulations that can be attempted 
is extended toward arbitrary geometries. The combined benefits of the approach 
result in a powerful analytical ability. Solutions for a wide range of flows are 
presented, including a transonic compressor rotor, a centrifugal impeller, a steam 
turbine nozzle guide vane with casing extraction belt, the internal coolant passage 
of a radial inflow turbine, and a turbine disk cavity flow. 

Introduction 
It is now a matter of routine to solve the three-dimensional 

Navier-Stokes equations for single turbomachinery blade rows. 
The solutions are of course limited (and will remain limited 
for the foreseeable future) by the modeling of transition and 
turbulence in the particularly difficult environment of a tur-
bomachine. Nevertheless, the predictions are now very usable 
by design engineers to interpret the reasons for the successes 
and failures of existing designs and to produce new designs 
systematically (and based on flow physics), which display gen­
uine performance improvements. However, this improved cer­
tainty has largely been confined to clean, primary flow paths 
unencumbered by the additional but realistic geometric com­
plexity of casing steps, slots and bleeds, of extraction belts, 
and of shrouds, lacing wires, splitters, etc. The intrinsic com­
plexity of secondary gas paths (seals, casing treatments, in­
ternal coolant passages and their discharges, etc.) means that 
they have not received the attention they merit in terms of 
their overall aerodynamic and thermal impact on the perform­
ance of the turbomachine. 

There is no technical difficulty in computing the flow field 
in a very complex geometry (with of course the caveat that 
turbulence modeling remains out of control) and simple, re­
liable time-marching algorithms are very suitable. Nor is there 
any particular problem in visualizing the simulated flow field— 
this is simply a matter of three-dimensional trigonometry and 
efficient data structures (see, for example, Giles and Haimes, 
1990). The key pacing items are our ability to generate and 
discretize the geometry in the first place and the ease of use 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, 
Cologne, Germany, June 1-4, 1992. Manuscript received by the International 
Gas Turbine Institute February 4, 1992. Paper No. 92-GT-363. Associate Tech­
nical Editor: L. S. Langston. 

of the generation system by nonspecialist designers. Inevitably 
such a mesh is "unstructured" for complete generality and 
best formed from elements that stack well in three-dimensions, 
like tetrahedrons. Once a reasonable mesh is in place, a so­
lution-adaptive capability allows mesh to be concentrated bet­
ter where it is really needed and this can be used to help 
overcome any disadvantages in the initial mesh, but an initial 
mesh must still be produced. 

Currently research is in progress toward developing the ca­
pability to generate a three-dimensional unstructured mesh for 
a completely general geometry. These approaches typically 
require the specification of a set of patches representing a set 
of surfaces that link together to define and confine a com­
putational volume. This volume is then filled with tetrahedra 
by one of a number of approaches. At the moment the two 
popular approaches are "moving front" (Peraire et al., 1988; 
Lohner, 1987) and "Delaunay triangulation" (see, for example, 
Jameson et al., 1987) and very impressive results have been 
published. However, this "filling" of the overall volume is far 
from trivial and rather time consuming (and may in fact con­
sume more computer resources than the flow solution itself) 
and the very generality of their bounding surface definition is 
a strong disincentive for the hard-pressed turbomachinery de­
signer to make use of them. To illustrate this: The relatively 
straightforward geometry of a single turbine blade with overtip 
leakage might need at least eight surface patches to define it 
(inflow, outflow, hub and casing, suction and pressure side, 
tip and up- and downstream periodic surfaces); a more complex 
geometry like the radial inflow turbine internal coolant passage 
shown later on might need 31 surface patches [inflow, outflow, 
suction and pressure side, hub and casing (both of which would 
require three patches because of discontinuities in their slopes), 
three baffles (which would need three patches to define them 
as they are an awkward combination of two flat surfaces and 
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» Absolute corner nodes J_J 

j =JMAX 

Fig. 1 The topologically cuboidal master block containing a number 
of individually generated blocks 

Fig. 2 Sketch of the three permitted cell divisions 

a small radius tip) and 12 cylindrical pin fins]; if this passage 
was also multiribbed then the potential input surface patch 
specification is mind-boggling. 

The objective of this paper is to describe recent work of the 
author attempting to produce a much more straightforward, 
"user-friendly" mesh-generating system, which aims to com­
bine simplicity of data input with the ability to create complex 
combinations of geometry. As such the approach mimics CAD/ 
FE stress analysis systems, which permit basic, easily input 
objects (which in the case of the present work includes tur-
bomachinery blade rows) to be combined into complex con­
figurations under the control of a master program. The key 
philosophy is to aim for a "connectivity" to describe a complex 
geometry and then use this to derive a geometric set of tet­
rahedrons to fill the geometry. This contrasts with the "moving 
front" and "Delaunay" philosophies of starting with the ge­
ometry, generating a node distribution to describe it and only 
then iteratively deriving a connectivity to bind the nodes into 
cells. 

It is not yet clear how arbitrarily general a geometry can be 
handled by the current approach. To give some indication, 
solutions are presented for a range of increasingly complex 
geometries including a transonic compressor rotor, a splittered 
radial diffuser, a centrifugal impeller, a steam turbine nozzle 
row with casing extraction belt, the internal coolant passage 
in a radial inflow turbine (including the baffles and pin fins), 
and a turbine disk cavity seal configuration. No geometry took 
more than a man-day to build (several much less) but they 
nevertheless display a range of geometric complexity that Can-

first mesh after deletion of two rings of cells 

one refinement pass near the ribs 

two refinement passes near the ribs 

overall view of final mesh 

Fig. 3 Stages in the development of a mesh for a multiribbed cylindrical 
duct 

not be handled in such a routine manner by other published 
approaches. 

Mesh Generation and Adaptive Refinement 

Multiblock Mesh Construction. The overall strategy of 
mesh generation is illustrated in Fig. 1. The concept is to define 
a topologically cuboidal "master'' block, which runs in a struc­
tured manner over three space indices with any given node 
having coordinates X, T, R (1:JMAX, 1:IMAX, 1:KMAX). 
Within this master block are placed any number of blocks 
whose relative locations are determined by the values of the 
space indices assigned to each block's eight vertices. The mesh 
within each block is generated internally relative to that block 
and the only requirement is that intersections between blocks 
must be compatible both in terms of their number of nodes 
and spatial location of these nodes. The six faces of each block 
are flagged with their boundary types (inflow, blade, etc.) and 
when the control program links the blocks together intersec­
tions between blocks are converted to penetrations. 

A variety of types of block are currently available to the 
Control program and more are being added. They include the 
simple input of an externally generated X, T, R (J, i, k), obvious 
building blocks like a user-defined cylinder, and the data input 
and mesh generation of the author's standard, structured three-
dimensional Navier-Stokes solvers. The basic mesh generation 
within each block is of simple, foolproof, "H-mesh" type with 
geometric stretching. 

All cells in the master block not present in the various input 
blocks are flagged for eventual deletion. Then any of the in­
dividual cells (/', /, k) can also be flagged for deletion so that 
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Fig. 4 The division of the passage into five blocks for the mesh gen­
erator 

steps, internal obstacles, etc., can be generated "on-line" with 
minimal data input. The new boundaries so created are then 
flagged with appropriate type marks. At this stage also sets of 
nodes can be flagged for future, minor geometric adjustment 
so that corners can be rounded and square pins can become 
cylindrical, etc. Surface geometry patches can be automatically 
extracted and stored for each of the boundaries to the com­
putational domain to support any subsequent geometric re­
finement. 

Unstructuring. An "unstructuring" subroutine deletes all 
cells flagged as not present and numbers the nodes. Then it 
divides each individual cuboidal cell (/, i, k) into six tetrahedra 
and a connectivity table constructed associating cell numbers 
with the four nodes making up the cell. In dividing the quad­
rilateral faces of the cells, "diagonal swapping" can be used 
to improve mesh quality but care does need to be taken because, 
unlike in two dimensions, the consequences are global. Faces 
of cells lying on boundaries to the computational domain are 
then stored in a list together with their boundary types and 
adjacent cell information. Periodic boundaries are flagged to­
gether with their mutual correspondences. 

Once a completely unstructured mesh has been formed, there 
is great freedom to modify it to suit particular objectives. This 
is carried out by selective mesh refinement. 

Mesh Refinement. The refinement process is deliberately 
limited to a restricted number of possibilities with respect to 
the underlying, basic mesh; this confers great economy on the 
refinement process at the expense of some generality. The 
tetrahedal volumes are flagged to divide into 2, 4, or 8, de­
pending on a variety of geometric or flow-based criteria. These 
three types of allowable division are sketched in Fig. 2. For a 
given tetrahedron there are three possible orientations of the 
division into 4 and six orientations for a division into 2. These 
orientations must be compatible on a cell face-to-face basis 
with the divisions in neighboring cells. 

Fig. 5 The "growth" of a pin fin upon refinement 

Those tetrahedra divided into 8 have identical aspect ratios 
to their parents, but repeated division into 2 or 4 does impact 
on local mesh quality (although in practice only two or three 
sequences of refinements will be performed and this has not 
proved a particular problem). To counter this the layer of cells 
surrounding those flagged for refinement can themselves be 
flagged. These "blanket cells" help to maintain good mesh 
quality in the near region of the flow feature that actually 
triggered the refinement. 

Presolution Refinement. Presolution refinement can be 
undertaken to advantage near regions where large gradients 
are expected in the solution; these regions include near-blade 
surfaces and near-rapid changes in blade surface curvature (like 
corners and leading and trailing edges). This results in a highly 
unstructured mesh of tetrahedral control volumes. If the sur­
face is not flat then the full curvature of the surface must be 
maintained during the refinement process. This rather com­
plicated three-dimensional surface fit problem is handled using 
the basic geometric patches stored for each surface and the 
three-dimensional, unstructured, "multiquadratic surface in­
terpolation" algorithm referenced by Kansa (1988). However, 
if the cells lying on the surface have high aspect ratio, then 
negative cell volumes can result from the local surface refine­
ment. For the solutions in the present paper, this has been 
monitored by the refining subroutine and if necessary the sur­
face assumed locally flat to prevent negative volumes; in cur­
rent work the mesh is smoothed locally to avoid the problem. 

Examples. It is easiest to illustrate the power and simplicity 
of the present approach with some examples. 

Internal Ribs. Multiribbed ducts are a common feature of 
the secondary gas path, especially in the context of internal 
coolant passages but, despite their apparent simplicity, rather 
irritating to handle with traditional CFD codes without pro­
ducing a "special version" of the flow solver. The stages in 
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Fig. 6 The final mesh in the center plane of the coolant passage after 
adaptive refinement and containing a total of 75,626 nodes 

the development of an unstructured mesh are shown in Fig. 
3. First a cylinder is generated "on-line" by specifying the 
radius and length of the basic cylinder and the number of 
nodes and then, again "on-line," circumferential rings of cells 
are deleted to form the ribs. To improve the mesh quality near 
the ribs two presolution refinement passes were then made to 
produce the final mesh shown in Fig. 3. The whole process 
takes about five man-minutes. The predicted flow field for a 
similar geometry, including the predicted Nusselt number dis­
tribution, is described by Dawes (1992b). 

Internal Coolant Passage in a Radial Inflow Tur­
bine. Internal coolant passages have complex geometries in­
cluding baffles to split the flow and pin fins to control the 
flow. Figure 4 shows the internal coolant passage in a radial 
inflow turbine designed by Snyder and Roelke (1988). The 
passage was divided into five blocks for input to the present 
mesh generator; in fact each block used the data input format 
of the author's standard, structured three-dimensional flow 
codes. Within each block a simple topologically cuboidal mesh 
was generated. The three baffles and 12 pin fins were formed 
"on-line" by deletion of the sets of cells. Because of the scale 
of the input mesh, the pin fins are initially represented by a 
circumferential block of deleted cells with square cross section. 
The four edges of each pin fin were flagged as they were 
generated so that after a prerefinement pass the cross section 
of each fin may be automatically converted into something 
more cylindrical as illustrated in Fig. 5. The final mesh after 
some more refinement (in response to the solution as well as 
the geometry) is shown in Fig. 6. The predicted flow will be 
summarized later (extensive details are given by Dawes, 1992b). 
These and other figures have double lines plotted at the ge-

Fig. 7 Basic unstructured mesh for the generic disk cavity-seal con­
figuration generated from eight input blocks 

ometry boundaries. This is because the plotting software al­
ways plots the set of edges confining the computational volume 
so that the individual mesh (or contour or vector) plot is lo­
cated. Thus the pin fins in Fig. 6, for example, are located by 
two edge plots, one on the suction side of the passage and one 
on the pressure side giving rise to two close edge lines in the 
particular projection selected. 

Disk Cavity-Seal Geometry. Continuing in the theme of 
the complex geometries typical of the secondary gas path in a 
turbomachine, Fig. 7 shows an unstructured mesh generated 
for a generic disk cavity-seal configuration. The mesh gen­
erator used eight input blocks and, from start to finish, re­
quired about half a man-day of work. The seals themselves 
were generated on-line by deletion and so different numbers 
of seals and different locations could in fact be generated with 
minimum effort. The mesh is then prerefined in the vicinity 
of the seals. 

The flow solver requires an initial guess for the flow field 
and this is achieved, even for such a complex geometry, by 
on-line input of guessed values of the primary flow variables 
at each vertex of each block. The complete flow field is then 
automatically specified by trilinear interpolation within each 
block. 
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Fig. 8 A typical cell /contributing to node * 
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Fig. 9 Inviscid, subsonic channel hump computed using a viscous, 
stretched mesh showing numerical error and accuracy order of the solver 

Solution-Adaptive Refinement. Once a suitable unstruc­
tured mesh has been produced it is sent to the flow solver. 
After a specified number of time steps the solution is examined 
and the mesh refined in sympathy with the developing flow 
field. Currently, static pressure, Mach number, and entropy 
are used as indicators for the need for refinement but there 
are a wide range of possible indicators that could be used. 

The indicators are deployed in two ways: A cell face is 
flagged to divide either if the fractional variation of the in­
dicator over the face exceeds a certain value or if the average 
value of the indicator falls within a given range. Several in­
dicators may be chained together along with purely geometric 
criteria and refinement carried out simultaneously or the re­
finement can be built up in a sequential manner. So far the 
refinement strategy has been based on rather subjective judg­
ments ("more mesh in the boundary layer," etc.) and work is 
needed in making the refinement process more objective and 
user-independent. As in the prerefinement stage, any new nodes 
on curved surfaces are located using the basic geometric patches 
stored for each surface and the three-dimensional unstructured 
surface interpolation algorithm. 

Equations of Motion 

The equations solved are the fully three-dimensional Reyn­
olds-averaged Navier-Stokes equations expressed in strong 
conservation form and retaining the full stress tensor including 
the full viscous energy equation. Turbulence is modeled via 
k-e transport equations (Patel et al., 1985) together with ap­
propriate low Reynolds number terms (Lam and Bremhorst, 
1981) to handle smoothly the approach to the blade surfaces. 
In a right-handed Cartesian (X, T, R) coordinate system ro­
tating with speed Q about the X axis the equations of motion 
are: 

d_ 

dt 
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Q = Vxix + V,i, + Vrin the relative velocity 
fi = rotation speed 
/ = C„T0TA - l/2(Qr)2, the rothalpy 

a = the stress tensor, -pi + T,T = 2/*def(<?) 
2/3/x(V^)7 
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Fig. 10 V2 compressor cascade: midspan mesh containing 4755 nodes; 
Mach numbers (interval 0.05); velocity vectors; and total pressures (in­
terval 2 percent P01) 

m = 
v- -

HT --

G --
X = 

= \/2{Vq + (Vqf) 
= AMam + IJ-T 

= p/MCiA:2/e 

= 2^(def(?))2 - 2/3^(Vtf)2 

= cp(^iam/Pr + nr/Prr) 

Fig. 11 V2 cascade: comparison between measured and predicted 
boundary layer profiles on the suction surface 

and the low Reynolds number damping terms are 

/„ = 1. - exp(-0.008Rer) 
/i = 1. - (0.06//„)3 

f2 = 1. - exp(- -Re2r) 

where Rer = p/rV/xlame, the turbulent Reynolds number. 
The various constants in the k-e model take their standard 

values: 

£•, = 0.09, c2=1.0, c3 = 0.769, c4=1.44, c5=1.92, 
and the turbulent Prandtl number is taken as 0.9. Note that 
the original Lam and Bremhorst function /M contains a Reyn­
olds number based on the distance from the nearest wall 
Rej, = p\fky/iM\am but for the present work this has been replaced 
for convenience by Re,, = 0.40 Rer, which is valid near the 
wall (Patel et al., 1985). 

Solution Algorithm 
The solution algorithm will be described here only in outline; 

for further details see Dawes (1991, 1992a). The seven equa­
tions of motion are discretized in finite volume form on each 
of the tetrahedral control volumes with vertex variable storage. 
Figure 8 illustrates a typical set of tetrahedral cells, j , sur­
rounding and influencing a node, k. The primary variables p, 
p, pq, pk, and pe are assumed to have a piecewise linear var­
iation over cell faces between the vertices so that the flux sum 
for a given cell is evaluated to second-order accuracy in space. 
The derivative terms in the viscous stresses are piecewise con­
stant over the cell (since the primary variables are piecewise 
linear) and are computed by simple application of the Gauss 
divergence theorem. Using all the cells surrounding the node, 
k, as a control volume then allows the evaluation of the viscous 
stress terms at k. Assembling for convenience all the viscous 
terms into a vector Dk allows the definition of a residue, R^, 
at each node as: 

Rk = 
1 

VOL, 
2ceii/ fluxeŝ  + Dk (2) 

The net flux imbalance into each cell is used to update the 
flow variables themselves via a two-step Runge-Kutta time-
marching algorithm with residual smoothing (see Jameson, 
1987, for an excellent description). 

Artificial diffusion is added to control shock capture and 
solution decoupling and is controlled in magnitude by the local 
strength of the pressure gradient. It is particularly important 
to construct the artificial smoothing carefully in the unstruc­
tured environment to guarantee that the smoothing involves 
no derivatives of flow variables normal to viscous surfaces and 
to scale the smoothing in accordance with the highly non-
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laser measurement 

Fig. 12 Solution-adapted mesh tor a transonic compressor rotor con­
taining 71,945 nodes and midspan of the conventional structured mesh 
containing a total of 90,136 nodes 

uniform mesh. In the present work the smoothing is computed 
as: 

Dk = AV2 + AVA.VOL2 V2p 
4p 

A0Mv\W) (3) 
Fig. 13 Predicted Mach numbers 

where W represents any of the seven basic flow variables (p, 
pq, pE, pk, or pe), A/ is a representative mesh spacing over the 
cell, A0 is a velocity scale (taken here as the stagnation speed 
of sound), and VOL2/3 I V p/4p I is a pressure switch of order 
1 near a shock wave but A/2 elsewhere. In application AV2 is 
set to 0.001 and AVA to between 0.50 and 2.0. 

Since Wis assumed to be piecewise linear over the cells, the 
first derivatives are piecewise constant; this guarantees that 
there are no smoothing second derivatives normal to the sur­
faces for those nodes on the surface that could interfere with 
the physical viscous terms. The Laplacian of ^returns a zero 
for a trilinearly varying W even on a nonuniform mesh. This 
simple and economical smoother was chosen in preference to 
the more conventional combination of second-fourth deriv­
ative smoothing partly because of its compactness but mainly 
to avoid the severe problems associated with fourth-derivative 
smoothing on meshes with widely varying cell aspect ratios 
when the smoothing coefficient must be scaled highly, and 
expensively, anisotropically (Martinelli, 1987) to follow closely 
the spatial variations of the spectral radii of the flow equations. 

To demonstrate the level of accuracy of the flow solver, 
some classic mesh refinement tests were carried out for a simple 
channel hump for inviscid, subsonic flow (inlet Mach number 
0.30). The predicted flow should of course be loss free and so 
any discrepancy between the total pressure and that at the inlet 
represents a measure of the numerical error. Even though the 
flow is inviscid, a stretched viscous mesh was used, the finest 
of which is shown in Fig. 9. Three meshes were used with each 
one containing twice as many nodes as the previous one. The 
error was quantified by computing a mass-averaged total pres­
sure at each of ten crossflow planes and then defining a global 
error as the root mean square of the discrepancy between each 
of these planes and the inlet. The table below summarizes the 
results: 

Number of nodes 
in the plane 

Global rms total 
pressure error, percent 

147 
533 

2025 

0.16 
0.067 
0.015 

The predicted Mach numbers and total pressures for the finest 
mesh case are shown in Fig. 9. The total pressure errors are 
near the two wall boundaries and related to the first-order 
accurate boundary conditions as much as to the smoothing. 
Some unsightly wiggles appear in the Mach number contours; 
these apparently arise because not all of the unstable modes 
are sufficiently damped by the smoothing and further work is 
underway in this area. Finally, Fig. 9 shows a plot of the log 
of the global error versus the log of the relative mesh spacing. 
The slope is -1.9, suggesting that the scheme as implemented 
is indeed second-order accurate. Overall the performance is 
considered acceptable. 

Boundary Conditions 
Various boundary conditions must be imposed for the Na-

vier-Stokes solution presented hereafter. At inflows (of which 
there may be several) the total pressure, total temperature, 
turbulent kinetic energy and dissipation rate, and two flow 
angles are fixed and the derivative of static pressure in the 
stream wise direction set to zero. At the outflow boundaries 
the static pressure is held constant and the other variables 
extrapolated from the interior. On solid surfaces zero normal 
fluxes of mass, momentum, and energy are imposed. The wall 
shear stress is computed either from the laminar sublayer or 
log law equations depending on whether the local value of the 
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Fig. 14 Comparison of measured (LDV) and predicted Mach number 
variations in midspan along lines at 10, 50, and 90 percent pitch 

wall coordinate Y+ is less than or greater than 10, respectively. 
In a similar spirit, if Y+ is less than 10 the turbulent kinetic 
energy and the normal gradient of dissipation rate are set to 
zero on the surface; otherwise k and e are set to be consistent 
with the assumed log law at values of tft/y[c\ and u\ / KYW, 
respectively, where K is the von Karman constant, 0.41, and 
Yw the normal distance to the wall. 

Presentation of Results 
In this section a selection of results will be presented to 

demonstrate the simplicity, versatility, and power of the pres­
ent approach. The examples are divided into two sections: In 
the first, the solution quality in "simple" geometries is shown 
to benefit from the solution-adaptive capability; and in the 
second section solutions are presented for very complex con­
figurations to show the benefit of the unstructured approach. 

All the simulations presented here were run on an inexpensive 
desktop workstation, a SUN SPARCstation 2, consuming 4.2E-
03 seconds per node per time step and 1 Mbyte of memory 
per 1000 nodes. The cpu time required is around a factor of 
3 more than the author's structured code (Dawes, 1988) partly 
as a result of the indirect addressing used but mainly because 
there are five times more cells than nodes with a tetrahedral 

Fig. 15 Adapted mesh and predicted Mach numbers for a generic, highly 
loaded, sputtered radial diffuser 

mesh (in a cuboidal mesh there are the same number of nodes 
as cells). 

9 Simple Geometry; Improved Resolution 

V2 Compressor Cascade. The first set of simulations is for 
a transonic, linear cascade, designated V2, representing the 
midheight of a highly loaded transonic fan with the following 
nominal operating point: 

Pitch-chord ratio = 0.45 
Inlet Mach number = 0.80 

Inlet flow angle = 49.5 deg 
Exit flow angle = 6 deg 

Axial velocity density ratio = 1.146 
Reynolds number = 5.5 x10s 

Upstream turbulence level = 3 percent 

Experimental measurements (made originally at the DFVLR 
in Gottingen) have been widely published, for example by 
Calvert and Herbert (1980). The simulations were performed 
with inviscid hub and casing surfaces so that in effect a two-
dimensional solution is obtained but using the fully three-
dimensional code. This is rather wasteful but a good initial 
test nevertheless. 

Figure 10 shows the midspan mesh used. The mesh was 
derived from an initial mesh with 29 x 67 (1943) nodes in each 
of three blade-blade planes. After 2000 time steps the mesh 
was refined by dividing every cell within which the total pres­
sure was less than 95 percent of free stream. This results in a 
mesh well adapted to resolve the boundary layer and wake 
flow but containing only 4755 nodes (i.e., only a factor 2.4 
more than in the initial mesh rather than the factor 4 that a 
structured code would use for the same increase in local re­
finement). The refined mesh was then run on for another 2000 
steps to produce the solution illustrated in Fig. 10 in terms of 
Mach number and total pressure contours and velocity vectors. 
The final solution has a global residue (defined as the rms 
derivative of density) of 0.7 E-08 and a global mass continuity 
error of 0.15 percent. 

Figure 11 compares predicted and measured boundary layer 
profiles on the suction surface at three stations toward the 
trailing edge. The level of agreement is considered to be sat­
isfactory. 
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Fig. 17 The adapted mesh in the three crossflow planes 

Transonic Compressor Rotor. Next, the code is applied to 
the study of the three-dimensional flow field in the axial flow 
single-stage transonic compressor rotor tested using laser-two-
focus velocimetry at the DFVLR (Dunker et al., 1977). The 
main parameters are: 

Journal of Turbomachinery 

measurement predic t ion 

Fig. 18 Comparison of measured and predicted velocity in the three 
crossflow planes (made dimensionless with the wheel tip speed) 

Inlet tip diameter = 0.4 m 
Hub-tip ratio = 0.5 

Tip solidity = 1.34 
100 percent speed = 20,260 rpm 

Max. rj total pressure ratio = 1.626 
Max. -i) mass flow rate = 17.1 kg/s 

Numerical simulations have been published in the past for this 
rotor using the author's conventional three-dimensional Na-
vier-Stokes solver (Dawes, 1988) and the objective here is to 
show the improved resolution, particularly of the bow shock, 
which can be obtained using the present solution-adaptive ap­
proach, and using about the same number of nodes. Figure 
12 shows the final mesh used for the present study after two 
refinements and containing a total of 71,945 nodes. For com­
parison is shown (for midspan) the mesh from the earlier con­
ventional simulation, which contained a total of 90,136 nodes. 
The current simulations are carried out in a Cartesian coor­
dinate system and so the view toward the blade suction surface 
is a true view rather than the developed meridional view con­
ventionally presented. 

Figure 13 compares the predicted Mach numbers from the 
present simulation with the earlier conventional one and the 
laser velocimeter measurements (Dunker et al., 1977). The 
improved resolution of the bow shock is striking and this is 
achieved because the mesh can be concentrated where it is 
needed without having to be wasted elsewhere. 

In an attempt to provide a more quantitative comparison, 
Fig. 14 shows measured (LDV) and predicted Mach number 
variations in midspan along lines at 10, 50, and 90 percent 
pitch. The present preprocessor cannot produce line plots and 
so Fig. 14 was constructed graphically from a much-enlarged 
contour plot. This will tend to smooth any contour-to-contour 
wiggles with amplitude less than the chosen contour interval 
but nevertheless will represent the level variations faithfully; 
the experimental results were processed in the same way. As 
noted above, the adapted mesh results giye a shock prediction 
that is much superior to the structured code. Paradoxically, 
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Fig. 19 Unstructured mesh for the generic steam turbine nozzle row 
with extraction belt 

Fig. 20 Predicted Mach numbers in midpitch and in a blade-blade plane 
at 90 percent of the span 

292/Vol . 115, APRIL 1993 

Fig. 21 Predicted velocity vectors in midpitch and near the blade suc­
tion surface 

the smeared, structured code results are in better agreement 
with the smeared LDV results over the shock zone! The LDV 
seeding particle lag through the shock is unknown and rep­
resents a significant problem in comparison with CFD; perhaps 
the motion of suitable seeding particles should be simulated 
through the numerical solution for more relevant comparisons. 
On a more positive note, the structured and adapted solutions 
show very similar levels of Mach number up- and far down­
stream of the shock zone. 

Splittered Radial Diffuser. The next example is a generic, 
splittered, highly loaded (exit static-inlet total pressure ratio 
around 0.75) radial diffuser. The very high entry angle (around 
70 deg) and rapid turning thereafter give conventional, struc­
tured solvers (at least those using an H-mesh) severe difficulties 
because of the very sheared and skewed mesh. This is much 
less of a problem for the present solver; tetrahedralizing the 
underlying H-mesh in fact gives better quality individual con­
trol volumes. The midspan mesh and predicted Mach numbers 
are shown in Fig. 15. The flow is characterized by a strong 
entry shock, which induces strong separations on both the 
suction and pressure sides of the passage. 

Centrifugal Impeller. The next example is the classic test 
case of the Eckardt (1976) backswept centrifugal impeller. The 
basic parameters are: 

Impeller LE radius at hub = 90 mm 
Impeller LE radius at casing = 280 mm 

Impeller TE radius = 400 mm 
Impeller axial width = 130 mm 

Blade backsweep angle = 30 deg 
Rotational speed = 1400 rpm 

Nominal mass flow rate = ,4.54 kg/s 
Stage total pressure ratio — 1.61 
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Fig. 22 Predicted midpassage Mach number contours 

The flow field is characterized by strong secondary flows lead­
ing to development of a jet-wake structure in the exit of the 
impeller. Figure 16 shows predicted velocity vectors near the 
shroud and the suction surface of the impeller. The strong 
radial outward secondary flows near the blade surfaces coupled 
with the strong blade-blade flow near the shroud lead to the 
formation of a deep wake in the shroud-suction surface cor­
ner. Accordingly, the adapted mesh was refined along the 
development path of the wake (by using entropy as a refinement 
indicator) resulting in the crossflow meshes shown in Fig. 17; 
the overall mesh contained a total of 68,386 nodes. Note how 
the refinement occupies varying proportions of the passage in 
sympathy with the wake. 

This simulation is included primarily to demonstrate how 
three-dimensional the solution adaption can be in practice. 
The simulation was run without overtip leakage (as it was not 
available in the mesh generator when this paper was prepared) 
and thus the wheel mass flow is predicted about 9 percent high 
(for the same pressure ratio). Nevertheless, in an attempt to 
assess the accuracy of the predictions, Fig. 18 compares the 
predicted velocity distributions in the three crossflow planes 
with Eckardt's laser velocimeter measurements. There are two 
main discrepancies, both partly associated with the lack of 
overtip leakage in the simulation. First, the velocity levels are 
somewhat higher than in the measurements, scaling with the 
mass flow. Second, although the depth of the predicted wake 
is similar to that measured, the spatial extent is about 50 percent 
larger than in the test and located rather more in the suction 

Journal of Turbomachinery 

Fig. 23 Predicted midpassage velocity vectors 

surface-casing corner; in the test the overtip leakage flow pushes 
the wake region rather more toward midpitch. 

• Complex Geometry 

Steam Turbine Nozzle With Extraction Belt. The next case 
consists of a generic steam turbine nozzle row, typical of the 
late stages in an LP cylinder, with an extraction belt in the 
casing (which would lead to a feed heater). The unstructured 
mesh is shown in Fig. 19 and was generated from two input 
blocks (one a "standard" dataset for the blade row and the 
second containing the geometrically simple casing slot) and 
contains 16,456 nodes. This geometry is representative of a 
class of problems that includes casing treatments like "map 
width enhancer slots," passage branching for air take-offs, 
etc., but which are very difficult to handle with conventional 
solvers without time-consuming special coding. Figure 20 shows 
the Mach numbers predicted in the midpitch plane and in a 
blade-blade plane at 90 percent of the span. Figure 21 shows 
the velocity vectors predicted in midpitch and near the suction 
surface. As expected, the extraction introduces a strong per­
turbation to the casing flow field, which then contributes to 
the radially inward secondary flow seen near the suction side 
of the nozzles. 

Radial Inflow Turbine Coolant Pressure. It is a design 
imperative to minimize the mass flow rate of coolant air (which 
is unavailable to the cycle), which must be deployed to achieve 
a desired blade cooling. To do this requires an understanding 
of and an ability to predict the complex aerodynamics in the 
very complex geometries of blade internal coolant passages. 
Up until now designers have relied on one-dimensional analyses 
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Fig. 24 Predicted velocity vectors in the generic disk cavity-seal con­
figuration 

Fig. 25 Zoom view near the left seal 

of these passages (e.g., Snyder and Roelke, 1988) with simple 
models for the head losses associated with bends, pin fins, 
etc., allowances for heat transfer and for rotational effects. 
The present methodology can readily cope with such geometries 
and in an earlier section (and in Figs. 4-6) the development 
of an unstructured mesh for the internal coolant passage in a 
radial inflow turbine was described. 

It is believed that the solution obtained by the present solver 
is the first fully three-dimensional Navier-Stokes solution to 
be published for such a configuration; complete details (in­
cluding predicted heat transfer coefficients) are presented by 
Dawes (1992b). To illustrate the degree of resolution obtained 
in the present simulation, Figs. 22 and 23 show the Mach 
numbers and velocity vectors predicted on the midpitch plane 
of this three-dimensional prediction (with zoom views into the 
neighborhood of the pin fins). As noted before, the post-

. i t i i t i ; J r 11 

Fig. 26 Zoom view near the right seal 

processor locates the chosen plots by plotting all the edges to 
the computational domain and in certain projections some of 
these edges nearly coincide, giving rise to the double lines seen 
in, for example, the neighborhood of the pin fins. 

The serpentine passage contains, as expected, three separated 
flow zones: one near the entrance in the initial diffuser, one 
just after the 180 deg bend, and one in the corner between the 
casing and the radial baffle. Once past the radial baffle, the 
flow starts to centrifuge outward and in passing between the 
pin fins the simulation has clearly resolved the individual wake 
structures of each fin (even the vortex structure downstream 
of each one). These wake structures are responsible for large 
variations in the passage sidewall heat transfer coefficients and 
may contribute to unexpected hot spots. 

Disk Cavity-Seal Configuration. The final example is the 
complex geometry associated with disk cavity-seal configu­
rations. It is important to prevent the ingestion of hot main­
stream gases through the interstage gaps into the turbine disk 
cavities as this can cause overheating, thermal expansion, and 
fatigue. To prevent this ingestion, cooling and sealing air is 
supplied into the disk cavities to oppose the inward flow of 
the hot gases. The flow rate and pressure of the cooling gases 
are controlled by the interstage seals. A generic geometry was 
generated for the present study as described earlier and shown 
in Fig. 7. A fully three-dimensional Navier-Stokes simulation 
was performed even though the geometry is in fact axisym-
metric. 

Predicted velocity vectors are shown in Fig. 24 and in two 
zoomed views near the two sets of seals in Figs. 25 and 26. A 
zoomed view of the predicted Mach numbers near the right-
hand seal is shown in Fig. 27. The area ratios in the geometry 
are such that the seals are choked (this is how the flow rate is 
controlled) and the inlet Mach number is of the order of 0.05. 
The seals have associated with them a strong and strikingly 
crisply resolved jet-vortex structure, especially the right-hand 
seals as shown in Figs. 26 and 27. The form of this structure 
is of significance to the heat transfer characteristics of the 
configuration and allows the location of potential hot spots 
to be identified. 

Concluding Remarks 
• This paper has attempted to show that by adopting a 

simple but systematic approach toward mesh generation the 
applicability of three-dimensional Navier-Stokes simulations 
can be extended toward arbitrary geometries. 
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Fig. 27 Zoom view of the predicted Mach numbers near the right seal 
(interval 0.05) 

8 The simulations presented here demonstrated a very wide 
range of the type of simulation now possible. 

9 An inviscid solution for the classic channel hump but on 
a viscous mesh showed that the flow solver was capable of 
second-order accurate solutions and with low integrated total 
pressure error. 

• For several of the more complex simulations no experi­
mental data are yet available. In three of the "simpler" cases, 
comparisons were possible with data and satisfactory levels of 
agreement were achieved for the V2 compressor cascade and 
the transonic fan, but rather less so for the centrifugal impeller. 

8 All the simulations were performed on an inexpensive and 
relatively slow workstation. Typically between 2000 and 4000 
time steps were used to converge the solution. The mesh adap­
tion acts as a multiple-grid convergence accelerator in the sense 
that solutions are cheap and rapid to converge on the initial, 
coarse meshes; each refined mesh then has a good initial guess 
and again converges quickly and by the time a fine mesh is 
reached only local details are changing. 

8 The benefits of unstructured meshing, solution adaption, 
and a general purpose flow solver combine to produce a very 
powerful analytical ability. 
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Viscous Throughflow Modeling for 
Multistage Compressor Design 

An existing throughflow method for axial compressors, which accounts for the 
effects of spanwise mixing using a turbulent diffusion model, has been extended to 
include the viscous shear force on the endwall. The use of a shear force, consistent 
with a no-slip condition, on the annulus walls in the throughflow calculations allows 
realistic predictions of the velocity and flow angle profiles near the endwalls. The 
annulus wall boundary layers are therefore incorporated directly into the throughflow 
prediction. This eliminates the need for empirical blockage factors or independent 
annulus boundary layer calculations. The axisymmetric prediction can be further 
refined by specifying realistic spanwise variations of loss coefficient and deviation 
to model the three-dimensional endwall effects. The resulting throughflow calcu­
lation gives realistic predictions of flow properties across the whole span of a com­
pressor. This is confirmed by comparison with measured data from both low and 
high-speed multistage machines. The viscous throughflow method has been incor­
porated into an axial compressor design system. The method predicts the meridional 
velocity defects in the endwall region and consequently blading can be designed that 
allows for the increased incidence, and low dynamic head, near the annulus walls. 

Introduction 
An axisymmetric throughflow calculation is an essential part 

of the design process for multistage axial flow compressors 
and any improvement in its ability to model the three-dimen­
sional unsteady viscous flow in real machines should lead to 
improved designs. 

Ultimately it can be imagined that three-dimensional viscous 
calculations can be linked together to give a complete definition 
of the flow field for multistage machines (for example based 
on the work of Adamczyk, 1985; Dawes, 1990; Denton, 1992). 
It is likely, however, that these methods will require significant 
computer resources, and so a requirement remains for a simpler 
method that incorporates the most important aspects of the 
complex flow field, yet can be used quickly and often in the 
design process. The most appropriate method of achieving this 
is by further development of axisymmetric throughflow cal­
culations. This approach is also attractive in that it retains the 
basic structure of the existing design procedure, an important 
consideration when a large amount of effort has been expended 
in setting up current design systems. 

One of the most obvious deficiencies in current throughflow 
methods is the in viscid modeling of the flow near the endwalls. 
This limitation is usually dealt with by adding the viscous 
effects onto the basic throughflow solution by using separate 
annulus wall boundary layer or secondary flow calculations, 
or by including empirical blockage factors. 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 24, 1992. Paper No. 92-GT-302. Associate Technical 
Editor: L. S. Langston. 

The problems associated with this approach are well known 
and it is not appropriate to go into more detail here, as the 
current situation has recently been reviewed by Cumpsty (1989). 
It is clear that existing techniques have not yet produced a 
satisfactory solution to the problem of modeling the endwall 
flows in an axisymmetric throughflow model of a multistage 
compressor. 

Objective and Approach 
The aim of the work described in this paper was to develop 

a method that overcomes the most serious shortcomings of the 
conventional inviscid throughflow approach while retaining 
short computational time. The method should thus be suitable 
for routine use in axial compressor design systems. 

The approach adopted is to include a viscous shear force, 
consistent with a no-slip condition, on the annulus walls in a 
streamline curvature throughflow code that contains the tur­
bulent diffusion model for spanwise mixing effects. In this 
way the velocity defects close to the annulus walls are included 
in the basic formulation of the numerical scheme. 

It is recognized that a steady axisymmetric calculation cannot 
predict ,the complete three-dimensional unsteady flow field in 
a multistage compressor. However, the philosophy followed 
here has been to incorporate the dominant effects not currently 
included in throughflow calculations such as the endwall shear 
force. 

The three-dimensional effects due to the interaction between 
the aerofoils and the endwall boundary layer are not part of 
the axisymmetric formulation but can be added empirically by 
specification of physically realistic loss and deviation in the 
endwall regions. 
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Advantages of the Viscous Throughflow Method 

Realistic velocity profiles near the annulus walls are pre­
dicted by this new approach, which eliminates the need for 
empirical factors such as blockage or independent annulus wall 
boundary layer calculations. The increased blading incidence 
associated with the near-wall velocity defects is therefore also 
predicted, and this allows improved blade design in the endwall 
region. 

Despite this advantage over conventional throughflow meth­
ods, the required computational time is small compared to 
three-dimensional methods.-

The viscous throughflow method also has improved com­
patibility with three-dimensional methods, allowing them to 
be used on selected blade rows, since it predicts the realistic 
variation of all flow parameters across the whole span. These 
are required as inlet conditions for three-dimensional calcu­
lations. 

Mathematical Model and Discretization 
The basic mathematical model for span wise mixing, used in 

the throughflow method, is unchanged from that described by 
Gallimore (1985, 1986). The throughflow method differs from 
a conventional streamline curvature approach in the calcula­
tion of changes in entropy, tangential momentum, and stag­
nation enthalpy along a streamline. These are evaluated using 
forms of the energy, tangential momentum, and meridional 
momentum equations, which include viscous terms to model 
span wise mixing. Full details are available from Gallimore 
(1985, 1986). 

The use of viscous terms in the turbulent diffusion model 
of spanwise mixing makes it a relatively simple matter to specify 
an endwall shear stress. The high shear stresses close to the 
wall were, however, found to increase discretization error. 
With some numerical schemes this leads to significant errors 
in stagnation enthalpy. These errors have been avoided by 
developing a finite difference method, which, for the special 
case of unity Prandtl number, mirrors exactly the canceling 
out of heat transfer, dissipation, and shear work terms that 
occurs in the governing differential equations. This leads to 
conservation of mass-averaged stagnation enthalpy in the sta­
tionary frame and mass average rothalpy in the rotating frame. 

This improved model has been incorporated in a design 
system based on the streamline curvature throughflow method 
described by Jennions and Stow (1985). This method utilizes 
a fixed grid on each quasi-orthogonal. 

The concept of the finite difference scheme can be outlined 
by considering axial flow in a duct. The following equation 
for the meridional gradient of stagnation enthalpy can be ob­

tained by combining the momentum and energy equations 
(Appendix): 

dH0 d 
dm dr 

rPVz 
rjx, dHc 

Pr, dr 
d_ 

dr 

+ />, 

W v dVz 

Pr, 

dr 

dr 

+ V7 dr !x,r dr (1) 

dissipation shear work 
This equation .obeys the first law with global conservation 

of stagnation enthalpy when integrated from hub to tip with 
appropriate boundary conditions. For the special case of unity 
Prandtl number the last three terms of Eq. (1) cancel out, 
leaving a diffusion equation for stagnation enthalpy change 
along a streamline. (This special case with Prandtl number of 
unity provides a check on the finite difference scheme although 
a Prandtl number of 0.9 was used in the compressor calcu­
lations described in this paper.) If we further specify that 
stagnation enthalpy is uniform across the span at duct inlet 
the equation tells us that there is no change in stagnation 
enthalpy along any of the streamlines. 

The finite differencing scheme has been formulated so that 
the latter terms in the equation above still cancel out when 
they are written in their finite difference form. To illustrate 
this we again consider axial flow in a duct with the further 
simplification that the duct is at a large radius to avoid the 
analysis becoming overly long. The combination of the energy 
and momentum equations for this special case yields: 

dHg , / , , * / , „ \ 2 

pVz dm 
_d_ I dT 
~dr V' dr 

+ li, 
dV\ 

dr - • £ ft f I « 
The computational mesh is shown diagrammatically in Fig. 

1. Suffixed values of parameters are those at the junction of 
streamlines and quasi-orthogonals, e.g., Vz3. To evaluate radial 
derivatives, flow properties are assumed to vary linearly be­
tween streamlines. The derivatives are calculated on the faces 
of the computational element, which extends halfway between 
adjacent streamlines, shown by dashed lines in Fig. 1. 

Considering first a calculation box away from the endwall, 
we can write for streamline 2 on any quasi-orthogonal: 

2 

ft 
dv, 
dr 

Artc 

Arh„, + Ar,r 
Z^/top 

A/bo 

V,, 
Artc 

Arhn, + Ar, top, 
ftbot 

A/h, 
(3) 

This represents an average value of dissipation function made 
up from area-weighted values of the derivative calculated on 
the top and bottom of the box. This area weighting allows 

r,8,z = 
m = 
cp = 

Ez = 
h = 

H0 = 
k, = 
/ = 

P = 
Po = 
Pr, = 

s = 
T = 
V = 

VT = 

cylindrical coordinate system 
meridional direction 
specific heat at constant 
pressure 
axial shear force (Eq. (12)) 
distance from inner wall 
stagnation enthalpy 
eddy thermal conductivity 
mixing length 
static pressure 
total pressure 
turbulent Prandtl number = 
li, Cp/K, 
entropy 
static temperature 
flow velocity 
friction velocity 

Umn 
y 

y+ 

-Vsub 

5 
K 

ft 
V 

v, 
p 

<t> 

t 
CO 

mid height blade speed 
distance from the wall 
yvjv 
laminar sublayer thickness 
deviation 
Von Karman constant 
eddy viscosity 
kinematic viscosity 
kinematic eddy viscosity 
density 
dissipation function (Eq. 
(10)) 
pressure rise coefficient = 
(P f l - />) / l /2p[ /Ld 
pressure loss coefficient = 
<,P'o2iS~P'ol)/(P'ol-P\) 

dse/dm = meridional entropy gradient 
from empirically specified 
aerofoil loss coefficients 

Subscripts 
1 

is = 

aerofoil inlet, or first 
streamline away from wall 
aerofoil exit, or second 
streamline away from wall 
isentropic process value 

Superscripts 
in = inlet to compressor (up­

stream of inlet guide vane) 
= mass average value 
= relative value 
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Streamlines 

(3) 

Adjacent 
quasi-
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V N 

(2) -

(D-
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V,8p«; i l«<J. c o n s | a n l 

vak>a used across the 
bufk of the annulus 

**-
J vsub 

^spscHted 

X —Specified annulus co-ordinates Typical variation of effective viscosity 
close to inner wall 

Fig. 1 Computational mesh and variation of effective viscosity 

terms that cancel out in the differential equation similarly to 
cancel in the finite difference equation. 

The third term on the right-hand side of Eq. (2) is written 
as: 

v 1 ?Ii 
Vz drV' dr I Arraid 

V,; 
M/top 

Vg-Vz 
Ar,„n 

~M/bo 
A/bo 

(4) 

A similar form is used for the heat transfer term. 
By substituting for static temperature in terms of stagnation 

enthalpy and velocity, along with substitution of unity Prandtl 
number, the resulting finite difference equation shows that the 
velocity dissipation term is canceled out by terms arising from 
heat transfer and shear work. This achieves the objective of 
giving a numerical scheme that conserves stagnation enthalpy 
in a manner required by the governing differential equations 
for both idealized (e.g., uniform) and practical compressor 
flows. 

The flow on the streamlines adjacent to the wall can be 
calculated in a similar manner to that shown above except that 
the calculation box is artificially extended beyond the specified 
annulus coordinates by a sublayer thickness ysub, as shown in 
Fig. 1. The specified annulus coordinates are used to define a 
"streamline adjacent to the wall," which is taken to be the 
edge of the laminar sublayer. The axial and tangential velocities 
are assumed to vary linearly from their levels on this streamline 
to zero at the edge of the extended calculation box (the "real 
endwall"). Heat transfer is assumed to be zero through the 
outer face of the extended calculation box (i.e., on the "real 
endwall"). The value of yiVb can be calculated from a knowl­
edge of the velocities on the wall streamline and a specified 
value of the Reynolds number based on friction velocity and 
distance from the wall (y+). Typical values of ^sub used in the 
calculations are of the order of 0.1 percent span, so that they 
can be ignored in the rest of the throughflow calculation with 
a negligible loss in accuracy. 

Model for Mixing and Endwall Shear 
Much work has been carried out to understand the phe­

nomena of spanwise mixing and the relative contributions of 
deterministic time-averaged radial flow and turbulent mixing. 
Wennerstrom (1991), in his review of spanwise mixing, has 
observed that an advantage of the turbulent diffusion model 
is that it is simpler to code and easier to understand. This paper 
will not seek to clarify further the physics of spanwise mixing 
but retains the earlier (Gallimore, 1986) approach where the 
turbulent diffusion model for spanwise mixing is used. Further 
refinement of the throughflow model for spanwise mixing seems 
unnecessary since a more complete and rigorous mathematical 
approach such as that derived by Adamczyk (1985) is required 
to treat deterministic and random diffusion separately. 

Consistent with the earlier work by Gallimore (1986), a nu­
merical value of turbulent viscosity is specified to model the 
spanwise mixing phenomena. The same value is used in the 
outer part of the wall boundary layer and in the middle portion 
of the annulus; the specified value applies between about 5 
and 95 percent heights. The discretization utilizes a laminar 
sublayer model and some formulation for turbulent viscosity 
is required from the edge of the sublayer to the outer portion 
of the wall boundary layer. The standard near-wall mixing 
length model of linear -increase from the wall using a Von-
Karman constant of 0.41 is utilized, i.e., 

l = K.y (5) 

The buffer layer is not modeled so the laminar sublayer is 
taken to extend to a Reynolds number based on friction velocity 
and distance from the wall (y+) of 12.5. 

The aim of this formulation is to provide a simulation of 
the near-wall passage-averaged velocities that gives sensible 
velocity defects and hence implicitly models radial blockage. 
A more sophisticated model seems unwarranted since the real 
flow is extremely nonaxisymmetric (Moore and Richardson, 
1957) and the use of the streamline curvature method limits 
the cross-stream grid resolution near the endwall (Gallimore, 
1985). 

In the computation of turbulent viscosity from mixing length 
and velocity gradient a minimum value of velocity gradient is 
assumed to ensure that the turbulent viscosity rises to the 
specified level at some distance from the wall (a finite turbulent 
viscosity is required over the whole span to model spanwise 
mixing), i.e., 

;2 
v, = l 

dV 

dy 

dV 

~dy~ = max m , limit 
calculated 

(6) 

(7) 

An example of the turbulent viscosity rising through the 
annulus wall boundary layer to the specified value is shown 
in Fig. 1. 

Different values of the velocity gradient limit have been tried 
and the results are not overly sensitive. A higher limit forces 
the viscosity to rise to the specified level closer to the wall. 
The velocity gradient is computed using the velocity relative 
to the wall. For example, the velocity in the relative frame is 
used to calculate the velocity gradient for the hub underneath 
a cantilevered stator. 

It is recognized that this formulation is rather simple com­
pared to the complex skewed nature of the three-dimensional 
endwall flow, but the objective is to produce a simulation that 
gives satisfactory results in the framework of a streamline 
curvature throughflow method. Another standard assumption 
in common with boundary layer methods is to take the tur­
bulent Prandtl number as 0.9 across the whole span in the 
absence of better information. 

The coding has been checked by performing calculations in 
an annular duct with one-seventh power law velocity profiles 
specified at hub and tip at the inlet plane. The growth of 
displacement thickness agreed favorably with expectation, con­
firming that the near-wall velocity defects implicitly contain 
the blockage of the endwall boundary layer in this simple case. 

Effect of Including Endwall Shear in the Throughflow 
Method 

The improvement to the throughflow solution due to the 
modeling of endwall shear alone is demonstrated in Fig. 2. A 
viscous throughflow calculation using the mathematical and 
physical models described in the previous two sections is com­
pared with a conventional solution, and with measurements, 
for the third stage exit of a high-speed compressor (which is 
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Fig. 2 "Two-dimensional" predictions of total pressure profiles, down­
stream of Stage 3, high-speed compressor, compared to measurement 

described in a later section of this paper). For both the viscous 
and conventional throughflow solutions, the specified aerofoil 
loss and deviation are profile ("two-dimensional") values 
across the entire span, with no empirical adjustment for three-
dimensional effects. Some endwall losses are calculated as part 
of the viscous solution, but these do not account for three-
dimensional effects due to the interaction between the endwall 
flow and the aerofoils. The addition of endwall shear has 
enabled the reduction of total pressure close to the endwalls 
to be calculated by the viscous throughflow solution. By con­
trast the conventional throughflow method gives a gradient of 
total pressure toward the annulus wall of opposite sign to that 
measured. The viscous throughflow solution gives sensible re­
ductions of total pressure, and hence meridional velocity, close 
to the endwalls. This removes the need to specify blockage 
factors for viscous throughflow solutions. 

The viscous solution shown in Fig. 2 is a "two-dimensional" 
(actually quasi-three-dimensional) prediction obtained by the 
combination of a blade-to-blade method and the viscous 
throughflow method. While this clearly demonstrates the 
marked benefits due to including endwall shear, further mod­
eling is required to obtain a viscous throughflow method suit­
able for design calculations. This is because only profile losses, 
and annulus losses arising from shear flow in the wall boundary 
layer, are included in this prediction. This results in the cal­
culated efficiency being too high. The additional modeling 
required is outlined in the following section. 

Empirical Model for Aerofoil Loss and Deviation 

The viscous throughflow method can be further refined by 
specifying appropriate spanwise variations of loss and devia­
tion to model the complex three-dimensional flow effects due 
to the aerofoil and endwall boundary layer interaction, such 
as tip clearance flows and corner separations. These effects 
cannot be predicted by the throughflow model because of its 
assumption of axisymmetric flow. 

The spanwise distributions of loss and deviation required 
for the viscous throughflow method are different from those 
needed in a standard throughflow calculation, because both 
spanwise mixing and endwall shear contribute to loss and de­
viation. In particular, the inclusion of mixing allows realistic, 
rather than artificially smoothed, loss distributions to be spec­
ified across the span as discussed by Gallimore (1986). 

The approach taken is in two parts. Firstly, spanwise dis­
tributions of profile loss and deviation are calculated using a 
quasi-three-dimensional ("two-dimensional") blade-to-blade 
method with a coupled boundary layer solution (following 
Calvert, 1982; Newman and Stow, 1985). For these calculations 
the inlet conditions near the annulus walls are estimates of 
those that would exist if the fluid were inviscid in the sense 
that it could slip along the annulus wall. This gives a consistent 

Typical radial 
variation of 
deviation 

Profile deviation 

0 
Hub 

20 40 60 8C 
Percentage height 

Fig. 3 Typical form of rotor deviation 

100 
Casing 

estimate of profile ("two-dimensional") loss and deviation 
across the whole span. The low dynamic heads and high in­
cidences predicted near the endwalls by the viscous through-
flow method are not compatible with a two-dimensional blade-
to-blade calculation since the flow parameters vary rapidly 
normal to the calculation plane and there are significant radial 
flows. Wadia and Beacher (1990) showed that two-dimensional 
methods give misleading results close to the endwall when 
realistic inlet conditions are used. 

These basic distributions of loss and deviation, which may 
be thought of as defining the primary flow field, are then 
modified to take into account tip clearances and other three-
dimensional effects caused by the interaction of the blading 
with the endwall boundary layer. These modifications are based 
on correlations derived from a variety of multistage compressor 
measurements available to the authors, as well as from data 
published in the open literature. 

The same form of loss and deviation in the endwall regions, 
in addition to profile levels, has been observed for a large 
number of compressors. This form for rotor deviation is shown 
in Fig. 3. The changes in loss and deviation in the endwall 
regions, AOJ and A8, which are functions of radius, are termed 
three-dimensional loss and deviation for convenience in this 
paper. Additional evidence of the generality of the correlations 
for three-dimensional loss and deviation is that they have a 
similar form to those published by Roberts et al. (1986, 1988) 
for stators and blade ends with clearance. They have a different 
form, however, in the hub region of the rotor where a com­
bination of secondary flow and corner stall leads to both un-
derturning and overturning as shown in Fig. 3. Several measured 
examples of both underturning and overturning at rotor hubs 
are given by Robinson (1991). The author's correlation includes 
a term in the rotor hub three-dimensional loss and deviation 
to account for centrifuging of the corner stall (and therefore 
the extent of three-dimensional loss and deviation, hhub) de­
pendent upon the degree of profile separation and the lack of 
radial equilibrium of fluid moving at blade speed. An example 
of this is shown in Fig. 4, where for a separated double circular 
arc rotor the three-dimensional effects associated with the hub 
extend over a large proportion of the annulus height. 

Figure 4 also shows that the losses from the converged vis­
cous throughflow solution are not the same as those specified 
in the endwall regions. The difference is due to viscous dis­
sipation and energy exchange between streamlines, which are 
part of the viscous throughflow solution. Further explanation 
is possible by examining the following equation for entropy 
along meridional streamlines, which is used within the viscous 
throughflow method: 

J*L- 1 d / dT\ <t> 
~dm"~ rpTVm Jr\k' Yr) + pTVm 

< J 

dse 

dm 
(8) 

loss computed directly loss specified 
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This equation, integrated between leading and trailing edge, 
will give entropy change across a blade row. The first two 
terms give the entropy change (i.e., loss), which will be cal­
culated as part of the viscous throughflow solution. The latter 
term represents entropy increases due to specified empirical 
loss coefficients, i.e., the curve labeled "specified" in Fig. 4. 
The endwall loss computed by the viscous throughflow method 
is the difference between the specified losses and those derived 
from the viscous solution. 

The energy exchange between streamlines reduces the re­
quirement to specify the three-dimensional loss coefficient ac­
curately near the endwall where the blades are attached (i.e., 
where there is no leakage). This is because the endwall shear 
and energy exchange will dominate the entropy change adjacent 
to the annulus walls. The near-wall detail shown in Fig. 4 
highlights the viscous nature of the calculation by showing 
negative loss when there is no relative motion between aerofoil 
and wall. A negative loss along a streamline is a standard 
feature of a viscous diffusing flow near to a wall. It is caused 
by energy addition to the near-wall fluid by that farther from 
the wall, which enables attached flow in adverse pressure gra­
dients. 

The associated radial variation of deviation for the double 
circular arc aerofoil is shown in Fig. 5. A feature of the cor­
relations developed is that the radial extent of the three-di­
mensional deviation is consistent with the variation in three-
dimensional loss, Fig. 4. In a manner analogous with the en­
tropy, some of the change to tangential velocity is due to 
viscous forces, and this causes the generally small variations 
between the specified deviation and that in the solution between 
20 percent height and the casing (Gallimore, 1986). Close to 
the endwall where the blade is attached the secondary flow 
overturning is derived by holding the tangential blade force 
constant. This reduces the need for empirical input. The region 
over which the tangential blade force is constant is derived 
from the specified radial variation of pressure loss coefficient. 
For the example presented in Fig. 5 the tangential blade force 
is constant between the hub and 20 percent height. This explains 
the difference in this region between the specified deviation 
and that of the viscous throughflow solution. 

The models for three-dimensional aerofoil loss and deviation 
outlined above are utilized by the viscous throughflow method 
for two purposes. First the method must give realistic efficiency 
predictions to be of value as a design method, and, secondly, 
they allow three-dimensional features, such as corner stall to 
be included in the throughflow solution. However, as shown 
in the previous section the viscous throughflow method rad­
ically improved the predictive capability by the modeling of 
endwall shear alone. The detailed form of empirical adjust­
ments to aerofoil loss and deviation are therefore of secondary 
importance. The novel feature of the viscous throughflow 

method is that a shear force, consistent with a no-slip con­
dition, is part of the solution. The sensitivity of the viscous 
throughflow method to the empirical adjustments of aerofoil 
three-dimensional loss and deviation has been assessed. 
Changes to the solution caused by alternative empirical ad­
justments of aerofoil loss and deviation are small compared 
to the radical improvement caused by modeling endwall shear. 

Evaluation of the Viscous Throughflow Method 
Two compressor cases are presented comparing results from 

the viscous throughflow method, outlined in the previous sec­
tions of this paper, with measurements. The viscous through-
flow results are predictions insofar as a fixed method is used 
for the two cases. It is, however, true that the method, par­
ticularly the model for blade three-dimensional loss and de­
viation, has been refined by comparison with a range of 
compressor cases, including those presented here. The need 
for consistency in the viscous throughflow modeling across a 
range of cases constrains markedly the ability to match meas­
ured data. Differences between prediction and measurement 
can be partially attributed to this. 

The objective of comparing viscous throughflow predictions 
with measurement is to show the radical improvement possible 
by including endwall shear. The role of further empirical mod­
eling is also shown where three-dimensional features, such as 
corner stall, can be included. 

Four-Stage Low-Speed Compressor. An objective of the 
low-speed investigation is to compare the predictions with total 
pressure measurements close to the annulus walls in order to 
validate the model for endwall shear and turbulent viscosity. 
Measurements close to the endwalls are available from low-
speed rigs due to their large physical size. 

The measurements for this case are from a build of the low 
reaction compressor described by Robinson (1991) but with 
larger clearances. Each stage of this compressor has twisted 
controlled diffusion blading with a midspan preswirl angle of 
19.2 deg. The low-speed blading is thickened to model the 
surface pressure distribution of a high speed compressor. The 
stators are cantilevered. Other details are given in Table 1. 

The third stage of the machine achieved the repeating stage 
flow condition when measured, and only this stage is predicted. 
The throughflow solution was performed several times using 
the computed exit conditions to respecify the inlet plane data. 
This process was continued until the desired accuracy in the 
repeating stage condition is achieved in the viscous throughflow 
solution. The throughflow calculation is carried out using 28 
axial planes with four axial planes inside both rotor and stator. 
This refinement of the axial mesh is necessary to retain nu­
merical stability when a refined radial mesh is used. A total 
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Table 1 Details of four-stage low-speed compressor 

Tip Diameter (mm) 
Hub/Tip Ratio 
Rotational Speed (rpm) 

No. of Blades 
Chord (mm) i 
Aspect Ratio 
Space/Chord Ratio 
Inlet Metal Angle (deg.) 
Camber (deg.) 
Thickness/Chord Ratio 
Clearances/Chord 

Mid 
Height 

1220 
0.85 
850 

79 
57.2 
1.6 
.785 
54.6 
33.6 
.117 
.049 

Stator 

72 
58.2 
1.57 
.846 
47.8 
31.6 
.094 
.045 

To
m

 

f 
£ 

Fiq 

60 

Percentage height 

Fig. 7 Absolute whirl angles in third stage of the low-speed four-stage 
compressor 

Measurement 

Fig. 6 
stage 

40 60 
Percentage height 

Total pressure profiles downstream of the third rotor of the four-
low-speed compressor 

of 21 points are used radially with near-wall grid points 1,3, 
6, and 10 percent of height from each endwall. 

The free-stream mixing level is taken to be the value meas­
ured on the same facility with an earlier set of blading (Gal-
limore and Cumpsty, 1986). The measured value of mass flow 
is specified for the throughflow solution. 

The predicted and measured profiles of total pressure are 
shown downstream of the third rotor in Fig. 6. The stagnation 
pressure gradients close to the endwalls are well predicted at 
both hub and tip, which indicates that the model for endwall 
shear and turbulent viscosity is performing well. Since the static 
pressure gradient will be small, compared to the velocity gra­
dient close to the walls, this comparison suggests that the near-
wall velocity gradient is well predicted. There is a local min­
imum in total pressure rise at 15 percent height due to some 
form of corner stall. The viscous throughflow solution predicts 
this feature since the correlations in the rotor hub region give 
both the underturning and overturning associated with this 
three-dimensional effect. 

The predicted and measured swirl angles are shown in Fig. 
7. The measured trends are reproduced by the predictions. 
However, at stator exit the correlation for three-dimensional 
deviation appears to have overestimated the hub clearance 
deviation at around 10 percent height. The radial integrations 
of profile and endwall losses in the solution are fairly accurate 
since the predicted efficiency is within 1/2 percent of the meas­
ured value. 

The comparison of measured and predicted yaw angles at 
the stator exit shown in Fig. 7 also indicates that the constant 
tangential blade force model gives excessive overturning at the 
stator casing. This would suggest that a significant corner stall 
is occurring here and that the stator is unloading closer to the 
casing. This stator flow has been predicted using a three-di­

mensional Navier-Stokes code by Robinson et al. (1989). These 
predictions are for the same blading but at smaller hub and 
tip clearances. This three-dimensional prediction also showed 
greater overturning than measurement. 

Four-Stage High-Speed Compressor. Details of the high­
speed test case, designated C147, have been published by Cal­
vert et al. (1989). The machine is a highly loaded reaction 
compressor with a design pressure ratio of 4.0, and double 
row outlet guide vanes. The exit hub/tip ratio is 0.912. The 
first three stators are cantilevered. Hub and tip clearances are 
low; the measured average rotor tip clearance is about 1 percent 
of annulus height. 

For the viscous throughflow calculation 96 axial stations are 
used with typically four inside each blade row. The inlet guide 
vane and double row outlet guide vane are included in the 
calculation. The free-stream mixing coefficient is estimated 
using the method given by Gallimore and Cumpsty (1986). A 
refined radial mesh is used close, to the annulus walls with 
points at 1, 3, 6, and 10 percent of annulus height from each 
endwall. The refinement in the calculation mesh, as well as 
the additional computation required for the viscous aspects of 
the method, imply increased computational time. The viscous 
throughflow solution took 6 minutes on an IBM 3090. While 
this time is high compared to a conventional inviscid through-
flow calculation (8 seconds) it is small enough to allow the 
method to be used routinely. The time for the viscous through-
flow solution is, however, very small compared to that required 
for three-dimensional solutions for similar aerofoils. It is es­
timated that a minimum of 50 hours on an IBM 3090 would 
be required for a three-dimensional calculation of the 10 blade 
rows of the C147 compressor using sensible grids of about 
100,000 points per blade. 

The advantage of the new method compared to an inviscid 
throughflow method utilizing blockage factors (i.e., a con­
ventional throughflow solution) is highlighted in Fig. 8. This 
shows a viscous throughflow prediction of meridional velocity 
profile at stator 4 exit compared to a conventional throughflow 
solution. The distributions of velocity close to the walls pre­
dicted by the viscous throughflow method are typical turbulent 
boundary layer profiles giving confidence in the near-wall mod­
eling of shear force and turbulent viscosity. All of the velocities 
shown are from the solution of the radial equilibrium equation: 
the first and last represent values at the edge of the laminar 
sublayer. The blockage in the viscous throughflow result is 
clearly shown with hub and tip displacement thicknesses of 
2.1 and 3.0 percent of height, respectively. 

The measured stator 3 exit total pressure profile is compared 
with both the viscous and conventional throughflow solutions 
in Fig. 9. The conventional inviscid throughflow method has 
to use unrealistic radial variations of loss coefficient that are 
too high at midspan and too low at the endwalls in order to 
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Fig. 9 Total pressure profiles downstream of Stage 3 of the high-speed 
four-stage compressor 

achieve realistic temperature profiles (Gallimore, 1986). This, 
combined with the inviscid assumption, results in a poor pre­
diction of the radial variation of total pressure. In contrast 
the viscous throughflow prediction is realistic across the whole 
span and quite good up to 70 percent span. Outboard of this 
the result is not as good, which is surprising given that the 
earlier "two-dimensional" prediction, without any empirical 
adjustment of loss and deviation (profile loss and deviation 
were specified over the whole span), was rather good in the 
tip region, Fig. 2. It would appear that the correlations have 
overestimated the three-dimensional effects close to the casing 
for this low tip clearance case. 

The measured radial variation of total pressure has a "pla­
teau" between 10 and 35 percent span and then rises rapidly 
with increasing radius. The contour plots of stator exit stag­
nation pressure, showing both the radial and blade to blade 
variations, presented by Calvert et al. (1989), allow this com­
plex radial profile to be understood. The low total pressure in 
the region of the "plateau" is not associated with the stator 
wake but extends across the whole passage. This suggests that 
the low total pressure in this region is associated with some 
form of corner stall in the rotor. The correlations described 
in an earlier section give the underturning associated with this 
corner stall and the radial location (e.g., h, Figs. 3 and 5) 
accounting for centrifuging of separated flow. Specification 
of three-dimensional deviation and loss from the correlations 
improves the viscous throughflow prediction from the standard 
shown in Fig. 2 to that shown in Fig. 9 from the hub to 70 
percent height. 

At the casing the three-dimensional effects are less important 

| 1.45 

I -

Conventional throughflow 
solution incorporating 
blockage factor 

Measurement Viscous throughflow 
solution 

0 
Hub 

40 60 

Percentage height 

too 
Casing 

Fig. 10 Total temperature profiles downstream of Stage 3 of the high­
speed four-stage compressor 

and a "two-dimensional" prediction with profile loss and de­
viation specified across the whole span yields a casing boundary 
layer that achieves a large proportion of the measured thick­
ness, Fig. 2. This demonstrates the large improvement in the 
solution possible by the inclusion of endwall shear. 

The specified loss and deviation for the second rotor are 
shown in Figs. 4 and 5 along with profile (or primary) loss 
and deviation. Also shown are the deviation and loss coefficient 
from the converged viscous throughflow solution. It is inter­
esting that despite the high losses shown between the hub and 
midspan (Fig. 4), the machine has a high measured efficiency, 
as reported by Calvert et al. (1989). This suggests that this 
behavior is not untypical and shows the large potential for 
efficiency improvement by reduction of three-dimensional 
losses due to aerofoil and endwall boundary layer interaction. 
These large endwall losses contained in the viscous throughflow 
solution are felt to be realistic since the predicted efficiency is 
only 0.3 percent above the measured value. 

The radial profile of stagnation temperature measured at 
the third stator's exit is compared with both conventional and 
viscous throughflow solutions in Fig. 10. The viscous through-
flow prediction is very good and successfully captures the meas­
ured trend of reducing temperature gradient close to the casing. 
The conventional throughflow solution, despite the use of 
smoothed radial profiles of loss coefficient, is less good close 
to the casing. In contrast to this the viscous throughflow so­
lution has simultaneously realistic radial variations of loss coef­
ficient, Fig. 4, and temperature, Fig. 10. This is a fundamental 
advantage allowing regions of high loss to be accurately lo­
cated. The energy input from the running hub can be observed 
in the viscous throughflow prediction from the hub to 3 percent 
annulus height, Fig. 10. 

Discussion 
The results of the calculations just presented have demon­

strated the important effects of spanwise mixing and endwall 
shear on the radial distributions of total pressure, total tem­
perature, and velocity in multistage axial flow compressors. 

The benefits of including spanwise mixing have already been 
discussed in an earlier paper (Gallimore, 1986). One of these 
is the ability to predict realistic radial distributions of total 
temperature without artificially smearing the specified loss pro­
files over the span. However, an acknowledged simplification 
in the earlier work was the assumption of zero endwall shear 
and dissipation, which led to unrealistic predictions of total 
pressure profiles near the endwalls. Introducing endwall shear 
directly into the throughflow calculation allows a better pre­
diction of the measured fall-off in total pressure near the an­
nulus walls (Fig. 6). These are now combined with the prediction 
of realistic temperature profiles mentioned earlier. 

To include the effects of aerofoil/endwall flow interactions, 
some form of correlation for three-dimensional blade loss and 
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turning is required. However, the details of these are not crucial 
because the viscous modeling provides loss generation near the 
endwalls. Some work is still required, particularly at blade 
ends with clearance. The complete model produces good agree­
ment with measured efficiencies and has been used in recent 
high-pressure compressor designs. Work continues on im­
proving the empirical aspects of the correlations. 

The throughflow calculation can predict the complex shapes 
of the radial profiles measured in multistage axial flow com­
pressors, as illustrated in Fig. 9. This example shows how it 
can be quite difficult to identify the edge of an annulus wall 
boundary layer a conclusion reached earlier by Cumpsty (1986) 
and Gallimore and Cumpsty (1986). The viscous throughflow 
method removes this difficulty because the same equations are 
being solved across the whole span and it is no longer necessary 
to discriminate between annulus wall boundary layer and free-
stream flow. This is particularly important toward the rear of 
multistage compressors where the endwall effects can be seen 
across the entire span. 

The calculations for the high-speed four-stage compressor 
have illustrated that realistic radial variations in total pressure 
and temperature can be achieved by the current model, unlike 
a conventional throughflow calculation (Figs. 9 and 10). This 
has important implications for the compressor designer be­
cause the resulting radial profiles of flow angle show different 
trends from those usually seen in standard throughflow so­
lutions. 

To illustrate this, Fig. 11 compares the relative inlet flow 
angles predicted by the conventional and viscous throughflow 
methods for rotor 4 of the high-speed compressor. The results 
from the two calculations have quite different radial distri­
butions. In the hub region the conventional throughflow pre­
dicts a decrease in flow angle as the wall is approached while 
the viscous throughflow solution has a more constant value 
with some increase close to the wall. The difference between 
the predictions at the hub is about 5 deg. At the casing the 
conventional throughflow again predicts a decrease in flow 
angle as the wall is approached. The viscous prediction, how­
ever, predicts a large increase in flow angle due to the rapid 
drop in total pressure in this region. It is reasonable to suggest 
that the improved shapes of the radial distribution of total 
pressure and temperature described earlier (Figs. 9 and 10) 
have produced a more realistic prediction of flow angle from 
the viscous throughflow method. The calculation has therefore 
predicted the inlet skew near the endwalls leading to higher 
incidences there. The compressor designer is now able to take 
this variation in air angle into account when designing the ends 
of blades and use the viscous throughflow solution as realistic 
inlet conditions to three-dimensional viscous flow calculations 
for that blade row. This should lead to reductions in the losses 
associated with the blade ends. 

Conclusions 
A streamline curvature throughflow code that included the 

effects of span wise mixing has been modified to include directly 
the viscous effects of endwall shear. This allows the velocity 
profiles close to the annulus walls to be modeled within the 
throughflow calculation itself, removing the need for empirical 
blockage factors or separate calculations of the annulus wall 
boundary layers. The only assumptions required to achieve 
this are a conventional estimate for the boundary layer laminar 
sublayer thickness and a near-wall turbulence model. Further 
refinement to model the fine detail of the complex three-di­
mensional endwall flows can be obtained by specifying phys­
ically realistic radial variations of blade deviation and loss. 

The viscous throughflow calculations have been compared 
to multistage compressor measurements and shown to give 
realistic spanwise distributions of velocity, flow angle, pres­
sure, and temperature across the whole annulus. This allows 
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Fig. 11 Relative inlet whirl angles for the fourth rotor of the high-speed 
compressor 

blading near the endwall to be designed to match the real flow 
conditions in those regions better. 

The viscous throughflow method retains a sufficiently short 
computational time for routine use during the design process. 

Acknowledgments 
The authors would like to thank Rolls-Royce pic for per­

mission to publish this work. Thanks are also due to the De­
partment of Trade and Industry and the Defense Research 
Agency, Pyestock for permission to publish the test data for 
the CI47 compressor. 

Thanks are due to Mr. A. G. Wilson for providing analyzed 
low-speed data and his assistance in the viscous throughflow 
calculations. Finally the authors would like to thank Dr. M. 
V. Casey for his support and encouragement. 

References 
Adamczyk, J. J., 1985, "Model Equation for Simulating Flows in Multistage 

Turbomachinery," ASME Paper No. 85-GT-226. 
Calvert, W. J., 1982, "An Inviscid-Viscous Interaction Treatment to Predict 

the Blade-to-Blade Performance of Axial Compressors With Leading Edge Nor­
mal Shock Waves," ASME Paper No. 82-GT-135. 

Calvert, W. J., Ginder, R. B., McKenzie, I. R. I., and Way, D. J., 1989, 
"Performance of a Highly Loaded HP Compressor," ASME Paper No. 89-
GT-24. 

Cumpsty, N. A., 1986, "Annulus Wall Boundary Layer Measurement in a 
Four Stage Compressor," ASME Journal of Engineering for Gas Turbines and 
Power, Vol. 108, pp. 2-6. 

Cumpsty, N. A., 1989, "Compressor Aerodynamics," Longman Group UK 
Ltd. 

Dawes, W. N., 1992, "Toward Improved Throughflow Capability: The Use 
of Three-Dimensional Viscous Flow Solvers in a Multistage Environment," 
ASME JOURNAL OF TURBOMACHINERY, Vol. 114, pp. 8-17. 

Denton, J. D., 1992, "The Calculation of Three-Dimensional, Viscous Flow 
Through Multistage Turbomachines," ASME JOURNAL OF TURBOMACHINERY, 
Vol. 114, pp. 18-26. 

Gallimore, S. J., 1985, "Spanwise Mixing in Multi-stage Axial Compressors," 
PhD Thesis, University of Cambridge, United Kingdom. 

Gallimore, S. J., and Cumpsty, N. A., 1986, "Spanwise Mixing in Multi­
stage Axial Flow Compressors: Part I—Experimental Investigations," ASME 
JOURNAL OF TURBOMACHINERY, Vol. 108, pp. 2-9. 

Gallimore, S. J., 1986, "Spanwise Mixing in Multistage Axial Flow Com­
pressors: Part II—Throughflow Calculations Including Mixing," ASME JOUR­
NAL OF TURBOMACHINERY, Vol. 108, pp. 10-16. 

Jennions, I. K., and Stow, P. , 1985, "A Quasi-Three-Dimensional Turbo­
machinery Blade Design System. Parts I and I I , " ASME Journal of Engineering 
for Gas Turbines and Power, Vol. 107, pp. 301-306. 

Moore, R. W., Jr., and Richardson, D. L., 1957, "Skewed Boundary Layer 
Flow Near the Endwalls of a Compressor Cascade," Transactions ASME, Vol. 
79, pp. 1789-1800. 

Newman, S. P., and Stow, P. , 1985, "Semi-inverse Mode Boundary Layer 
Coupling," presented at the IMA Conference on Numerical Methods for Fluid 
Dynamics, University of Reading, United Kingdom, Apr. 

Roberts, W. B., Serovy, G. K., and Sandercock, D. M., 1986, "Modeling 
the Three-Dimensional Flow Effects on Deviation Angle for Axial Compressor 
Middle Stages," ASME Journal of Engineering for Gas Turbines and Power, 
Vol. 108, pp. 131-137. 

Roberts, W. B., Serovy, G. K., and Sandercock, D. M., 1988, "Design Point 
Variation of Three-Dimensional Loss and Deviation for Axial Compressor Mid­
dle Stages," ASME JOURNAL OF TURBOMACHINERY, Vol. 110, pp. 426-433. 

Journal of Turbomachinery APRIL 1993, Vol. 115/303 

Downloaded 01 Jun 2010 to 171.66.16.60. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Robinson, C. J., 1991, "Endwall Flows and Blading Design for Axial Flow 
Compressors," PhD Thesis, Cranfield Institute of Technology, United King­
dom. 

Robinson, C. J., Northall, J. D., and McFarlane, C. W. R., 1989, "Meas­
urement and Calculation of the Three-Dimensional Flow in Axial Compressor 
Stators, With and Without End-Bends," ASME Paper No. 89-GT-6. 

Wadia, A., and Beacher, B., 1990, "Three-Dimensional Relief in Turbo-
machinery Blading," ASME JOURNAL OF TURBOMACHINERY, Vol. 112, pp. 587-
598. 

Wennerstrom, A., 1991, "A Review of Predictive Efforts for Transport Phe­
nomena in Axial Flow Compressors," ASME JOURNAL OF TURBOMACHINERY, 
Vol. 113, pp. 175-179. 

A P P E N D I X 

Starting from the equations given by Gallimore (1986) the 
energy equation for duct flow becomes: 

_a^ i_ 
dm 

I rk
dS 

rpTVm dr\ ' dr 
pTVj 

(9) 

where </> is the dissipation function given by 
2 

> = L t , 
dV, 
dr 

(10) 

for axial flow. The momentum equation as given by Gallimore 
(1986) simplified for axial flow is: 

dH0 ds Ez 

dm dm p (ID 

where Ez is the axial shear force given by 

P i a / av, 
^-r-drW^ 

(12) 

For axial flow the meridional and axial velocities are the 
same so that V„, = Vz. We can then use Eqs. (9), (10), (11), 
and (12) to substitute for the terms on the right-hand side of 
Eq. (11) to give: 

, dH0 d'( , df\ (dV\2 d/ dV\ / ( ^ 
r^Jm—r[rk^)+^) +V^'r^) (13) 

The static temperature is related to the stagnation enthalpy 
by: 

H0 = CPT+V\/1 (14) 

We can use this to substitute for the temperature gradient 
term in Eq. (A 1.5) to give 

'P z dm dr\Prt dr J dr\Pr, z dr 

dVz\ i, d dV> (15) 

where we have introduced the turbulent Prandtl number Pr,. 
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A Navier-Stokes Solver for 
Turbomaohinery Applications 
A computer code for solving the Reynolds-averaged full Navier-Stokes equations 
has been developed and applied using H- and C-type grids. The Baldwin-Lomax 
eddy-viscosity model is used for turbulence closure. The integration in time is based 
on an explicit four-stage Runge-Kutta scheme. Local time stepping, variable coef­
ficient implicit residual smoothing, and a full multigrid method have been imple­
mented to accelerate steady-state calculations. A grid independence analysis is 
presented for a transonic rotor blade. Comparisons with experimental data show 
that the code is an accurate viscous solver and can give very good blade-to-blade 
predictions for engineering applications. 

Introduction 
In order to realize the optimum design for modern turbo-

machinery, a reliable and efficient capability to predict cor­
rectly the various flow conditions that can occur in such devices 
is essential. As indicated by the research of the past few years, 
flow solutions can be obtained rapidly by solving the potential 
equation, but this equation does not allow for vorticity and 
entropy changes related to shock waves. Recently, many nu­
merical methods have been developed to solve the Euler equa­
tions. However, an inviscid analysis requires some assumption 
about the circulation to get an unique solution, and the problem 
may become ambiguous when dealing with a rounded trailing 
edge. In addition, heat transfer and boundary-layer thickening, 
which can lead to separation and hot spots, cannot be rep­
resented in an inviscid solution. 

By coupling a boundary-layer model with an inviscid pro­
cedure, one can remove some of the previous limitations, but 
such an approach is difficult to extend to three-dimensional 
flows. The improvement in the numerical schemes and in the 
performance of modern computers suggests investigating the 
solution of the Reynolds-averaged Navier-Stokes equations. 
Although significant progress has been made in the develop­
ment of Navier-Stokes solvers for cascade flows, as evident 
from [1-4], much work remains before computer codes capable 
of efficiently solving the wide range of blade geometries and 
flow conditions that can be encountered in the design process 
are available. 

The objective of the present work is to develop a fast and 
accurate method for the computation of viscous cascade flows. 
A four-stage Runge-Kutta scheme with acceleration techniques 
for steady-state solutions is used to advance in time the Reyn­
olds-averaged Navier-Stokes equations. Numerical efficiency 
has been achieved through local time stepping, variable coef­
ficient implicit residual smoothing, and a full multigrid method. 

In this paper, numerical results are presented for a bicircular 
arc cascade and for a typical gas turbine high-loaded cascade 
with a thick, rounded trailing edge. The bicircular profile is 
studied for the case of subsonic laminar separated flow and 
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for the case of transonic turbulent flow with separation after 
the shock. For the gas turbine blade, subsonic and transonic 
conditions are considered, and solutions are compared to ex­
perimental data. To validate the proposed computational 
method for turbomachinery applications, a grid independence 
analysis is carried out for the case of the turbine cascade flow. 

Governing Equations 
Let p, u, v, p, T, E, and H denote, respectively, the density, 

velocity components in the x and y Cartesian directions, pres­
sure, temperature, specific total internal energy, and specific 
total enthalpy. The two-dimensional unsteady Navier-Stokes 
equations, neglecting body forces and heat sources, can be 
written in conservative form in a Cartesian coordinate system 
as 

dU dF dG 
dt dx dy 

dR dS 
dx dy 

where 

U= 

p 

pu 

pv 

-PE-

, F= 

pu 

pu2+p 

puv 
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puv 
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and Txx={\ + 2n)ux + \vy 

Tyy = (\ + 2jX)Vy+\U) 

Txy=TyX=fl{Uy+Vx) 

s4 

UTxx+VTxy+kTx 

UTyX + VTyy + kTy (4) 
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auxiliary cell 

Fig. 1 Auxiliary cell for computation of viscous terms 

The pressure is obtained from the equation of state, 
P = pRT (5) 

According to the Stokes hypothesis X is taken to be - 2/3/t, 
and a power law is used to determine the molecular coefficient 
of viscosity JX. The effect of turbulence is taken into account 
by using the eddy-viscosity hypothesis. That is, the molecular 
viscosity fi and the molecular thermal conductivity k are re­
placed with 

n = m+jit (6) 

where cp is the specific heat at constant pressure, Pr is the 
Prandtl number, and the subscripts / and t refer to laminar 
and turbulent. The turbulence quantities /x, and Pr, are com­
puted using the two-layer algebraic model of Baldwin and 
Lomax [5]. 

The Euler equations can be easily obtained by neglecting the 
right-hand side of Eq. (1). 

Spatial Discretization 
A finite-volume approach is applied to discretize the equa­

tions of motion. The computational domain is divided into 
quadrilateral cells, fixed in time, and for each cell the governing 
equations are written in integral form as follows: 

^ \ [ Udxdy+\ (Fdy-Gdx)=\ (Rdy-Sdx) (8) 

where Q is a generic cell, and dQ is its boundary. 
A cell-centered discretization is used, and the line integral 

of Eq. (8) is approximated with the midpoint rule. The con-
vective fluxes at the cell faces are obtained by simple averaging 
of adjacent cell-center values of the dependent variables (see 
[6]). The spatial derivatives necessary to compute the viscous 
terms are evaluated by means of Green's theorem. For ex­
ample, consider the arbitrary cell Q (EFGH) in Fig. 1. The 
contributions ux and uy to the viscous flux across each cell face 
(i.e., GH) are determined using 

I uxdQ' = 1 udy 
<>a' •'da' 

, u/iQ,' = - I udx (9) 
'si' •'da' 

where 0 ' is an auxiliary cell (CGNH for face GH in Fig. 1). 
In a similar manner, vx and vy are computed. Additional details 
for finite-volume treatment of viscous stresses and heat con­
duction terms are found in [6, 7]. 

Boundary Conditions 
It is well known that the reflective behavior of numerical 

boundary conditions can significantly influence the conver­
gence rate of a marching scheme. Thus, boundary conditions 
must be chosen carefully. According to the theory of char­
acteristics, three quantities are specified at a subsonic inflow 
boundary. In the present work, the total enthalpy, the total 
pressure, and flow angle are specified if the axial flow is sub­
sonic; the outcoming Riemann invariant R~ is taken from the 
interior. For supersonic axial inlet all the flow variables are 
computed from the prescribed inlet conditions. At a subsonic 
axial outlet, the average static pressure corresponding to the 
desired isentropic Mach number is prescribed, while the out­
going Riemann invariant R + , the total enthalpy, and the com­
ponent of the velocity parallel to the boundary are extrapolated 
from the interior. If the axial outlet is supersonic all the vari­
ables are extrapolated. On the solid wall, the only contribution 
to the convective fluxes is the pressure, which is obtained by 
extrapolation from the interior of the flow field. For viscous 
flow calculations, the velocity is set to zero on the solid surface, 
which is taken to be adiabatic in the present work. 

Artificial Dissipation 
For inviscid flows, the finite-volume scheme does not contain 

any dissipative terms. In order to prevent odd-even point de­
coupling and oscillations near shock waves or stagnation points, 
artificial dissipation terms are added to the governing discrete 
equations. Moreover, the introduction of appropriate dissi­
pation in the vicinity of shocks allows an entropy condition 
to be satisfied, and thus guarantees the uniqueness of weak 
solutions. For viscous flows, dissipative properties are present 
because of diffusive terms; however, due to nonlinear effects 
the physical dissipation may not be sufficient to guarantee 
stability, especially in the case of the highly stretched meshes 
generally used to resolve the steep gradients in shear layers. 
Thus, to maintain the stability and robustness of the numerical 
procedure, artificial dissipation is also included in viscous cal­
culations. A semidiscrete form of Eq. (8) is then given by 

j((V>U) + Q(U)-D(U)=0 (10) 

where Kis the volume of the mesh cell being considered, Q( U) 
is the discrete approximation of the convective and physical 
diffusive terms, and D(U) denotes the artificial dissipation 
terms. 

The artificial dissipation model considered in this paper is 
basically the one developed by Jameson et al. [8]. This non­
linear model is a blending of second and fourth differences. 
The quantity D{U) in Eq. (10) is defined as 

D(U) = (Dl-Dt+Dl
ri-Dl)U (11) 

where (£, rj) are arbitrary curvilinear coordinates, 

D\U= Vj(X/+1/2,y.eP+
)
1/2,y)Aft//,y- (12) 

• JD|t/=Vs(X/+1/2,y-.6i4+
,i/2,;)AjV?Aff/,v (13) 

and /, j are indices (for a cell center) associated with the £ and 
•q directions. The operators Aj, V? are forward and backward 
difference operators in the £ direction. Following [7, 9] the 
variable scaling factor is defined as 

X/+l/2,y = ̂ [(Xf),V+(Xt),+ ,,y] (14) 

where 
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( M v = </>;,/'•)• (Aj),-,,-

4>u(r) = \+rlj (15) 

and r is the ratio X,/X{, with X{ and X, denoting the scaled 
spectral radii of the flux Jacobian matrices (associated with 
the £ and rj directions) for the Euler equations. The exponent 
f is generally defined by 2/3 < f < 1. The'spectral radii for 
the £ and r\ directions are given by 

\i=\uyn-vxn\+c{y\ + x\)m ' 

\l=\vxi-uyi\+c(xl+yl) ,2N 1/2 

(16) 

(17) 

and c is the speed of sound. The coefficients e(2) and e<4) use 
the pressure as a sensor for shocks and stagnation points, and 
they are defined as 

,(2) 
€'+l/2,J- ^ 2 ) max(^_ , , y , vu, PI+IJ, vi+2j) 

Pi-ij-2Pij+Pi+i,j 

(18) 

(19) 

(20) 
Pi-\,j + 2Pi.j + Pi+i.j 

eJ?i/2.y=max[0,(A<4>-e|$1/2,,)] 

where typical values for the constants K^ and K^4) are 1/4 and 
1/64, respectively. 

For the normal direction (ij), the dissipation contributions 
are defined in a similar way, except 

(Sr,)i,j = <l><,A'-[)'(\)iJ (21) 
Care must be taken, especially for internal flows, in defining 
the smoothing fluxes on the boundary. If the computation of 
the dissipative terms is carred out in each coordinate direction 
as the difference between first and third difference operators, 
conditions on those terms can be imposed at the boundary 
such that no errors in the conservation property are introduced, 
globally, by the numerical dissipation [10]. Moreover, such a 
scheme reduces the presence of undamped modes and guar­
antees a dissipative behavior for the dissipative terms D(U). 

Time-Stepping Scheme 
The system of differential equations, Eqs. (10), are advanced 

in time toward the steady-state solution with a four-stage 
Runge-Kutta scheme. This scheme is fourth-order accurate in 
time for the linear problem and second-order accurate for the 
nonlinear problem. It can be written for the time level n in the 
form 

£/•>=£/• 

£/ 2 )=[/ 0 ) -a 2Atf? (£/'>) 

[ / 3 )=C/ 0 )- a 3Atf?(( / 2 )) 

t / 4 ) =t / 0 ) - a 4 A/ i? ( [ / 3 ) ) 

[/' + 1 = t / 4 ) (22) 

where at the (q + l)st stage we have in the case of a single 
evaluation of the dissipation 

£(£/<?+!)) = I (Q(£/<«») -D(l/0))) (23) 

and a good set for the coefficients am (m = 1, 4) is 

1 1 1 
«i=7> a 2 = 3' a} = 2' tt4=1 (24) 

For economy the viscous terms are computed at the first stage 
and then frozen for the remaining stages. In multigrid com­
putations, the driving scheme must be designed to damp out 
high-frequency modes rapidly. Good high-frequency damping 

properties are obtained with this scheme by evaluating the 
artificial dissipation terms on the first and second stages and 
freezing them for the remaining stages [11]. 

It is also important to note that the Ruhge-Kutta scheme 
has the desirable property that the steady-state solution is in­
dependent of the time step; therefore, the scheme is particularly 
amenable to convergence acceleration techniques. 

Acceleration Techniques 
Three methods are employed to accelerate convergence of 

the basic explicit time-stepping scheme. These techniques are 
as follows: (1) local time stepping; (2) residual smoothing; (3) 
multigrid. They are discussed in the subsequent subsections. 

Local Time Stepping. When the interest is only in the 
steady-state solution, a faster expulsion of disturbances can 
be achieved by locally varying the time step. In the present 
work the actual time step limit At is computed using 

( Atc-Atd 
At = c0l-

\Atc + At, 
(25) 

where A/c is the limit due to the convective terms, Atd is the 
limit due to the diffusive terms, and c0 is a constant usually 
taken to be the Courant-Friedrichs-Lewy (CFL) number. In 
particular, 

AL = -
Xj + X, 

Atd 

(26) 

(27) 
" Ktlx[(x\+y\)+(xl+y\)] 

where X?, X, are defined in Eqs. (16) and (17), respectively, 
and K, is a constant that has been set equal to 2.5 based on 
numerical experiments. 

Residual Smoothing. The stability range of the basic time-
stepping scheme can be extended using implicit smoothing of 
the residuals. This technique was first introduced by Lerat [12] 
for the Lax-Wendroff scheme, and later devised by Jameson 
[13] for the Runge-Kutta scheme. For two-dimensional flows 
the residual smoothing can be applied in the form 

( l - ( i i V ! A j ) ( l - ^ V , \ ) S w = (R1'"1 (28) 

where the residual (R<m) is defined by 

« ( 1 ) = a 1 | [ e ( f / ° ) ) - J D ( t / ° ) ] 

tt(m, = « » f lQ(t/ (m- , ))-£>(l/ l ))] 

m = 2, 4 (29) 

and computed in the Runge-Kutta stage m, and (R(m) is the 
final residual at stage m after the sequence of smoothings in 
the £ and r; directions with the coefficients /3j and &,. 

The use of constant coefficients in the implicit treatment has 
proven to be satisfactory (extending the CFL number by a 
factor of two to three) even for highly stretched meshes, pro­
vided additional dissipative support such as enthalpy damping 
[6] is introduced. However, the use of enthalpy damping, which 
assumes constant total enthalpy throughout the flow field, 
precludes the solution of problems with heat transfer effects. 
The need for enthalpy damping can be eliminated by using 
variable coefficients 13% and /3„ that account for the variation 
in cell aspect ratio. For the factorization of Eq. (28) effective 
expressions for the coefficients /3j, /3, can be derived by fol­
lowing the procedure of Martinelli in [7]. These expressions 
are written as 
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/3j = max 

ft, = max 

/CFL X£ 

\ C F L * \ + X„ 

/CFL X, 
\ C F L * \ + X„ 

.</.(/•) , 0 

• * ( / • - * ) - 1 , 0 (30) 

where <t>(r) and 4>(r~l) are the same quantities defined for the 
artificial dissipation, CFL is the local Courant number (usually 
taken to be 5), and the asterisk refers to the unsmoothed 
scheme. 

Multigrid Strategy. Multigrid methods were first intro­
duced for the solution of elliptic problems [14], and later Ni 
[15] and Jameson [11] applied them to the Euler equations. 
Actually, multigrid methods can be implemented to obtain 
improvement in the convergence rate in solving not only the 
Euler but also the Navier-Stokes equations [7, 9, 16]. The 
basic idea is to use coarser grids to speed up the propagation 
of the fine grid corrections. The Full Approximation Storage 
(FAS) scheme in conjunction with the Runge-Kutta time-step­
ping algorithm developed by Jameson [11] has proven to be 
an effective multigrid technique. 

For the multigrid process coarser meshes are obtained by 
eliminating every other mesh line in each coordinate direction. 
On the auxiliary meshes, the solution is initialized as 

U® = v2h 
(3D 

where the subscript refers to the mesh spacing value, and the 
sum is over the four fine grid cells that compose the 2h grid 
cell. This rule conserves mass, momentum, and energy. On a 
coarse grid, a forcing function P is added to the governing 
discrete equations in order to impose the fine grid approxi­
mation. After the initialization of the coarse grid solution, this 
function is computed as follows: 

Pa= Vih1 ZVhRh(Uh)-R2h(Vi0l) (32) 
Then, the time-stepping scheme on the (g + l)st stage becomes 

U&^^lffl-a^MRnW&^+PWl (33) 
We can also define a new value R* for the residual as 

R*2il = R2h(U2h)+P2i„ (34) 
collect this value, restrict the solution Ulh to the next coarser 
grid, and repeat the process. The corrections computed on a 
coarse grid are transferred back to a finer grid with bilinear 
interpolation. 

Two types of simple fixed cycle multigrid strategy are pri­
marily used. They are the V cycle and the W cycle. At a given 
grid level additional time steps (i.e., coarse grid sweeps) can 
be performed in both cycles. Moreover, the application of two 
Runge-Kutta (R-K) steps on the 2h grid and three R-K steps 
on all succeeding coarser grids is an effective strategy. In the 
present work, results were obtained with a K-type cycle and 
additional coarse grid sweeps. 

In viscous flow calculations the viscous terms are computed 
also on the coarser grids, while the turbulent viscosity is eval­
uated only on the finest grid and then determined on each 
succeeding coarser grid by a simple averaging of surrounding 
finer grid values. The artificial dissipation model for the finest 
grid is replaced on the coarser grids with a simple constant 
coefficient second difference dissipation model. On each grid, 
the boundary conditions are computed in the same manner 
and updated at every Runge-Kutta stage. In order to provide 
an improved initial solution on the finest grid of the sequence 
of grids in the basic multigrid procedure, the Full Multigrid 
(FMG) method is employed. With the FMG method the so­
lution is initialized on a coarser grid of the basic sequence of 
grids and iterated a prescribed number of cycles using the FAS 

!!P-::::: :i:.::.; 

:fe-̂  _ JT1 ' ' Eft r ^^ B : ^ ::3=:==-Sp 

Fig. 2(a) 129 x 97 laminar flow grid 
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Fig. 2{b) Convergence history 

Fig. 2(c) Mach number contours 

Fig. 2 Bicircular arc cascade (M2fe = 0.5; Re2 = 500) 

scheme. The solution is then interpolated to the next finer grid. 
The process is repeated until the finest grid is reached. In the 
present work, three refinement levels are generally used. The 
first and second levels include two and three grids, respectively, 
and 50 cycles are performed on each. There are up to five grids 
in the final level. 
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Fig. 3(a) 129 x 97 turbulent How grid 
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Fig. 3(6) Convergence history 

Results and Discussion 
Bicircular Arc Cascade. In [15] Ni presented results for 

inviscid flow over a 20 percent bicircular arc cascade with gap/ 
chord ratio of 2. Then, Chima and Johnson [16] studied a 10 
percent bicircular arc cascade for the case of laminar flow. 
The present numerical method has been used to study the first 
cascade geometry for laminar and turbulent flow conditions 
with separation. In Fig. 2(a) the 129 X 97 //-type grid used 
for the laminar calculation is presented. The spacing between 
the wall and the first cell center is 3 x 10~4 chords, and 10~2 

chords is the minimum spacing in the stream wise direction. 
For this case, the exit Reynolds number Re2 = 500, the exit 
isentropic Mach number M2,s = 0.5, and the angle of attack 
is zero degrees. The isentropic Mach number is determined 
from the ratio of the local static pressure to the inlet total 
pressure. The second difference artificial dissipation is set to 
zero. Figure 2(b) shows the convergence history for the root 
mean square of the residual of the continuity equation scaled 
by the initial value. To indicate the monotone behavior of the 
multigrid scheme, 300 iterations were performed on the finest 
grid. An iteration corresponds to one multigrid cycle. Using 
5 grid levels and a F-type cycle with additional coarse grid 
sweeps, there are 7.2 decades decrease in the residual. Mach 
number contours for this case are given in Fig. 2(c). The flow 
is separated at about the 90 percent chord location. Due to 
the low Reynolds number, we found that this is one of the 

I 
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Viscous 
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x / c 
Ni B u m p Test 

Fig. 3(c) Isentropic Mach number distribution 

Fig. 3(d) Mach number contours 

Fig. 3 Bicircular arc cascade (M2/s = .675; Re2 = 1 x 106) 

Fig. 4 A 385 x 33 nonperiodic C-type grid for the VKI LS59 rotor blade 
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Fig. 5 Isentropic Mach number distribution for different values of M2, 
(769 x 65 grid) 
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Fig. 7 Effect of dissipation on skin-friction distribution (M2te = 0.81) 

cases where it is important to compute the viscous terms on 
the coarser grids. 

Results for transonic turbulent flow (M2is = 0.675) are pre­
sented in Fig. 3. Figure 3(a) displays the 129 X 97 mesh used 
in this test case. The minimum spacing at the wall boundary 
is 10"4 chords, and in the x direction a spacing of about 1.5 
x 10~2 chords is used to obtain a good representation of the 
shock wave. For the inviscid mesh the minimum spacing at 

grid 
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Fig. 10 Isentropic Mach number distribution with different grids (M2 / 5 

= 1.1.1) 

the wall is equal to the one in the x direction. Figure 3(b) shows 
the convergence history. The surface variations in the com­
puted isentropic Mach number (Mis) are given in Fig. 3(c), In 
this case, the flow exhibits separation after the shock, where 
the Baldwin-Lomax turbulence model predicts the transition 
to turbulence. The flow remains turbulent for the remaining 
part of the body. Then, the flow reattaches and remains so 
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Fig. 12(a) M2/s = 0.81; Re2 = 8.22 x 10s 

Fig. 12(b) M2/s = 1.0; Re2 = 7.44 x 105 

until the 78 percent chord position. The Mach number contours 
for this flow (Fig. 3(d)) reveal a clean capturing of the shock. 

Gas Turbine Rotor Blade. The present numerical method 
has been tested on several internal flow cases. In order to 
validate the method for turbomachinery applications, com­
putations were performed for a Von Karman Institute (VKI) 
gas turbine rotor blade. This blade was tested extensively, as 
seen in [17, 18]. At the inlet the flow angle with respect to the 

Journal of Turbomachinery 

Fig. 12(c) M2/s = 1.11; Re2 = 7.01 x 105 

Fig. 12(d) M2(s = 1.2; Re2 = 6.63 x 105 

Fig. 12 Mach number contours for turbine blade cascade (769 x 65 
grid) 

turbine axes is 30 deg. The flow is turned about 96 deg by the 
blade. For the solutions included herein the inlet Mach number 
is about 0.27 and the outlet isentropic Mach number (M2/s) 
varies from 0.81 to 1.20. This blade represents a challenging 
test for a transonic flow solver. The blade passage is convergent 
and originally designed to work up to the sonic condition. In 
fact, the suction side is curved also after the trough region, 
which can produce a strong trailing edge shock. Losses rapidly 
increase in the transonic regime. Moreover, for this blade, the 
experimental data of [17, 18] include loss coefficients and exit 
flow angles. Due to the blunt leading edge and the flow de­
viation, computations were carried out on nonperiodic C-type 
grids. These grids were recently introduced by Arnone et al. 
[19]. In order to validate the computational procedure for 
turbomachinery applications, we performed a grid convergence 
analysis. Meshes consisting of 193 x 25, 385 X 33, and 769 
x 65 grid points were considered. On the suction side of the 
blade we distributed respectively 65, 129, and 257 points. The 
medium grid, 385 X 33, is depicted in Fig. 4. The spacing 
between the blade and the first cell center in the direction 
normal to the blade is set to 5 x 10~5 chords, which for an 
exit Reynolds number of about one million ensures an average 
Y+ (having the standard boundary-layer definition) of roughly 
one. A fine mesh is maintained after the blade in order to 
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Fig. 14 Variation of loss coefficient with exit Mach number 

obtain good resolution of the shock system in the case with 
supersonic outlet flow. For the coarsest and finest grids the 
normal spacings at the blade surface are 1 x 1(T4 and 2.5 X 
10~5 chords, respectively. 

In Fig. 5 the computed and experimental isentropic Mach 
number distributions for the four flow conditions that we 
studied are shown. The annotation for computation refers to 
fine grid solution. Convergence histories for the case of M2is 
= 0.81 and for the three grid sizes are given in Fig. 6. The 
capability of the FMG is evident. When the grid size is in­
creased, we can increase also the number of the auxiliary grids, 
and maintain an essentially constant convergence rate. The 
fine grid calculations took about 580 s on the NAS CRAY 
Y-MP. For engineering applications a four decade drop in the 
residuals is a commonly used criterion for convergence. This 
can be satisfied in less than 5 minutes on the fine grid. 

When dealing with inviscid flows, the effects of the artificial 
dissipation can be monitored by controlling the total pressure 
losses. This criterion is no longer useful in viscous calculations. 
Figure 7 compares the wall skin-friction distribution for the 
subsonic case and for different weights of the artificial dissi­
pation. The surface skin-friction coefficient (Cf) has the stand­
ard definition. Here, the shear stress is divided by the dynamic 
pressure based on the conditions at the center of the blade 
passage. In this plot, the values on the suction and pressure 
surfaces start at 0.0 and 2.0, respectively, and they end at 1.0 
(trailing edge). The fact that the value of the coefficient A^4) 

can be increased or decreased by a factor of two without 
important changes in the skin friction suggests there is only a 
small amount of artificial damping also in the shear layer. 
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Fig. 15 Variation of loss coefficient with reciprocal of number of mesh 
points 

Figure 8 shows a spatial convergence study in the direction 
normal to the wall. Three different grids, which correspond 
to an average Y+ of 0.5, 1, and 2 have been considered. Dif­
ferences are quite small, and the skin friction is basically con­
verged for a Y+ of 1, which is what we would expect from 
the Baldwin-Lomax turbulence model. The transonic flow 
conditions have been analyzed on the three grids. The isen­
tropic Mach number distribution on the blade surface is given 
along with experimental data in Figs. 9-11. Transonic flows 
through blade passages are very complicated, as evident from 
the Mach contours of Fig. 12. Even though the trailing edge 
flow can strongly influence the whole flow field, and a fine 
grid is needed, we can conclude that the medium grid is giving 
good resolution for engineering applications. 

Comparisons between experimental and computed exit flow 
angles and loss coefficients are given in Figs. 13 and 14. The 
loss coefficient is defined by the expression 1 - w /̂wJL, where 
w2 is the exit velocity, and w2iS is the isentropic exit velocity. 
Calculated results agree favorably with data both in behavior 
and absolute values. The variation of the computed loss coef­
ficient with the reciprocal of the number of grid points is shown 
in Fig. 15. Once again, the medium grid size seems to be 
adequate for applications. Converged solutions on these grids 
were obtained in about 50 s on the CRAY Y-MP. 

Some details of the solution with sonic outlet are given in 
Fig. 16. The nice shape of the 769 x 65 nonperiodic C-type 
grid is evident as well as the clean calculation of the leading 
edge flow and trailing edge flow, where there are significant 
recirculation regions. 

Conclusion 
The use of a Runge-Kutta scheme with acceleration tech­

niques has proven to be fast, reliable, and accurate for the 
study of transonic internal flow. No problems lie in the ex­
tension of the numerical method to three-dimensional appli­
cations due to the versatility of the procedure. In addition, the 
very good convergence of the full multigrid process indicates 
the value of the method in turbomachinery component design. 
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Fig. 16(a) Blowup of leading edge grid (769 x 65 grid) 

Fig. 16(6) Mach number contours (M2/s = 1.0) 

Fig. 16 Flow details at 
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Hierarchical Dewelopment of Three 
Direct-Design Methods for Two-
Dimensional Axial-Turbomachinery 
Cascades 
The direct and inverse blade-design iterations for the selection of isolated airfoils 
and gas turbine blade cascades are enormously reduced if the initial blade shape has 
performance characteristics near the desirable ones. This paper presents the hier­
archical development of three direct blade-design methods of increasing utility for 

T. KorakiaflitiS generating two-dimensional blade shapes. The methods can be used to generate 
Department of Mechanical Engineering, inputs to the direct- or inverse-blade-design sequences for subsonic or supersonic 

Washington University, airfoils for compressors and turbines, or isolated airfoils. The examples included 
St. Louis, MO 63130 for illustration are typical modern turbine cascades, and they have been designed 

by the direct method exclusively. The first method specifies the airfoil shapes with 
analytical polynomials. It shows that continuous curvature and continuous slope of 
curvature are necessary conditions to minimize the possibility of flow separation, 
and to lead to improved blade designs. The second method specifies the airfoil shapes 
with parametric fourth-order polynomials, which result in continuous-slope-of-cur-
vature airfoils, with smooth Mach number and pressure distributions. This method 
is time consuming. The third method specifies the airfoil shapes by using a mixture 
of analytical polynomials and mapping the airfoil surfaces from a desirable curvature 
distribution. The third method provides blade surfaces with desirable performance 
in very few direct-design iterations. In all methods the geometry near the leading 
edge is specified by a thickness distribution added to a construction line, which 
eliminates the leading edge overspeed and laminar-separation regions. The blade-
design methods presented in this paper can be used to improve the aerodynamic 
and heat transfer performance of turbomachinery cascades, and they can result in 
high-performance airfoils in very few iterations. 

Introduction 
Gas turbine blades are three-dimensional objects operating 

in a complex flow field. Due to its complexity, the problem is 
usually reduced to a series of' 'stacked" two-dimensional prob­
lems. Blade design is partly a science and partly an art. The 
performance of the blades is expressed in the form of some 
property distribution (such as pressure, velocity, etc.) on the 
blade surface and in the cascade passage. Three-dimensional 
turbine blades are generated by "stacking" two-dimensional 
designs using some rules for: the flow angles from hub to tip 
at the leading and trailing edge, derived from radial-equilib­
rium flow conditions; the locus of the centers of gravity of the 
sections; and the three-dimensional shape of the leading edge 
and the trailing edge. Compromises in performance must be 
made to accommodate these three-dimensional constraints. 

Demands for improved engine performance require sophis­
ticated methods for blade design, because the performance of 

Contributed by the Power Division and presented at the International Power 
Generation Conference, San Diego, California, October 6-10, 1991. Manuscript, 
received by the Power Division October, 19, 1991. Associate Technical Editor: 
R. W. Porter. 

the airfoils becomes critical. Blade cascades can be designed 
by direct or inverse methods. Many definitions for direct and 
inverse design, analysis and design mode, analysis and opti­
mization mode, are used by other investigators. For the pur­
poses of this paper we will define the terms direct and inverse 
design as follows. 

We define as direct the method in which the designer inputs 
the geometry of the blade, and the output is the performance 
from a flow-analysis program. The blade geometry is modified, 
and the analysis program is used in successive iterations until 
a desirable performance is obtained. We define as inverse de­
sign the .various methods in which the designer specifies the 
performance of the cascade to obtain the geometry, or mod­
ifications to a portion of the surface velocity or pressure dis­
tribution (driven by expectations of boundary layer behavior), 
to obtain modifications to the geometry. The latter definition 
includes what other investigators define as fully inverse, semi-
inverse, or simply design methods. Both methods are iterative 
and are based on the assumption of steady-inflow and steady-
outflow conditions (although the flow around the blades during 
engine operation is inherently unsteady). The direct method is 
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laborious; it requires considerable insight and many iterations 
until an acceptable performance is obtained. On the other 
hand, the designer has direct control of the various geometric 
parameters, and structurally or dynamically infeasible blade 
shapes are excluded before they are analyzed. The inverse 
method is less laborious, but many (although not all) inverse-
design programs must start from a blade geometry generated 
by a direct method. When inverse-design programs are used, 
one would like to start the inverse method with a blade shape 
or performance close to an acceptable design, since this will 
reduce the number of inverse-design iterations enormously. 
Therefore the designer needs a good blade shape obtained by 
a direct method. By the nature of inverse design, its user has 
less control over the blade shape and on the resulting per­
formance. It may result in blades that are structurally inferior 
due to stress considerations, or impossible to manufacture. If 
one decides that some geometric parameters (such as stagger 
angle) must be changed, one must start from the beginning 
(direct method) again. The final design is usually obtained by 
a judicious combination of both methods. 

Turbine-Cascade Geometry 
In compressor cascades the flow diffuses; the pressure at 

the outlet is higher than the pressure at the inlet. In subsonic 
creased, and the area available to the flow should continuously 
increase, to a maximum area corresponding to the trailing edge 
of one blade and the pressure surface of the next. Traditionally 
compressor cascades have been designed by designing individ­
ual airfoils, in which thickness distributions are added to either 
side of a circular, parabolic, cubic, or other-shaped camber 
line (Horlock, 1958; Wilson, 1984; Moran, 1984; Cumpsty, 
1989). 

In turbine cascades the flow expands; the pressure at the 
outlet is lower than the pressure at the inlet. In subsonic cases 

Fig. 1 Geometry of a typical turbine cascade 

from cascade inlet to outlet the passage velocity is increased, 
and the area available to the flow should continuously decrease, 
to the minimum area corresponding to the circle of diameter 
o at the throat (see Fig. 1). Although some early turbine cas­
cades were also designed from individual airfoils (Horlock, 
1966; Dunham, 1974), traditionally turbine cascades have been 
designed by manipulating the shape of the passage between 
successive airfoils, and then closing the shape at the leading 
edge by specifying a leading edge circle, ellipse, or other ap-

Nomenclature 

CI, 

A = flow-area distribution along x (Fig. lb) 
<f,ay = spline coefficients (Eq. (9)) 

BCU BC2 = spline derivatives (Eqs. (12), (13), (15), 
(20)) 
axial chord length (nondimensionally 
6 = 1 ) 
thickness-distribution coefficients (Eqs. 
(24)) 
\/r = curvature (Eq. (7) and Fig. lb) 
Bezier-spline points specifying curvature 
(Fig. lb) 
tangential-loading coefficient (Eqs. (1), (2)) 
construction-line coefficients (Eq. (23)) 
spline first derivative (Eqs. (11)) 
body force (Eqs. (4), (5)) 
a constant (spline arclength) (Eqs. (14), 
(20)) 

L(b)) = leading-edge construction lines 
M = Mach number 
p = pressure (Eqs. (4), (5)) 
P = points on suction and pressure surfaces 
r = local radius of curvature (Eq. (7)) 
S = tangential spacing of the blades (Figs. 1, 2, 

5,7a) 
s = spline parameter (Eq. (9)) 

sx = spline second derivative (Eqs. (11)) 
t = time (Eqs. (3), (4), (5)) 

T = thickness distribution (Eqs. (24)) 
Vj = velocity component (i = r, 6) 
v = velocity vector (Eq. (6)) 

(x, y) = Cartesian coordinates 

b = 

C 
C5 

CL 

e 
fx 

g 
K 

X (s), Y (s) = parametric equations for (x, y) (Eq. (9)) 
yl, y2 = surface approximations (Eq. (22)) 

a = flow angle 
0 = angle of the blade surface 
5 = root-x coefficient for T (Eqs. (24)) 

5] = boundary layer displacement thickness 
(Fig. 3c) 

X = stagger angle of the blade 
ix = dynamic viscosity (Eq. (6)) 
p = density (Eqs. (3), (4), (5)) 
T = stress tensor (Eq. (6)) 
<t> = angle of throat diameter with x axis 

(Fig. la) 
oi = thickness-distribution parameters (Eqs. 

(23), (24)) 

Subscripts 
1,2 = with flow angle and Mach number, inlet 

and outlet, respectively 
1, 2 = with blade point, leading edge, and trailing 

edge, respectively 
a, b, c, d, m = after p or s, point on blade surface 

c = construction line 
/ = point near the leading edge where thickness 

distribution joins blade surfaces 
/ = left side boundary condition 

p = pressure side 
r = right side boundary condition 
5 = suction side 
6 = angle in polar coordinates (r, 6) 
K = construction line, with angle or point 

(Fig. 9) 
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propriate shape (Wilson, 1984; Pritchard, 1985; Korakianitis, 
1987a, 1987b, 1989). The flow accelerates around both sides 
of the cascade, more on the suction and less on the pressure 
surface. These effects are shown in the performance maps of 
the sample turbine cascades discussed below. 

In recent years the performance of both types of cascade 
has been improved with the use of inverse-design techniques, 
otherwise known as prescribed-velocity-distribution (PVD) 
techniques. Because the pressure is decreased along the turbine 
stages, any separation that may occur on turbine cascades is 
likely to reattach, and the fluid will continue its normal flow 
from turbine inlet to outlet. In compressors the pressure is 
increased along the stages, and any separation that may occur 
on compressor cascades may not reattach. This leads to com­
pressor stall and surge. Bad turbine designs will still work, 
while bad compressor designs will not work. Compressors are 
harder to design than turbines. However, more attention has 
been given to compressor designs because of the deleterious 
effects of bad compressor performance, to the extent that many 
compressors are more efficient than the "corresponding" tur­
bines (for similar mass-flow rates and pressure ratios). This is 
because insufficient attention has been paid to turbine-blade 
design. For the remainder of this paper we will concentrate 
on turbine cascades, although the methods developed for tur­
bine cascades are directly applicable to compressor cascades 
and isolated airfoils. 

The blade-design sequence depends on the application and 
the global constraints of the engine. The designer has many 
choices, but for the purposes of this paper we will refer to the 
axial-turbine-cascade diagram shown in Fig. 1. The flow is 
from left to right. One of the early design choices that must 
be made is the type of velocity diagram. We assume that the 
designer has chosen the blade row velocity diagram and its 
parameters such as: the inlet flow angle «i; the outlet flow 
angle a2; and the exit Mach number M2, in the absolute frame 
for stators and in the relative frame for rotors. Four additional 
choices must be made: some specification for the nondimen-
sional tangential spacing S/b between the blades; some spec­
ification for the stagger angle X (the inclination of the blades 
with respect to the axial direction x); the nondimensional throat 
diameter o/b; and the trailing-edge thickness. 

The stagger angle X is defined as the angle between the axial 
direction and the line joining the leading edge of the cascade 
with the trailing edge point on the concave (pressure) surface. 
Some guidelines for low-speed turbine blades have been pub­
lished by Kacker and Okapuu (1982), although the designer 
has considerable flexibility in choosing X. The value of X also 
dictates whether the cascade is front- or aft-loaded, and dif­
ferent philosophies and guidelines are used by different man­
ufacturers (Korakianitis, 1993a). 

The spacing between the blades (which is directly linked to 
the number of blades in the blade row) is a function of the 
tangential lift coefficient CL, defined by: 

_ tangential aerodynamic force 
tangential blade area x outlet dynamic head 

This expression can be manipulated in a number of ways (for 
compressible flow, for incompressible flow, accounting for 
variations in axial-flow velocity, etc.). Here we choose the 
incompressible-flow derivation (see Wilson, 1984), which re­
duces CL to: 

S , 
CL = 2 - cos a2(tan a{ - tan a2) (2) 

where b is the axial chord and S is the tangential spacing of 
the blades. The actual value of CL depends on the number of 
blades in the cascade, which dictates S. Typically 0.8 < CL < 
1.2; earlier designs had lower values of CL, and in modern 
cascades CL has been gradually increasing. It is difficult to 
design high-efficiency cascades that have both high values of 

CL and high values of flow deflection e, where e = Ic^l + 
l«2l. 

The throat diameter is an extremely important design input, 
because it dictates the mass flow that can be passed through 
the cascade, and hence the work that can be delivered by the 
turbine. A good first approximation is o/S = cos a2. Exper­
imental figures linking the throat diameter p to the blade spac­
ing S, the throat Mach number M2, and the curvature of the 
convex (suction) blade surface near the trailing edge have been 
published by Ainley and Mathieson (1951), and are used ex­
tensively in the early stages of blade designs. The industry has 
for years relied on empirical relationships based on the Ainley-
Mathieson data and on improvements to it (e.g., by Dunham 
and Came, 1970). These emrirical data have been simplified 
by others for design applications (for example by Wilson, 1984; 
and Dunham, 1974). This is sufficient for preliminary design. 
Today's computer programs are more accurate and compute 
the outlet flow angle for a given geometry. Gostelow (1975) 
has explained how the result depends not only on the geometry, 
but also to some extent on the exact location of the point at 
which the Kutta condition is applied at the trailing edge. 

The trailing-edge thickness should be as small as manufac­
turing considerations would allow to minimize the wake in­
cident on the next blade row, but is also affected by geometric 
constraints imposed by manufacturing, strength and cooling-
slot considerations. In the following figures the trailing edge 
is a point because we have used inviscid flow solvers to analyze 
the blade performance. The methods presented enable the de­
signer to specify different trailing-edge points on the suction 
and pressure surfaces. 

In turbine designs the flow of fluid adjacent to the convex 
(suction) surface is "unguided" on the suction surface down­
stream of the throat. In successful designs the velocity of the 
fluid adjacent to the suction surface accelerates from the stag­
nation point near the leading edge to some point near the 
throat, and then it decelerates. This region on the suction 
surface from the throat to the trailing edge is called the region 
of "unguided diffusion." If the flow decelerates too much 
then the boundary layer will become thicker and it may sep­
arate, the blade wake will be thick, and the resulting cascade 
will have poor performance (low efficiency). Therefore for 
high performance we would like the velocity to be continuously 
and smoothly increasing, from the stagnation point to the 
trailing edge, along both surfaces. On the suction surface de­
signers like continuously and smoothly increasing velocity from 
the stagnation point to the point of maximum velocity that 
occurs near the throat, and minimum and smooth diffusion 
from the point of maximum velocity to the trailing edge. The 
Reynolds number of typical production turbine blades is of 
the order of 5 x 105 based on chord. The flow will probably 
become turbulent at some point along the surfaces. The smooth 
condition ensures that the boundary layer is not energized into 
turbulence unintentionally (although this can be done inten­
tionally by designing a curvature discontinuity at the point 
where one wants the flow to become turbulent). 

Theoretical Dependence on Curvature 
Typically the flow in turbomachinery cascades is analyzed 

by considering Cartesian coordinates (x, y, z), or coordinate 
transformations in Cartesian systems of coordinates. But the 
flow needs to curve around the blades. The dependence of 
flow on curvature is seen if one writes the compressible-flow 
Navier-Stokes equations in the limiting case of cylindrical co­
ordinates (r, 6, z). In particular, since we are interested in 
"stacking" two-dimensional solutions and geometries, we 
present here the equations of conservation of mass and mo­
menta in polar coordinates (r, 6), taken from the text by Bird 
et al. (1960): 
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dP 1 9 , 1 3 , , „ 
~T + - T" (P™r) + - TT (PU9) = 0 
dt r dr r dd 

(3) 

1_ v — _|_ 
dt r dr r d9 r 

= -Tr- VrTr{rT")+-r-Be--\+',g' ( 4 ) 

'dve dve ve dve vrve 

dt+Vr dr + r dd+ -

_ _ldp 

r de' 
1 3 , 2 , 16V, 

r dr r d8 
+ Pge (5) 

where in the above equations p is the static pressure, and for 
Newtonian fluids the stress components rrr, ree, and rre are 
related to the dynamic viscosity JX by the equations: 

T90 = 

TrB = T$r 

2 — - - ( W ) 
dr 3 

2 | ; ^ + 7 - 3 ( v ' v ) 

rdr\r r dd 

(v.v) = {rv,)+--£ 
r dr r dd 

(6) 

A similar dependence of incompressible flow on curvature is 
also shown in most fluid dynamics texts in cylindrical coor­
dinates, and Schlichting (1968, p. 112) attributes a set of similar 
equations for incompressible flow in curvilinear coordinates 
(x, r, y) to W. Tollmien. The \/r and 1/r2 terms in these 
equations suggest a strong dependence of local velocity on 
curvature. Once the flow passage has been manipulated until 
the turbine cascade looks like a turbine cascade, the perform­
ance depends on the behavior of the boundary layer, where 
Eqs. (6) also indicate that the boundary layer is affected by 
the local radius. Since we require smooth velocity distributions 
along the blade surfaces (continuous slope of velocity with 
respect to surface length), the above equations require smooth 
curvature distributions along the blade surfaces (continuous 
slope of curvature). Continuous slope of the curvature requires 
continuous third derivatives, as illustrated in the following two 
equations for curvature and slope of curvature for y = f(x), 
y' = df(x)/dx,y" = d2f(x)/dx2 a n d / " = d3f(x)/dx\ 

1 y 

c' = 

C ~ r ~ [ l + / 2 ] < 3 / 2 ) 

-'" 11+y'2]-3y'y"2 

[ l + / 2 ] ( 5 / 2 ) 

(7) 

(8) 

The First Blade-Design Method 

In the first blade-design method (Korakianitis, 1989) the 
cascade geometry is specified by five points (excluding the 
trailing-edge points and the origin) and two slopes on each 
surface, as shown in Fig. 2. The leading-edge region is gen­
erated with two thickness distributions added perpendicularly 
to two parabolic construction lines. The leading edge geometry 
is similar in all methods and is described in detail below. 

The points on the suction surface are Psf, Psa, Psb, Psc, and 
Psd. The trailing-edge point Ps2 (specified by the stagger angle 
X and the trailing edge thickness), the angle of the suction 
surface at the trailing edge @s2, and points Psc and Psj are used 
to evaluate a third-order analytic polynomial y\ = f(x) for 
the blade surface between points Psc and P&. The value of fe 
is 3 to 6 deg smaller (negative values) than the outlet flow 

Fig. 2 Parameters used to specify the cascade surfaces in the first 
blade-design method 

angle a2. Point Psf (user input), ft,/, the angle of the suction 
surface at Psf, and points Psa and Psb are used to evaluate a 
third-order analytic polynomial^ = / ( * ) for the blade surface 
between points P s/and Psb. The value of /3S/ is smaller (positive 
values) than the inlet flow angle a\. The segment from Pst to 
Psc is a fifth-order analytic polynomial y3 = f(x) evaluated 
from the six conditions of matching point, first and second 
derivatives with y\ and y2 at Psc and Psb, respectively. This 
segment could also be a seventh-order polynomial by adding 
the two additional conditions of matching third derivatives at 
Psb and PsC, but the seventh-order polynomials frequently result 
in undesirable inflections on the surfaces. The development of 
the pressure surface is exactly analogous, using points Pp/, Ppa, 
PPb, PPc, PPd, and Ppl and angles 0pf and fip2 (a few degrees 
larger than the outlet flow angle a2). The resulting trailing-
edge wedge angle is given by the difference of the two slopes 
of the suction and pressure surfaces at the trailing edge, /3s2 

and /3p2, respectively, and it should be between 8 and 14 deg. 
A disadvantage of this method is that the throat diameter o 
is an output of the other design inputs. 

Using this method we have designed over 20 turbine cascades 
of various tangential loadings and deflections. Thirteen of 
those cascades were used to study unsteady forcing functions 
in turbomachinery stator-rotor interactions (Korakianitis, 
1987a, 1988a, 1988b, 1992a, 1992b). Figure 3 shows the per­
formance of four sample cascades with design inputs very close 
to each other, as shown in Appendix A (Table 1). The cor­
responding Mach number contours for cascades B4-0 and B4-
3 are shown in Fig. 4. The flows (for all the Mach number 
distributions in this paper) have been calculated with the steady-
flow calculation option of UNSFLO (Giles, 1988). The ac­
curacy of the computations is very high, as shown in tests by 
Giles (1988) and Korakianitis (1992a, 1993a, 1993b) for nu­
merous steady and unsteady flows in turbomachinery. The 
boundary layer behavior has been calculated with Rotta's (1971) 
integral method for compressible two-dimensional flows. In 
the latter we assumed a Reynolds number based on axial chord 
of 5.24 x 105, and in all cases transition on both surfaces 
occurred very near the leading edge. The different inputs result 
in very small slope-of-curvature discontinuities, which are re­
flected in both the Mach number distributions and the bound-
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Integral method of calculation; J. G. Rotta (1971) 
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(c) Effect on boundary layers 
Fig. 3 Surface distributions for cascades B4-0, B4-1, B4-2, B4-3; a, = 
40 deg, a2 = - 6 0 deg, CL = 1.00, X = - 3 2 deg 

ary layer displacement thicknesses. The suction-surface wake 
from cascade B4-3 (largest slope-of-curvature discontinuity) is 
thicker than that of cascade B4-0 (no slope-of-curvature dis­
continuity). The differences in the blade surfaces are so small 
that they are very hard to see in either Fig. 3(c) (where all 
four blades have been plotted on top of each other), or in Fig. 
4. 

The first method indicates that even small slope-of-curvature 
discontinuities may result in unusually loaded cascades (larger 
curvature spikes have resulted in correspondingly larger Mach 
number and loading spikes) and thicker wakes. Most tech­
niques for line and surface generation (cubic splines, B splines, 
Bezier curves, etc.) have continuous first and second deriva­
tives, but not third derivative (slope of curvature) continuity. 

1.00 
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0.00 
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-0.50 

(a) For cascade B4-0 (contour increment 0.05) 
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0.50 

1.50 
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(b) For cascade B4-3 (contour increment 0.05) 

Fig. 4 Mach number contours for cascades B4-0 and B4-3; contour 
increment 0.05 

A slope-of-curvature discontinuity also occurs when a leading-
edge circle or ellipse is used to join the leading-edge region. 
This has resulted in many test and production airfoils (isolated 
and in turbomachine cascades) that exhibit Mach number and 
pressure coefficient distribution spikes, dips, and humps of 
various magnitudes. These occasionally result in unexpected 
loading distributions along the blade length and in local sep­
aration bubbles. Some of these effects are visible in the com­
putational and experimental data published, for example, by: 
Okapuu (1974), Gostelow (1976), Wagner et al. (1985), Hour-
mouziadis et al. (1987) (with separation bubble), Baines et al. 
(1986), Sharma et al. (1992), and possibly Mee et al. (1992a, 
1992b) (with separation bubble). 

The Second Blade-Design Method 
In this method we developed a set of fourth-order parametric 

splines with third-derivative (slope-of-curvature) continuity at 
the spline junctions. The nodes of the parametric splines along 
the suction and pressure surfaces are illustrated in Fig. 5. On 
the suction surface the nodes are points [Ps/, Psa, Psm, PS2), 
and on the pressure surface the nodes are points {Pp/, Pptt, 
PPm, Pp2)> although more nodes could be used for each surface. 
In the following we show the fourth-order parametric splines 
for n number of nodes (PI , PI, . . . Pn] corresponding to 
(n - 1) spline segments on either surface, where the parameter 
is s. Let (Xi, y,) be the Cartesian coordinates of any point P,-
on the surface and (Xj(s), Yj(s)) be the algebraic description 
of any spline segment j . The splines take the form: 
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Fig. 5 Parameters used to specify the cascade surfaces in the second 
blade-design method 

(9) 
Xy (s) = dj0 + ajis + dps2 + afe? + a]^ 

Yj(s)=c?]a + c?jls + ay
j2s

2+ 0*^ + 0*^ 

where 0 < s < 1 in each of the (n — 1) segments j , and a are 
the spline coefficients for X(s) and Y(s) . In the following we 
show the derivations applicable to X(s); the derivation for 
Y (s) is exactly analogous. If/x, and SXJ are the first and second 
derivatives of X(s) with respect to s at each of the n nodes /', 
requiring 

Xj\s = Q = Xj 

ds 

,•1^=1—^1+1 

=fXi 
s=0 

ds 

d% 

ds2 

=fXi+l 

= SXj (10) 

Equation (11) gives the solution for the spline coefficients of 
the spline segment i in terms of the first and second derivatives 
at the nodes: 

afo = Xj 

afi =/Xi 

af2 = sXi/2 

ah = 4(x,+ i-Xi) -fxi+1 - 3/Xj - sxi 

a-4 = 3(Xi-xi+1) +fxi+i + 2fx, + sXi/2 (11) 

The solution for the first and second derivatives at the nodes 
is found by requiring second- and third-derivative continuity: 

$ 

$ 

d X,+1 
= ds2 

d3Xi+l 

" ds3 

which for i = 2, 3, . . . , n - 1 lead to 

6fXj~ i+SXi-i + 6fXj - SXj = 12(X; - Xi- 1) 

5fXj-1 + SXJ- 1 + 6/x,- + sxi +fxi+1 = 4(x,+1 + x-, - 2x(-,) 
The last two equations can be manipulated into the matrix 

form shown in Eq. (12), 

1 
0 
5 
6 
0 
0 

0 
1 
1 
1 
0 
0 

0 
0 
6 
6 
5 
6 

0 
0 

• 1 

-1 
1 
1 

0 
0 
1 
0 
6 
6 

0 
0 
0 
0 
1 

-1 

0 
0 
0 
0 
1 
0 

0 
0 
0 
0 
0 
0 

0 0 5 1 6 1 1 0 
0 0 6 1 6 - 1 0 0 
0 0 0 0 0 0 1 0 
0 0 0 0 6 1 6 - 1 

fX\ 
SXi 

fx2 
sx2 
fXl 
SXi 

fX„-l 
SX„-i 

fx„ 
sxn 

= 

BCx,dPf) 
BCx,2{Pf) 

4(x, + x2-2x{) 
12(x2-Xi) 

4(x4 + x3-2x2) 
IH.X3-X2) 

4(xn + x„-i-2x„-2) 
12(x„_i-x„-2) 
flCx,,(P2) 
12(x„-x„-i) 

(12) 

from which the values of the first and second derivatives at 
the nodes can be found. The only remaining unknowns are 
the right- and left-side boundary conditions 

dx 
BQXti — -

BC/Xi2 -

BCrxj -

d2\j 

ds2 

dX„-
ds 

(13) 

which are evaluated below. 
The first-derivative boundary conditions at the right and left 

sides of each spline set are related to the angles of the blades 
at the leading and trailing edge &„ Bsh Ppr, and Bpl shown in 
Fig. 5. These in turn are related to the flow angles at and a2, 
and the effect the designer expects that the blade-surface angles 
will have on the flow angles. 

For the first-derivative boundary conditions we can write: 

tan B--
'dx 

dy/ds sin B AT sin B 
(14) 

dx/ds cos 8 K cos B 

so that an obvious choice for the first derivatives of the splines 
in X (s) and Y (s) at the first and last points of the spline sets 
of the suction or the pressure surfaces is 

dy BCyl = ::j- = KsmB 
ds 

dx 
BCX,= — = Kcos 8 

ds 
(15) 

where K is an arbitrary length chosen to be equal to the arc-
length of the appropriate spline segment, and B is the corre-
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sponding blade-surface angle (right for points Pp2 and Ps2 and 
left for points Ppf and Psj) from Fig. 5. 

Similarly the second derivatives can be expressed as: 

d2y 

ds2" 

dh 

ds1" 

Equations (15) and (16) give: 

ds2) \ds) {ds2) \ds) 

The curvature and second derivatives are also related by: 
2- r (dy/dsV^ 

T = K cos |S 

-ifsin/3 (16) 

(17) 

EZ_r 
dx2~^ + \dx/ds) 

(db/ds2) (dx/ds) - (d2x/ds2) (dy/ds) 
(18) 

(dx/ds)3 

Equations (17) and (18) are solved for the second derivatives 
with respect to s. 

d2x „ ( d y \ I" (dx\2 /dy) 
ds) \ds) + [dsj ds2 

d^y 
ds2'' 

= - C 

— + 
1/2 

(19) 

which finally give the second-derivative boundary conditions 
at points PI, where PI in Eqs. (20) denotes the "left" points 
Pnf and Ps rpf sf-

BCX,2(P\) 

Bcya(Piy-

dlx 
"ds2 

d2y 

"ds2 

— 
p\ 

— 
PI 

-K2 

-K2 

C\P\ sin (31 PI 

CI Pi cos /J 11 (20) 

The above procedure is applied for the splines in x and y 
for the suction and the pressure surfaces. Point Psm is special, 
and it is instrumental for the suction-surface design. It is con­
strained to move on a circle with center the trailing edge of 
the top blade and radius o. Out of all the points that lie on 
the circle we choose the ones that correspond to splines with 
slopes perpendicular to line Pp2Psm at point Psm. 

Using this method, we constructed a program that varies 
the locations of the nodes while searching for curvature dis­
tributions with desirable characteristics and continuously de­
creasing area distributions (Korakianitis and Pantazopoulos, 
1993c). The performance of a sample cascade with inlet flow 
angle of 0 deg, outlet flow angle of - 6 0 deg, and tangential-
loading coefficient CL = 1.00 is shown in Fig. 6, and the 
corresponding blade-design parameters are included in Ap­
pendix B (Table 2). 

These fourth-order parametric splines may have additional 
applications, such as smooth automobile surface generation 
for aesthetically pleasing reflections. Designing new turbine 
blades with the second blade-design method was a CPU-in­
tensive proposition. After designing six different cascades we 
developed the third-design method. 

The Third Blade-Design Method 
In the third design method part of the blade surface is an 

analytic polynomial, and part of the blade surface is evaluated 
by mapping a desirable curvature distribution on the (x, y) 
plane, as shown in Figs. 1(a) and 1(b). 

The trailing edge region of the suction surface is specified 
by a third-order polynomial y = f(x), evaluated using four 
conditions: the location of Ps2; the blade angle $& at the trailing 
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Fig. 6 Performance of a cascade design with the second blade-design 
method; surface Mach number distribution and Mach number contours 
of increment 0.05 

edge; and the angle <j> of the throat-circle diameter with the x 
axis. The latter specifies two conditions: the location of point 
Psm, and the tangent of the third-order polynomial at that 
point, equal to (ir/2 + 4>). The analytic polynomial has contin­
uous first and second derivatives. With these we compute the 
curvature of the resulting blade surface Cs(x) (using Eq. (7)) 
between points Psm and Ps2, and plot it between points C4S 

and C5S in Fig. 1(b). 
The trailing edge region of the pressure surface is specified 

by a third-order polynomial y = f(x), evaluated using four 
conditions: the location of Pp2\ the blade angle fip2 at the trailing 
edge; the (x, y) coordinates of a point Ppm on the surface; 
and the angle @pm of the blade surface at point Ppm with the 
x axis. With the first and second derivatives of this polynomial 
we compute the curvature of the resulting blade surface Cp(x) 
(using Eq. (7)) between points Ppm and Pp2, and plot it between 
points C4P and C5P in Fig. 1(b). 

The slopes of the curvatures Cs(x) and Cp(x) at points C4S 

and C4P, respectively, are computed and become inputs for 
the rest of the design. A gradually increasing curvature dis­
tribution in the trailing edge regions results in mechanically 
and aerodynamically feasible blade shapes'. 
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Fig. 7 Parameters used to specify the cascade surfaces in the third 
blade-design method 

The design is converted into an effort of specifying a cur­
vature distribution for the shape of the blade surfaces Cs(x) 
and Cp(x). In order to ensure slope-of-curvature continuity, 
the curvature from points Pf to points Pm is specified using a 
Bezier spline in curvatures using the following conditions (see 
Fig. 1(b)). On the curvature of the suction surface we specify 
points C\s, C2S, C3S, and C4S. Point C4S is already specified 
from the corresponding value of curvature evaluated from the 
trailing-edge third-order polynomial. The x location of point 
C3S is variable, but the value of curvature there is evaluated 
such that line C3SC4S is tangent to the line of curvature at point 
C4j. Point C2S is user specified. Point C\s is specified at an x 
location corresponding to Pf, or at an x location just ahead 
of Pf. Since the slope of the Bezier curve is tangent to the line 
of knots at its ends, the tangency condition at point C4S ensures 
slope-of-curvature continuity from Cls to C5S (from P^to Ps2). 
Similarly points C\p, C2P, and C3P are specified on Cp{x). 
A(x) in Fig. 7(c) is the area distribution between blades Bi 
and B2, measured from the pressure surface of blade B2 to the 
suction surface of blade Bi. 

Using central differences, Eq. (7) is written as: 

CF\=2 

CF3 

xi+l Xj Xj JC;-1 

CF2 = (xi+l-xi-l) 

CF3- yi+1 -
xi+ 1 -

•2i+y>- •yt-\ 

Xj Xj-
+ 1 (21) 

From the above equation given (*,_,, ^,_j), (*,-, yj), xi+l and 
C, we can compute yi+,. This can be done by manipulating 
Eq. (21) into a sixth-order linear algebraic equation in yi+l, 
or by a numerical solution. We have implemented a regular-
falsi solution for yi+l using Eq. (21). This is solved starting 
from points Pm and progressing explicitly to points Pf. The 
Bezier spline is iteratively manipulated until the slope and the 
y location of the blade surfaces at points Pf, and the shape of 
the curvature distributions are acceptable. 

In some cases trying to make the blade surfaces pass with 
desirable slopes through desirable Pf points become tedious 
for the inexperienced in the method. For those cases we provide 
an alternative solution. The designer specifies the (x, y) lo­
cation of point Pf. A parabola passing through points Pf, Pm 

and the next point on the blade surface in the trailing edge 
region is used as a first approximation y\ (x) to the blade 
surface. Equation (21) is manipulated into: 

\y2i+i-2y2i+y2i.l]: •• A * 2 C ; 
2A* 

+ 1 (22) 

Equation (22) is written as a tridiagonal matrix of the form 
[A] [y2] = [B(yl)}. Points Pm and the input points for Pf 

are incorporated as boundary conditions in the first and last 
rows of the right-hand side. The system of equations is solved 
for y2, with an LU decomposition. The values of ylt on the 
right-hand side are set equal to the previous solution for y2it 

and the process is repeated until the values of y\t and y2, 
converge to the same solution (after about twelve iterations). 
The converged blade surface in the final y2-, (y2 (x)) passes 
through points Pf and Pm, but in the general case results in a 
spike in curvature at point Pm. The curvature-input points CI, 
C2, and Ci are iteratively manipulated until the spike is min­
imized, and then having found the curvature-inputs that will 
make the blade surface pass through point Pf, the designer 
returns to specifying the blade surface by solving Eq. (21). 

Using this method we can produce the geometry of a con-
tinuous-slope-of-curvature turbine cascade in a few seconds, 
and compute its expected flow performance on a relatively 
coarse grid (40 by 10 grid points in one passage) in about ten 
DECstation-3100 CPU minutes. Successive direct-design it­
erations result in changes in the blade shape, curvature, and 
loading distributions, which we can direct towards front-
loaded, midloaded, or aft-loaded performance. The final blade-
shape and performance changes are computed on finer grids 
(100 by 40 grid points in one passage). These design iterations 
result in about one high-performance cascade per day 
(Korakianitis, 1993a). High performance means smoother 
Mach number and pressure distributions than typical ones 
published in current literature (such as the examples in (Sharma 
et al., 1992)). These turbine geometries have been used to study 
the effects of stagger angle on the type of loading distribution 
(front- versus aft-loaded), and time-dependent stator-rotor in­
teractions in turbomachinery flow fields (Korakianitis, 1992c, 
1993a, 1993d). The performance of a high-deflection highly 
loaded sample cascade with inlet flow angle of 50 deg, outlet 
flow angle of - 6 0 deg, and tangential-loading coefficient CL 

= 1.20 is shown in Fig. 8, and the corresponding blade-design 
parameters are included in Appendix C (Table 3). 
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Fig. 9 Parameters used to specify the leading edge geometry 

Leading Edge Geometry 
The leading edge geometry is designed by specifying thick­

ness distributions added perpendicularly to parabolic construc­
tion lines that pass through the leading edge, as shown in Fig. 
9. The parabolic construction lines are specified by the angle 
of the construction line at the origin j3K and the (x, y) location 
of the origin (0, 0), and of one additional point {XK, YK) on 
the corresponding (suction and pressure) construction line. 
Other similarly smooth forms of construction lines could also 
be used. The perpendiculars from points Pj on the parabolic 
construction lines L(o) define a parameter w along x as follows 
(see Fig. 9): 

L(o>) =en + elo} + e2<J2 (23) 

where the constants e0, el5 and e2 are evaluated from the con­
ditions of the parabolic construction lines. For the suction line 
we add a thickness distribution above the suction-side parabolic 
construction line, and for the pressure line we add a thickness 
distribution below the pressure-side parabolic construction line. 
The thickness distributions are of the form: 

Ts (u) = 5,Vco + csiia + cs2u>2 + crfco3 + cs4w
4 

Tp (w") = 5pVco + cplu> + cp2co2 + cp3w
3 + cp4^4 (24) 

where 5 are specified by the designer. The coefficients cu cz, 
c3, and C4 are derived with the conditions that the absolute 
values, first, second, and third derivatives of the thickness 
distribution and of the blade surface to the right of point Pj 
with respect to the parabolic construction line are equal. This 
ensures curvature and slope-of-curvature continuity at points 
Pf. The value of the parameter 5 can be used to specify thicker 
or thinner leading edges, which would affect the thickness of 
the blade in the vicinity of the leading edge, and therefore its 
design-point and off-design point operating performance. The 
origin (0, 0) itself is a singular point. In order to achieve first-
derivative continuity at that point, the angle of the parabolic 
construction lines should be equal for the suction and pressure 
surfaces (fiSK = fiPK, and approximately equal to the inlet flow 
angle ai). 

This type of thickness distribution has been used in the 
second and third blade-design methods. In the first blade-
design method the thickness distributions had point, first, and 
second derivative continuity with the blade surface, but not 
third derivative continuity (c,4 = c^ = 0). The effect of the 
resulting curvature discontinuity is seen at x = 0.10 in Fig. 
3(a) . These small discontinuities are not evident in the per­
formance of the cascades designed with the second and third 
blade-design methods. 

Conclusions 
The hierarchical development of three blade-design methods 

has been presented. Small slope-of-curvature discontinuities 
result in Mach-number or pressure-coefficient distribution 
spikes or humps. These may introduce regions of local accel­
eration and deceleration, separation, or undesirable loading 
distributions along the length of the blades. Fourth-order par­
ametric splines have been introduced and used to design high-
performance cascades, but their use proved CPU intensive. 
The third blade design method uses a mixture of analytic pol­
ynomials and a mapping of a desired curvature distribution 
on the (x, y) plane to specify the geometry of the cascades. 
The third method has been used with success to design highly 
loaded high-performance cascades. These methods, and par­
ticularly the third, can be used to design subsonic or supersonic 
blades for compressors or turbines, or isolated airfoils, but 
the discussion in this paper is limited to high-Mach-number 
subsonic-exit turbine blades. The methods permit the user to 
specify the leading edge by two thickness distributions around 
two independent construction lines, in a manner that avoids 
the overspeed regions near the leading edge (because it does 
not employ the usual blending in of the curvatures near the 
"leading-edge circle or ellipse"). It is found that the blade 
performance, judged by the shape of the surface Mach number 
distribution, is extremely sensitive to small changes of the 
surface geometry and of the curvature distribution of the air­
foils. These methods ensure that the boundary layer, which is 
usually turbulent along the blade surfaces, is not excited un­
intentionally. The smooth curvature and Mach number dis­
tributions also enable the user to design lower-loss higher-
loaded cascades for modern applications in airborne trans-
portion. Continuous-slope-of-curvature surfaces should be 
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used wherever the aerodynamic, heat transfer, hydrodynamic, 
or aesthetic performance, appropriately defined in each case, 
is critical. 
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A P P E N D I X A 

Table 1 Parameters specifying blades B4-0, B4-1, B4-2, B4-3 

Blade 
Parameter 

CC2 

cL 
X 

PsK 

A U l I 

YS3K 

6, 

Psf 
x{Psf) 

y(Psf) 
x(P*a) 
y(Psa) 
x{Psb) 

y{P,b) 
X{PSC) 

y{Psc) 
x{Psd) 

y{Psa) 
Ps2 

Pp. 
XSpK 

YSpK 

Sp 

ppf 
x(Ppf) 

y(Ppf) 
x{Ppa) 

V(Ppa) 
x{Ppb) 

y(Ppi) 
x{PpC) 

y{Ppc) 
x{Ppd) 

y(Ppa) 
PP2 

B4-0 

40 
-60 

1.00 
-32 

35.00 
0.1000 
0.0650 
0.1300 

33.50 
0.1000 
0.1476 
0.2000 
0.1965 
0.4000 
0.1956 
0.6000 
0.0644 
0.8000 

-0.2200 
-65.70 

35.00 
0.1000 
0.0500 
0.3000 

2.00 
0.1000 

-0.0350 
0.2000 

-0.0340 
0.4000 

-0.0635 
0.6000 

-0.1660 
0.8000 

-0.3400 
-61.00 

B4-1 

40 
-60 

1.00 
-32 

35.00 
0.1000 
0.0660 
0.1300 

33.90 
0.1000 
0.1476 
0.2000 
0.1965 
0.4000 
0.1956 
0.6000 
0.0644 
0.8000 

-0.2200 
-65.33 

35.00 
0.1000 
0.0500 
0.3000 

2.00 
0.1000 

-0.0350 
0.2000 

-0.0340 
0.4000 

-0.0635 
0.6000 

-0.1660 
0.8000 

-0.3400 
-61.00 

B4-2 

40 
-60 

1.00 
-32 

35.00 
0.1000 
0.0660 
0.1300 

34.20 
0.1000 
0.1476 
0.2000 
0.1965 
0.4000 
0.1956 
0.6000 
0.0644 
0.8000 

-0.2200 
-64.80 

35.00 
0.1000 
0.0500 
0.3000 

2.00 
0.1000 

-0.0350 
0.2000 

-0.0340 
0.4000 

-0.0635 
0.6000 

-0.1660 
0.8000 

-0.3400 
-61.00 

B4-3 

40 
-60 

1.00 
-32 

35.00 
0.1000 
0.0660 
0.1300 

34.50 
0.1000 
0.1476 
0.2000 
0.1965 
0.4000 
0.1956 
0.6000 
0.0644 
0.8000 

-0.2200 
-64.50 

35.00 
0.1000 
0.0500 
0.3000 

2.00 
0.1000 

-0.0350 
0.2000 

-0.0340 
0.4000 

-0.0635 
0.6000 

-0.1660 
0.8000 

-0.3400 
-61.00 

APRIL 1993, Vol. 115/323 

Downloaded 01 Jun 2010 to 171.66.16.60. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



< O
 > -a
 

33
 

C
O

 
C

D
 

C
O

 

<
C

B
<

c
;

H
<

e
B

«
2

H
 

^
^

•
^

•
^ 

^
a 

^ 
to

 
g

 
^

 
e

 
o

 
*-

s
 

^
, 

i 
i 

i 
i 

l
-

'
l

-
'

O
O

O
O

O
O

 
O

O
C

n
-

^
t

O
r

f
i

.
O

I
-

' 
O

O
C

n
O

>
K

C
n

b
O

O
 

O
O

>
*

»
.

O
-

^
O

~
J

O
 

O
O

C
l

O
h

-
'

O
C

O
O

 

•5
s •?

* 
(J

 
^

H
, 

1 
1
 

O
X

 
I-

1
 

C
I 

C
I 

O
l 

>*
"-

O
 

0
0

 
C

O
 

C
O

 
C

O
 

(-
1

 

o •T
I 

I-
1 

>
*»

• 

^
1 

o
 

o
 

•t
?

" 

o
 

r—
1 

o
 

o
 

o
 

^
x 

&
&

 
J>

 
?

! 

o 
o

 
o 

to
 

C
n 

O
 

o 
o

 
o 

o
 ^ a

 o
 

o
 

o
 

o
 

o
 

«
s ^ tO
 

I—
" 

o
 

o
 

o
 

o
 

H
 

^ t
o r
-

>
 

o
 

o
 

o
 

o
 

<e
 

^ £_
 

o
 

to
 

(*>
. 

o
 

C
O

 

H
 

^ £__
 

o
 

C
n 

~
J 

-
J to
 

«
! 

»
«
 

H
 

"a
 '

-a
 *~

a 
^a

 
C

o 
C

o
 

t
° 

C
o

 
e 

»
 

^
s

 
•-*

. 

o 
o

 
o

 
o

 
O

 
tO

 
O

 
r-

i 
to

 
oo

 c
i 

o
 

C
n 

C
n

 
C
O

 
O

 
C

n 
ff

l 
C

O
 

O
 

"C
o

 "
cc

, 
C

o 
C

o
 

to
 1 C
n 

O
 

O
 

o
 

o
 

•-
s t-
L to

 
-4

 
o

 
C

n 
O

 

O
 

h
i 

C
O

 

en
 

C
O

 
1—

»
 

C
O

 

CO
 o
 

H
-'

 

o
 

o
 

o
 

^ 
><

; 
C

o
 

C
o

 
>

 
2

 

O
 

O
 

h-
» 

tO
 

en
 

o
 

o 
o

 
o 

o
 C

o * o
 

o
 

o
 

V
 

1 C
n 

o
 

o
 

o
 

C
o

 

o
 

C
n o
 

o
 

o
 

o t 
. o

 
o

 

a 1 o
 

o
 

o
 

p
 

o
 

c-
>

 
o

 

Parameter 

d
d

 
p

> 0
i 

to
 > to
 

TJ
 

5 H
I =S
 

! * o =:
 

yin <c
 

ST
 

a
-

> hS
 

*B
 

W
 

:*
 a ^s

>
4 X
 

» 

o o ff
l 

H
 O
 

C
O

 

o O
l o o o 

«e
 

O
 

to
 

•n
 to

 
C

n 
C

n 
O

 
O

 

H
 o to •n

 o *.
 

o o o 

« Q
 

t-
» 

•n
 1—

' 

C
O

 
0

0 O
 

O
 

H
 o h-> •n

 O
 o 0

0 o o 

<c
 

3 o to
 

-
j to
 

cn
 

H
 

U
*"

" 
3 O

 
-J

 
C

n 
O

 o 

^3
 

T
3 

3 
M

 

i 
i 

>£
. 

cn
 

-
] 

C
o 

O
 

O
 

O
 

O
 

O
 

O
 

O
 

O
 •

^ o r—
' 

O
 o o 

^ 
X

 
•

&
&

 
?<

 
B

 

o 
o 

r-
l 

tO
 

*
- 

O
 

o 
o 

o 
o 

3*
 

<n
 

C
n o o o o o 

H
 o CO Co

 o O
l 

en
 

O
 

O
 

«;
 o to Co *.
 

en
 

o o O 

H
 O
 

to
 

Co
 o C
O

 

o o o 

cc
 o t—1

 
Co

 to
 

C
O

 

o o o 

H
 o r—' Co

 o o 0
0 o o 

-©
- 

"C
o 

C
o 

co
 

-a
 

o o O o 

1 O
l 

tP
o.

 

C
n 

O
 

O
 

O
 

s*
 

o •—
> o o o 

^ 
x 

.!*
,<

* 
* 

a 

o 
o 

to
 

to
 

o 
o 

o 
o 

o 
o 

"cs
> 

C
o <»

 

cn
 

o o o o o 

•>
• 1 to
 

o o o 

o Co
 

o cn
 

O
 

O
 

O
 

, . o CJ
 

ft
 

a O
l 

©
 o o 

p o b o 

Par, y C
T

+ 

to
 

tfl
 

p
j a.
 

to
 

O
 

C
n 

O
l 

to
 

•a
 

ara 3 eg
 ter S I a- M
 

cr
 s 

jo
o

^ >̂s
 

w
 

58
 

O
 

N«
N

 

X
 

O
 

m
 

Downloaded 01 Jun 2010 to 171.66.16.60. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



T. Korakianitis 
Department of Mechanical Engineering, 

Washington University, 
St. Louis, MO 63130 

Prescribed-Curvature-Distribution 
Airfoils for the Preliminary • 
Geometric Design of Axial-
Turbomaohinery Cascades 
Blade surfaces with continuous curvature and continuous slope of curvature minimize 
the possibility of flow separation, lead to improved blade designs, and reduce the 
direct and inverse blade-design iterations for the selection of isolated airfoils and 
gas-turbine-blade cascades. A method for generating two-dimensional blade shapes 
is presented. The geometry near the trailing edge is specified by an analytic poly­
nomial, the main portion of the blade surface is mapped using as input a prescribed 
surface-curvature distribution, and the leading edge is specified as a thickness dis­
tribution added to a construction line. This procedure is similar for the suction and 
pressure surfaces, and by specification it constructs continuous slope-of-curvature 
surfaces that result in smooth surface-Mach-number and surface-pressure distri­
butions. The method can be used to generate subsonic or supersonic airfoils for 
compressors and turbines, or isolated airfoils. The resulting geometric shapes can 
be used as inputs to various blade-design sequences. It is shown that, with other 
cascade-design parameters being equal, increasing the stagger angle of turbine blades 
results in more front-loaded and thinner blades, and that there is an optimum stagger 
angle resulting in minimum wake thickness. The subsonic axial-turbine blade rows 
included for discussion in this paper have been designed by iterative modifications 
of the blade geometry to obtain a desirable velocity distribution. The blade-design 
method can be used to improve the aerodynamic and heat transfer performance of 
turbine cascades, and it can result in high-performance airfoils, even if using the 
direct method exclusively, in very few iterations. 

Introduction 
Gas turbine blades are three-dimensional objects operating 

in a complex and unsteady flow field. Due to its complexity, 
the blade-design problem is usually reduced to a series of 
"stacked" two-dimensional problems, assuming that the cas­
cade operates in a steady two-dimensional flow field. Blade 
design is partly a science and partly an art. The performance 
of the blades is expressed in the form of some property dis­
tribution (such as pressure, velocity, etc.) on the blade surface 
and in the cascade passage. Three-dimensional turbine blades 
are generated by "stacking" two-dimensional designs using 
rules for the flow angles from hub to tip at the leading and 
trailing edge, derived from radial-equilibrium throughflow cal­
culations; the locus of the centers of gravity of the sections; 
and the three-dimensional shape of the leading edge and the 
trailing edge. Compromises in performance must be made to 
accommodate these three-dimensional constraints, the location 
of cooling passages, and hollow sections. 

Various investigators use different definitions for the terms 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, 
Cologne, Germany, June 1-4, 1992. Manuscript received by the International 
Gas Turbine Institute February 20,1992. Paper No. 92-GT-366. Associate Tech­
nical Editor: L. S. Langston. 

direct method and inverse, semi-inverse, full-inverse, or full-
optimization methods (Meauze, 1989), analysis and design 
modes (Stow, 1989), optimization and design methods (Bry, 
1989), and others, for the approaches and methods used in 
turbine design sequences. For the purposes of this paper we 
define as direct the method in which the designer inputs the 
geometry of the cascade and the output is the performance 
(from an analysis code) in terms of surface Mach number and 
pressure distributions. The performance provides guidelines 
for where to increase or decrease the loading, and how to 
modify the surface geometry in successive iterations. This means 
iterative use of a geometric description package and of an 
analysis code until a desirable performance is obtained from 
the analysis code. Also for the purposes of this paper we define 
as inverse the various methods in which the designer specifies 
the performance of the cascade to obtain the geometry, or 
modifications to a portion of the surface velocity or pressure 
distribution to obtain modifications to the geometry. This lat­
ter definition includes what other investigators define as fully 
inverse, semi-inverse, or simply design methods. 

Both direct and inverse methods are based on the assumption 
of steady flow conditions, and require numerous iterations 
until a desirable blade shape and performance are obtained. 
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The direct method is laborious, and it requires considerable 
insight. On the other hand, the designer has direct control of 
the various geometric parameters, and structurally or dynam­
ically infeasible blade shapes are excluded before they are ana­
lyzed. One would like to start the inverse methods with a blade 
shape close to an acceptable design, since this will enormously 
reduce the number of inverse-design iterations. Therefore the 
designer needs to start inverse-design iterations from a good 
blade shape obtained by a direct method. The inverse method 
is less laborious, but many (although not all) inverse-design 
programs must start from a blade geometry generated by a 
direct method. The designer has less control on the blade shape 
(by the very purpose of inverse design). It can result in blades 
that are structurally undesirable due to stress considerations 
or location of cooling passages, or are impossible to manu­
facture. If one decides that some geometric parameters (such 
as stagger angle) must be changed, one must start from the 
beginning (direct method) again. The final design is usually 
obtained by a judicious combination of both methods. 

Surface-Curvature Effects 
Both the curvature and the slope of curvature of blade sur­

faces affect boundary-layer development and blade perform­
ance. The slope-of-curvature effects are less obvious than the 
curvature effects. Theoretical and experimental evidence of 
their importance is presented below. 

Theoretical Evidence. The flow in turbomachinery cas­
cades curves around the blades. The dependence of flow on 
curvature is seen if one writes the compressible-flow Navier-
Stokes equations in the limiting case of cylindrical coordinates 
(r, 8, z). In particular, since we are interested in "stacking" 
two-dimensional solutions and geometries, we present here the 
equations of conservation of mass and momenta in polar co­
ordinates (r, 8), taken from the text by Bird et al. (1960): 

•r: + - 77 (prvr) + - — (pve) = 0 
dt r dr r dd 

( dvr dvr ve dvr vf\ 

dp 
dr' 

A A 
r dr 

(rrrr) + - — - — +pgr (2) 
r dd 

'dv0 , dve ve dve vrv9 

<*->•;£) + pge (3) 
1 dp A d_ 

~r dd Y dr . .. , 

where in the above equations p is the static pressure, and for 
Newtonian fluids the stress components T# are related to the 
dynamic viscosity /* by the equations: 

" \ d v r 2 , 
2 - T - - 7 V - v ) 

dr 3 

Tee = ~ M 

rre = Ter 

2 1 ^ * 7 > • ' > 

r 
dr 

(4) 
Ve\ A ^ £ 
r r d6 

(1) 

, 1 d , x l d v e 
( V - v ) = ; - ( ^ ) + ; ^ 

A similar dependence of incompressible flow on curvature is 
also shown in most fluid dynamics texts in cylindrical coor­
dinates, and Schlichting (1960, p. 112) attributes a set of similar 
equations for incompressible flow in curvilinear coordinates 
(x, r, y) to W. Tollmien. The \/r and 1/r2 terms in these 
equations suggest a strong dependence of local pressure and 
velocity on curvature. Turbine-blade performance depends on 
the behavior of the boundary layer. While one expects that 
the boundary layer shields the core of the flow from surface 
discontinuities, the boundary-layer behavior depends on the 
slope of the velocity distribution as it approaches the solid 
wall, and Eqs. (4) indicate that the boundary layer and its 
behavior are affected by the local radius. Smooth velocity 

N o m e n c l a t u r e 

C=l/R 

Pf,Pm 

C, = 

e = 

M 
P 

PI 
R 

flow-area distribution 
along x or X (Fig. 4b) 
axial chord length (non-
dimensionally b=\) 
thickness-distribution 
coefficients (Eqs. (12)) 
root-x coefficient for T 
(Eqs. (12)) 
curvature (Eq. 5 and 
Figs. 4b and 5b) 
tangential-loading coef­
ficient (Eqs. (7) and (8)) 
coefficient of the con­
struction lines (Eq. 11) 
body force (Eqs. (2) 
and (3)) 
Mach number 
pressure (Eqs. (2) and 
(3)) 
surface-segment nodes 
local radius of curva­
ture (Eq. (5)) 
blade-surface length 
(Fig. 10) 

s 
t 

T 

Vi 

V 

(x,y) 
(X, Y) 

yhy2 

a 

0 

5, 

X 

V-

= tangential spacing of 
the blades (Fig. 4a) 

= time (Eqs. (1). (2) and 
(3)) 

= thickness distribution 
(Eq. (12)) 

= velocity component 
(i = r, S) 

= velocity vector (Eq. 4) 
= Cartesian coordinates 
= nondimensional dis­

tances (X=x/b, Y=y/ 
b) 

= blade-surface approxi­
mations (Eq. (10)) 

= flow angle 
= angle of the blade sur­

face 
= boundary-layer dis­

placement thickness 
(Figs. 5c and 10) 

= stagger angle of the 
blades (Fig. 4a) 

= dynamic viscosity (Eq. 
4) 

P 

Tij 

4> 

(a 

Subscripts 
1,2 

/ 

m 

P 
r 

s 

e 
K 

= density (Eqs. (1), (2), 
and (3)) 

= shear stress components 
(Eq. (4), i,j = r, 9) 

= angle of throat diameter 
with x axis (Fig. 4a) 

= thickness distribution 
parameter (Eqs. (11) 
and (12)) 

= point P, flow angle or 
Mach number, inlet and 
outlet, respectively 

= segment knot near the 
leading edge (Figs. 4a 
and 4c) 

= segment knot near the 
trailing edge (Fig. 4a) 

= pressure side 
= radius in polar coordi­

nates (r, 8) 
= suction side 
= angle in polar coordi­

nates (r, 8) 
= construction line 
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distributions along the blade surfaces require smooth surface-
curvature distributions (continuous slopes of velocity and cur­
vature along the blade surface). Continuous slope of curvature 
requires continuous derivatives, as illustrated in the following 
two equations for curvature and slope of curvature for y -fix), 
y' = df(x)/dx, y " = d2f{x)/dx2 and y'" = d^xydx1: 

C 

-I 
dC_y_ 

' dx~ 

y 
'[\+y'2f/2) 

'tt+y'2]-iy'y"2 

U+y'2] ' 2,(5/2) 

(5) 

(6) 

Experimental Evidence. Most parametric splines currently 
in use for direct blade design (e.g., cubic, B-splines, Bezier 
splines, etc.) have continuous first and second derivatives and 
they result in smooth-looking surfaces with continuous cur­
vatures, but discontinuous slopes of curvature (y'" in Eq. (6)) 
at the spline knots. One must distinguish here between the 
small local slope-of-curvature discontinuities from surface 
roughness and fouling, with which turbines must operate, and 
the slope-of-curvature discontinuities in the as-designed shape 
at the junctions of the splines. It will be shown below that the 
latter are invisible to the eye, but they may produce unusually 
loaded cascades and thicker wakes. This has resulted in many 
test and production airfoils (isolated and in turbomachine cas­
cades) that exhibit spikes or dips of various magnitudes in 
Mach number and pressure-coefficient distribution, which oc­
casionally result in unexpected loading distributions along the 
blade length, and in local separation bubbles. These effects 
are visible as small local "kinks" in surface pressure or Mach 
number distributions in some of the computational and ex­
perimental data published, for example, by: Okapuu (1974), 
Gostelow (1976), Wagner et al. (1985), Hourmouziadis et al. 
(1987) (with separation bubble), Sharma et al. (1992) and 
others. 

Blending a leading-edge circle or ellipse with the blade sur­
faces usually results in a local curvature or slope-of-curvature 
discontinuity, which may cause separation and substantial 
leading-edge surface Mach number spikes (detected only if the 
probes are located at the correct location). Such a local leading-
edge laminar-separation bubble due to blending of a leading-
edge circle with the blade surfaces occurs in the turbine ge­
ometry published by Hodson and Dominy (1987), seen in the 
data published in Fig. 11 of Hodson (1985). This leading-edge 
spike and separation region were removed by modifying the 
geometry of the blade in the vicinity of the slope-of-curvature 
discontinuity with an inverse design technique as explained in 
Figs. 11, 12, and 13 of Stow (1989). 

The full extent of the effects of slope-of-curvature discon­
tinuities on blade performance, losses, and boundary-layer 
behavior is still under investigation. While it may be possible 
intentionally to trip the flow into turbulence by imposing a 
local slope-of-curvature discontinuity, it is clear that a pre­
scribed-curvature-distribution blade-design method is a useful 
tool. 

Accuracy of Computations 
The performance of sample turbine blades in this paper has 

been evaluated using the inviscid and steady-flow version of 
Giles' (1988) computer program UNSFLO. The accuracy of 
the computations was checked by comparing the results of 
Euler computations with three cases of known output. The 
first case was a comparison of computations with the (exact) 
theoretical solution of Gostelow's (1984) compressor cascade. 
For this case Mx = 0.200, M? = 0.135, a, = 53.5 deg and a2 = 30.0 
deg. A fine uniform H grid of 400 X 100 was used to resolve 
the flow around the leading edge. The results, shown in Fig. 
1, indicate excellent agreement. The tick marks are the analytic 
solution and the straight line is the calculation by UNSFLO. 
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tfn
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Analytic solution 

Calculation by UNSFLO 

Fig. 1 Comparison of incompressible lift coefficient for Gostelow's 
(1984) compressor cascade 

M 0.6 

Fig. 2 Comparison of surface mach numbers for Hobson's turbine cas­
cade No. 2 (from AGARD, 1985) 

The second case was a comparison of computations on uniform 
H grid with the hodograph solution of Hobson's transonic 
turbine cascade No. 2 (taken from AGARD, 1985). This is a 
singular case; small perturbations result in shocks in the pas­
sage. The inlet and exit flow angle and Mach number are 46.123 
deg and 0.575, respectively. A relatively coarse grid of 60 X 15 
was used. The results, shown in Fig. 2, also indicate excellent 
agreement. The tick marks are the hodograph solution and the 
straight line is the calculation by UNSFLO. 

The first two cases were suitable for inviscid-flow checks 
with sharp trailing edges, and indicate the accuracy of the 
computations. The following experimental cases, coupled with 
the effect of surface curvature on the performance of the 
sample cascades shown below, indicate the importance of sur­
face-curvature distribution, and the need for it to be taken 
into account in blade-design methods. 

The third case is a comparison of inviscid computations with 
the experimental results from the subsonic turbine cascade 
obtained at DFVLR Braunschweig by Kiock et al. (1986). For 
this case Mi = 0.260, M2 = 0.782, a, = 30.0 deg and a2 = - 67.33 
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Fig. 3 Comparison of Mach number distributions for the turbine cascade investigated by Kiock et al. (1986): 
left, surface Mach-number distributions: Right, Mach number contours of increment 0.05 

deg. A uniform H grid of 100x40 and a cusp (to close the 
trailing edge) were used. The results, shown in Fig. 3, indicate 
very good agreement with the experiments. The tick marks are 
the experimental results (transformed from data along per­
centage of chord c to data along percentage of axial chord b, 
along X) and the straight line is the calculation. Despite the 
inviscid nature of the computation, the numerical solution 
follows local dips in the suction-surface Mach number distri­
bution at X=0.55 and X~0.%0, and local accelerations at 
A>0.05 and X~ 0.70. Korakianitis and Papagiannidis (1993a) 
show an additional check with very good agreement between 
computation and experiment for the turbine geometry tested 
by Hodson and Dominy (1987). In the latter case their exper­
iment and our computation indicate a leading-edge Mach num­
ber spike on the suction surface. The spike is caused by a 
curvature or slope-of-curvature discontinuity in blending the 
leading-edge circle with the blade surface. The comparisons 
with experiments and the effect of curvature discontinuities 
discussed below indicate the importance of curvature distri­
bution along the blade surface on performance. 

Cascade-Design Parameters 
Simplified examples of geometric blade-design sequences are 

described in some texts such as Wilson's (1984). The designer 
has many choices, but for the purposes of this paper we will 
refer to the axial-turbine-cascade diagram shown in Fig. 4(a). 
We will assume that the designer has chosen the blade row 
velocity diagram and its parameters: the inlet flow angle a{; 
the outlet flow angle a2; and the exit Mach number M2 (in the 
absolute frame for stators and in the relative frame for rotors). 
Four additional choices must be made: the nondimensional 
tangential spacing S/b between the blades; the stagger angle 
X; the nondimensional throat diameter o/b; and the trailing-
edge thickness. 

Some guidelines for the stagger angle X for low-speed turbine 
blades have been published by Kacker and Okapuu (1982), 
although the designer has considerable flexibility in choosing 
X. It will be shown below that the value of X also dictates 
whether the cascade is front or aft loaded. 

The spacing between the blades (which is directly linked to 
the number of blades in the blade row) is a function of the 
tangential lift coefficient CL, defined by Zweifel (1945): 

C , - -
tangential aerodynamic force 

tangential blade area X outlet dynamic head (7) 

This expression can be manipulated in a number of ways (for 
compressible flow, for incompressible flow, accounting for 
variations in axial-flow velocity, etc.). Here we chose the in­
compressible-flow derivation (see Wilson, 1984), which reduces 
CLto: 

CL=2- cos a2(tan a{ - tan a2) (8) 

The value of CL is determined by the number of blades in the 
cascade, which dictates S. Typically 0.8<CL<1.2; earlier de­
signs had lower values of CL, and in modern cascades CL has 
been gradually increasing. It is difficult to design high-effi­
ciency cascades that have both high values of CL and high 
values of deflection e in the cascade, where e = «i - a2. 

The throat diameter is an extremely important design input 
because it dictates the mass flow that can be passed through 
the cascade, and hence the work that can be delivered by the 
turbine. A good first approximation is o/S = cos"' a2. Ex­
perimental figures linking the throat diameter o to the blade 
spacing S, the throat Mach number M2, and the curvature of 
the convex (suction) blade surface near the trailing edge have 
been published by Ainley and Mathieson (1951), and are used 
extensively in the early stages of blade design. The industry 
has for years relied on empirical relationships based on the 
Ainley-Mathieson data and on improvements to it (e.g., by 
Dunham and Came, 1970) for the prediction of a2 as function 
of M2, S and o. These empirical data have been simplified by 
others for design applications (for example by Wilson, 1984, 
and Dunham, 1974). This is sufficient for preliminary design. 
Today's computer programs are more accurate and compute 
the outlet flow angle for a given geometry. Gostelow (1975) 
has explained how the result depends not only on the geometry, 
but also to some extent on the exact location of the point at 
which the Kutta condition is applied at the trailing edge. 

The trailing-edge thickness should be as small as manufac­
turing and strength considerations would allow (to minimize 
the wake incident on the next blade row). It is also affected 
by geometric constraints imposed by the cooling slots in cooled 
blades. In the sample airfoils of this paper the trailing edge is 
a point, because we have used an inviscid flow solver to analyze 
the blade performance. But the method presented enables the 
designer to specify a trailing-edge thickness, which can be filled 
with a sharp wedge, cusp, trailing-edge circle, or other appro­
priate shape. 

One would like the velocity of the fluid adjacent to the 
concave (pressure) surface to accelerate from the stagnation 
point near the leading edge to the trailing edge. An exception 
to this are the low-pressure stages of turbines, where in some 
cases a local decrease in velocity between the leading edge and 
midchord is designed to increase loading. Continuous accel­
eration is not as easy to accomplish for the velocity of the fluid 
adjacent to the convex (suction) surface, because the flow is 
"unguided" on the suction surface downstream of the throat 
in what is called the region of "unguided diffusion." The 
velocity of the fluid adjacent to the convex (suction) surface 
accelerates from the stagnation point near the leading edge to 
some point near the throat, and then it usually decelerates. 
Less deceleration (diffusion) means better designs. If the flow 
decelerates too much, then the boundary layer will separate, 
the blade wake will be thick, and the resulting cascade will 
have poor performance (low efficiency). 
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Fig. 4 Geometry of a typical cascade, and parameters of the blade-
design method 

The Blade-Design Method 
In past investigations we introduced a blade design method 

in which the blade surfaces were prescribed by analytic pol­
ynomials y=f(x), (Korakianitis, 1989). In that method the 
throat diameter and its location were an output of the location 
of the two surfaces. The resulting blade performance exhibited 
a dependence on curvature, which is illustrated in Fig. 5 for 
a turbine cascade designed for aj=40 deg, a2 = —60 deg, 

M 0.6 

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

(a) Mach number distributions X 
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X 

B4-2 
(b) Curvature C(x) distributions 

6; 

-B4-1 
-B4-0 

(c) Effect on boundary layers (using Albers and Gregg's (1974) pro­
gram with freestream turbulence 10%) 

Fig. 5 Surface distributions for cascades B4-0, B4-1, B4-2, B4-3: a, = 40 
deg, a2= - 6 0 deg, CL = 1.00, X= - 3 2 deg 

M2 = 0.8, and CL=1.0. Figure 5(a) shows the Mach number 
distributions of four blades of almost identical geometries, and 
Fig. 5(b) shows the corresponding surface curvature distri­
butions. Figure 5(c) shows the boundary-layer displacement 
thickness <5iX20 of each blade calculated with Albers and 
Gregg's (1974) differential boundary layer program assuming 
incoming free-stream turbulence of 10 percent. All four blades 
have been plotted on each other in Fig. 5(c). The pressure 
surfaces are identical. The suction surfaces have differences 
that are small enough not to be visible in the figure. Blade 
B4-0 has smooth curvature and Mach number. Blade B4-1 has 
a small discontinuity in the slope of curvature that causes a 
disturbance in surface Mach number distribution, and a thicker 
boundary layer (and wake) at the trailing edge. Blades B4-2 
and B4-3 have correspondingly larger slope-of-curvature dis­
continuities that cause the boundary layer to separate near the 
discontinuity. 

A second blade design method with parametric splines in £ 
(*=/(£) a nd y =/(£)) resulted in a very cumbersome and time-
consuming design sequence (Korakianitis and Pantazopoulos, 
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1993b). Through these efforts it became apparent that we 
wanted to control the curvature distribution as well as the 
location of the blade surfaces. This was accomplished by the 
design method presented below. 

The Trailing-Edge Region. Typically the Mach number at 
the outlet-flow plane, M2, will be a design specification. The 
values of a b a2, and CL also specify S/b; the throat diameter 
o/S = cos a2 as described above. Choosing the value of X and 
the trailing edge thickness specifies the trailing edge points Ps2 

and PP2 (these are shown at the same point in Fig. 4(a) since 
the designs will be analyzed with an inviscid flow program). 

The trailing edge region of the suction surface is specified 
by a third-order polynomial y=f(x) evaluated using four 
boundary conditions: the location of PS2\ the blade angle (3s2 

at the trailing edge; and the angle <f> of the throat-circle diameter 
with the x axis. The latter specifies two boundary conditions: 
the location of point Psm, and the tangent of the third-order 
polynomial at that point, equal to (ir/2+ </>). The analytic pol­
ynomial has continuous first, second, and third derivatives. 
With these we compute the curvature of the resulting blade 
surface Cs(x) (using Eq. (5)) between points Psm and Ps2, and 
plot it between points C4S and C5S in Fig. 4(b). 

The trailing edge region of the pressure surface is specified 
by a third-order polynomial y=f(x) evaluated using four 
boundary conditions: the location of Pp2;the blade angle fip2 

at the trailing edge; the (x, y) coordinates of a point Ppm on 
the surface; and the angle $pm of the blade surface at point 
Ppm with the x axis. With the first and second derivatives of 
this polynomial we compute the curvature of the resulting blade 
surface Cp(x) (using Eq. (5)) between points Ppm and Pp2, and 
plot it between points C4P and C5P in Fig. 4(b). 

The slopes of the curvatures Cs(x) and Cp(x) at points C4S 

and C4P, respectively, are computed and become inputs for 
the rest of the design. A gradually increasing curvature dis­
tribution in the trailing edge regions results in mechanically 
and aerodynamically feasible blade shapes. Different (smooth) 
curvature distributions would be required for supersonic blades. 

The Main Part of the Blades. The design is converted into 
an effort to specify a curvature distribution for the shape of 
the blade surfaces Cs(x) and Cp(x). In order to ensure slope-
of-curvature continuity, the curvature from points P/to points 
Pm is specified using a Bezier spline in curvatures using the 
following conditions (see Fig. 4(b). On the curvature of the 
suction surface we specify points C\s, C2S, and Cis. Point C4S 

is already specified from the corresponding value of curvature, 
evaluated from the trailing-edge third-order polynomial. The 
x location of point C3S is variable, but the value of curvature 
there is evaluated such that line C3SC4S is tangent to the surface-
curvature line at point C4S. Point C2S is user specified. Point 
C\s is specified at an x location corresponding to Pf, or at an 
x location just ahead of Pf. Since the slope of the Bezier curve 
is tangent to the line of knots at its ends, the tangency condition 
at point C4S ensures slope-of-curvature continuity from Cls to 
C5S (from PSf to Ps2). Similarly points C\p, C2P, and Cip are 
specified on Cp(x). 

Using central differences Eq. (5) is written as: 
CF1/CF2 

'~ CF3 

CF1=2(yi±izii_yizii^ 
\Xi+i—Xi X; — Xj-\ 

CF2 = (*,•+,-*,_,) 
(9) 

CF3 = A (yi+i-yi yi-y-i-i 
2 \Xj+[ Xj Xj Xj.. 

2 "N 3/2 

+ 1 

From the above equation, given (x/_i, 7/-i). (•*;> yi)> xi+u 
and C,- we can compute yi+ ]. This can be done by manipulating 
Eq. (9) into a sixth-order linear algebraic equation in yi+\, or 
by a numerical solution. We have implemented a'regula-falsi 
solution for yl+l using Eq. (9). This is solved starting from 
points P„, and progressing explicitly to points Pf. The Bezier 
spline is iteratively manipulated until the slope and the y lo­
cation of the blade surfaces at points Pf, and the shapes of 
the curvature distributions are acceptable. 

In some cases, trying to make the blade surfaces pass with 
desirable slopes through desirable Pf points becomes tedious. 
For those cases we provide an alternative solution. The designer 
specifies the (x, y) location of point Pf. A parabola passing 
through points Pf, Pm, and the next point on the blade surface 
in the trailing-edge region in used as a first approximation 
y\(x) to the blade surface. Equation (9) is written as: 

[y2i+l-2y2i+y2,-.l} = Ax2Q yii+rzlhz 
2Ax 

+ 1 
3/2 

(10) 

Equation (10) is written as a tridiagonal matrix in y2,. Points 
P,„ and the input points for Pf are incorporated as boundary 
conditions in the first and last rows of the right-hand side. 
The system of equations is solved with an LU decomposition. 
The values of j l , on the right-hand side are set equal to the 
previous solution for y2h and the process is repeated until the 
values of y\t and^2, converge to the same solution (after about 
twelve iterations). The converged blade surface in the final y2, 
passes through points P/and P„„ but in the general case results 
in a spike in curvature at point Pm. The curvature input points 
CI, CI, and C3 are iteratively manipulated until the spike is 
minimized, and then having found the inputs that will make 
the blade surface pass through point Pf, the designer returns 
to specifying the blade surface by solving Eq. (9). 

Leading-Edge Geometry. The leading edge geometry is de­
signed by specifying thickness distributions added perpendic­
ularly to parabolic construction lines that pass through the 
leading edge, as shown in Fig. 4(c). The parabolic construction 
lines are specified by the angle of the construction line at the 
origin /3K, the (x, y) location of the origin (0, 0), and of one 
additional point (XK, YK) on the construction line. The para­
bolic construction lines define a parameter o> along x, and the 
corresponding base line P(w) as follows: 

x = w 
P(co) =e 0 +

 eiw + e2" 
(11) 

where the constants eo, ex, and e2 are evaluated from the bound­
ary conditions of the parabolic construction lines. For the 
suction line we add a thickness distribution above the parabolic 
construction line, and for the pressure line we add a thickness 
distribution below the parabolic construction line. The thick­
ness distribution is of the form: 

Ts (o)) = ds\oi + csl co + cs2o? + cs3o)3 + cj4aj4 

Tp(u)= dp-JiO + CplU + Cp20? + CpicS + Cp4<04 
(12) 

where d is specified by the designer. The coefficients cu c2, 
c3, and c4 are derived with the conditions that the absolute 
values, first, second, and third derivatives of the thickness 
distribution and of the downstream blade segment at point Pf 
with respect to the parabolic construction line are equal. This 
ensures curvature and slope-of-curvature continuity at point 
Pf, and avoids the need to blend a circle, ellipse, or other shape 
with the blade surfaces near the leading edge. The continuous 
slope of curvature at point Pf also ensures that the blade will 
not exhibit unexpected leading-edge separation bubbles. The 
value of parameter d can be used to specify thicker or thinner 
leading edges, which would affect the design-point and off-
design-point operating performance of the cascade. These are 
the subject of a future investigation. The origin (0, 0) itself is 
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Table 1 Parameters specifying blades L25, 1.30, L.35, and L40 

Blade 
Parameter 

<*1 

a2 

CL 

o/S 
X 

XSSK 

YS3K 

ds 

P,2 
<t> 
x(Cls) 
y(ci3) 
x{C2s) 
y(C2s) 
x(CZ3) 

Pp* 
XSpK 

Y SpK 

dp 

Pp2 

Ppm 

x{PPm) 
y{Ppm) 
x{Clp) 

y(ciP) 
x{C2p) 
y(c2p) 
x(CSp) 

L25 

40.00 
-60.00 
1.00 

0.5000 
-25.00 

40.0000 
0.1000 
0.1700 
0.0800 

-64.5000 
38.5000 
0.0800 
2.9000 
0.3400 
3.7500 
0.6865 

40.0000 
0.2000 
0.0900 
0.0500 

-50.5000 
-38.7000 
0.7500 
-0.2180 
0.0800 
0.8000 
0.5600 
2.2000 
0.5500 

L30 

40.00 
-60.00 
1.00 

0.5000 
-30.00 

40.0000 
0.2000 
0.0500 
0.1000 

-65.0000 
38.0000 
0.0800 
3.0000 
0.4000 
3.0000 
0.6000 

40.0000 
0.2000 
0.4100 
0.1000 

-55.0000 
-47.0000 
0.7500 
-0.2650 
0.0800 
0.8000 
0.5100 
2.9000 
0.6500 

L35 

40.00 
-60.00 
1.00 

0.5000 
-35.00 

40.0000 
0.2000 
0.1300 
0.1500 

-62.0000 
34.5000 
0.08000 
3.4200 
0.3500 
3.8000 
0.4650 
40.0000 
0.2000 
0.1000 
0.1500 

-55.0000 
-52.0000 
0.7500 
-0.3600 
0.0800 
1.6000 
0.4500 
2.7900 
0.6500 

L40 

40.00 
-60.00 
1.00 

0.5000 
-40.00 

40.0000 
0.3300 
0.0500 
0.1500 
-62.500 
33.5000 
0.08000 
4.6000 
0.2300 
3.3000 
0.5200 

40.000 
0.3000 
0.0200 
0.2000 

-56.7000 
-52.3000 
0.7400 
-0.4700 
0.0800 
2.0000 
0.3850 
2.3000 
0.4300 

a singular point. In order to achieve first-derivative continuity 
at that point, the angles of the parabolic construction lines 
should be equal for the suction and pressure surfaces. 

Some Features of the Method. This blade-design method 
has been used to design numerous cascades of various loading 
distributions. Through these design sequences it was found 
that the designer has a lot of freedom in specifying the cur­
vature (and location of the blade surface) in cascades of me­
dium and low loading (CL) (Korakianitis and Papagiannidis, 
1993a). Blades with high turning and high values of CL require 
very fine adjustments in blade curvature (and location) in order 
to attain good performance. This is achieved by modifying the 
above method to use more Bezier splines to specify the cur­
vature in Fig. 4(b). 

In using the method we have found it useful to keep the 
location of points Pf at X=0.08. After very few geometric-
design iterations, the user finds the range of values of cur­
vatures at points Cl that give acceptable geometries. These 
values are between 2 and 6 on the suction surface, and about 
1 on the pressure surface. The same leading-edge parabolas 
can be specified by the same angle @K and any of an infinite 
number of points (XK, YK). We have found it useful to keep 
XK = 0.20 to facilitate understanding of the effect of changing 
the location of YK on leading-edge geometry (local curvature 
distribution). The design method is easy enough to master that 
a user improved the initial design of sample cascades L25 and 
L40 (see below) before he realized this intention (see Table 1). 

We have also found it useful to keep the x location of point 
Ppm near the x location of point Psm to control the surface 
angles and the wedge angle between the surfaces (inputs 

<j> + 7(72 and j3pm) at that region of the airfoil. Similarly fis2 and 
J3p2 are used to specify the trailing-edge wedge angle (it becomes 
an input). The curvature distribution results in (x, y) points 
near Psf and Ppf that give as output the wedge angle near the 
leading edge. The surface-curvature distributions are manip­
ulated until desirable wedge angles are obtained. The surface-
angle distributions are part of the graphic output during use 
of the method. 

The exact value of curvature and location of points Cu C2, 
C3, and C4 is not as critical as the resulting shape of the 
curvature distribution. In using the method we compare desired 
changes in Mach number distribution with changes in curvature 
distribution and location of blade surface. The alternative 
method (Eq. (10)) allows one to match up the leading edge 
position, thickness, and wedge angle in any region with the 
rest of the design (near the trailing edge). 

After the first iteration (first geometric design and analysis), 
the user examines the resulting loading distribution, and ap­
preciates where to increase and decrease local curvature (and 
local loading). After the second iteration the user gains an 
appreciation of the magnitude of the required changes in cur­
vature to cause the desired changes in Mach number distri­
bution. The procedure is repeated until a desirable geometry 
and performance is obtained (as in the case of the sample 
cascades below), or until the designer decides that the shape 
is good enough to proceed to more advanced (inverse) design 
methods. 

Effects of Stagger Angle 
The performance of four cascades designed with the pre­

scribed-curvature distribution method is shown in Figs. 6, 7, 
8, and 9. For all cases the main cascade-design variables except 
the stagger angle are kept constant (for example ĉ  = 40 deg, 
a2 = -60 deg, M2 = 0.800, CL= 1.00, and o/S = 0.5). The stag­
ger angles of cascades L25, L30, L35, and L40 are X = -25 
deg,X= - 30 deg, A = -35 deg, and X= - 40 deg respectively. 
Other design inputs are shown in Table 1. In all cases the 
computational grid was 100x40. These figures illustrate that 
increasing the stagger angle, while keeping other design pa­
rameters constant, results in thinner and more front-loaded 
cascades. This is because as X is increased the throat circle 
pushes both blade surfaces farther down, thus locating the 
throat farther upstream on the suction surface and thinning 
the blade. In order to fit the rest of the blade into the passage 
the designer is forced to increase the curvature of the suction 
surface of the blade in the vicinity of point Ps/ (as shown in 
Table 1 y(Cls) is increasing with stagger angle). The increased 
curvature in turn increases the Mach number in that vicinity, 
thus loading the front part of the suction surface of the blade 
accordingly. While it is relatively easy to change the type of 
loading distribution of cascade L25 (Korakianitis and Papa­
giannidis, 1993a), it is harder to change the front-loaded cas­
cade L40. 

The relatively aft-loaded cascade of Fig. 6 (X= -25 deg) 
has a relatively short length of relatively very adverse pressure 
gradient. As the stagger angle is increased, this changes until 
the relatively front-loaded cascade of Fig. 9 (X = - 40 deg) has 
a relatively long length of relatively not as adverse pressure 
gradient. This clearly affects the development of the pressure 
and suction-surface boundary layers. In a previous investi­
gation Hoheisel et al. (1987) found that a midloaded cascade 
had a relatively thinner boundary layer, although their blades 
were designed with inverse-design methods and did not have 
the rest of the design parameters identical. A similar trend is 
shown in Fig. 10, which shows the pressure-side and suction-
side boundary-layer displacement thickness S{ x 20 along the 
nondimensionalized blade-surface length s/b, calculated for 
the four cascades L25, L30, L35, and L40, using Albers and 
Gregg's (1974) program, for 10 percent free-stream turbulence. 
Blade L35 (with intermediate loading distribution) has the thin-
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Fig. 6 Performance of cascade L25 (stagger angle X = 25 deg); blade-design parameters 
shown in Table 1: left, surface Mach number and nondimensionai surface pressure dis­
tributions; right, Mach number contours (increment 0.05) 
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Fig. 7 Performance of cascade L30 (stagger angle X = - 30 deg); blade-design parameters 
shown in Table 1: left, surface Mach number and nondimensionai surface pressure dis­
tributions; right, Mach number contours (increment 0.05) 
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Fig. 8 Performance of cascade L35 (stagger angle X = - 3 5 deg); blade-design parameters 
shown in Table 1: left, surface Mach number and nondimensionai surface pressure dis­
tributions; right, Mach number contours (increment 0.05) 
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Fig. 9 Performance of cascade L40 (stagger angle X = - 40 deg); blade-design parameters 
shown in Table 1: left, surface Mach number and nondimensionai surface pressure dis­
tributions; right, Mach number contours (increment 0.05) 

nest boundary layer thicknesses on both surfaces and the thin­
nest wake. 

Conclusions 
Small slope-of-curvature discontinuities in the blade surfaces 

result in Mach number or pressure-coefficient surface-distri­
bution spikes or humps, which may introduce regions of local 
acceleration and deceleration, separation, or undesirable load­
ing distributions along the length of the blades. A two-di­
mensional direct blade-design method has been developed. It 

uses a mixture of analytic polynomials and a mapping of a 
desired curvature distribution on the (x, y) plane to specify the 
geometry of the cascades. By specification the blade surfaces 
have continuous slope of curvature throughout their length. 
The method permits the user to specify the leading edge by 
two thickness distributions around two independent construc­
tion lines, in a manner that avoids the overspeed regions near 
the leading edge (because it does not employ the usual blending 
in of the curvatures near the "leading-edge circle or ellipse"). 
It can be used to design subsonic or supersonic blades for 
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Fig. 10 Boundary layer displacement thickness S, for cascades L25, 
L30, L35, and L40 (using Albers and Gregg's (1974) program with free-
stream turbulence 10 percent) 

compressors or turbines, or isolated airfoils, but the discussion 
in this paper is limited to high-Mach-number subsonic-exit 
turbine blades. 

It is found that the cascade performance, judged by the 
shape of the surface Mach number distribution, is extremely 
sensitive to small changes of the surface geometry and of the 
curvature distribution of the airfoils. The design method pre­
sented ensures that the boundary layer, which is usually tran­
sitional and turbulent along the blade surfaces, is not perturbed 
unintentionally. The smooth curvature and Mach number dis­
tributions also enable the user to design lower-loss higher-
loaded cascades. Continuous-slope-of-curvature surfaces 
should be used wherever the aerodynamic, heat transfer, hy-
drodynamic, or aesthetic performance, appropriately defined 
in each case, is critical. 

The performances of four cascades of different stagger an­
gles, but otherwise identical blade-design inputs and design 
criteria, have been computed, and their boundary-layer be­
havior has been numerically investigated. It is concluded that 
increasing the stagger angle results in more front-loaded cas­
cades. An intermediate-loading philosophy (at an intermediate 
stagger angle) results in thinner wakes. 
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Surface-Curvature-Distribution 
Effects on Turbine-Cascade 
Performance 
The manufacturing accuracy of turbine blades is judged by the difference between 
the designed and produced location of each point around the airfoils. This paper 
shows that the design-point and off-design-point aerodynamic and heat transfer 
performance of turbine cascades is affected significantly by the distribution of 
curvature along the suction and pressure surfaces, and less significantly by the exact 
location of each one point. The performances of turbine blades designed with 
continuous slope of curvature distribution, and with slight discontinuities in the 
slope of curvature, are examined using a computer program for various design and 
off-design flow conditions. The accuracy of the computations is checked by com­
parison of computational results with cascade solutions of known experimental 
output. It is concluded that the accuracy in local curvature is just as important as 
the design-location-by-manufactured-location accuracy of each point on the blade. 

Introduction 
Gas turbine blades are three-dimensional objects operating 

in a complex and unsteady flow field. Three-dimensional tur­
bine blades are generated by "stacking" two-dimensional de­
signs using rules for: the flow angles from hub to tip at the 
leading and trailing edge, derived from radial-equilibrium 
throughflow calculations; the locus of the centers of gravity 
of the sections; and the three-dimensional shape of the leading 
edge and the trailing edge. Compromises in performance must 
be made to accommodate these three-dimensional constraints, 
the location of cooling passages, and hollow sections. Due to 
its complexity the blade-design problem is usually reduced to 
a series of "stacked" two-dimensional problems, assuming 
that the cascade operates in a steady two-dimensional flow 
field. 

Blade design is partly a science and partly an art. The per­
formance is determined by the behavior of the boundary layers 
along the surfaces, and is expressed in the form of some prop­
erty distribution (such as pressure, velocity, etc.) on the blade 
surface and in the cascade passage. Blade cascades can be 
designed by direct or inverse methods. In the direct method 
the designer inputs the geometry of the blade and the output 
is the performance of the airfoil. The blade geometry is mod­
ified until a desirable performance is obtained. In the inverse 
method the designer usually starts from some initial blade 
shape and performance, and inputs the desired modifications 
to the performance. The output is a new geometric shape and 
its performance, which is as close to the desired (input) one 
as permitted by the equations modeling the flow. Both methods 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 19, 1992. Paper No. 92-GT-84. Associate Technical 
Editor: L. S. Langston. 

are iterative and are based on the assumption of steady flow 
conditions. 

The accuracy of the produced blade shapes is determined 
by comparing the intended (designed) shape with manufactured 
blades. The usual criterion is the allowable tolerance between 
design and manufactured points. The purpose of this paper is 
to show that comparisons of design-versus-manufactured cur­
vature distribution at each point should be used in addition to 
point-to-point comparisons as a criterion for accepting an air­
foil. Two sets of sample cascades are used. The cascades of 
the first set have similar shapes, with small local slope-of-
curvature discontinuities. The latter result in small surface 
variations that would pass the point-for-point-tolerance tests, 
but introduce unacceptable cascade performance. The cascades 
of the second set have substantial surface variations among 
them, but they have been designed with continuous-slope-of-
curvature surfaces. The second set is used to show that cur­
vature distribution is what governs the shape of the surface 
Mach number and pressure distributions, which in turn de­
termine boundary-layer behavior and blade performance. 

Importance of Surface Curvature 
Both the curvature and the slope of curvature of blade sur­

faces affect boundary-layer development and blade perform­
ance. The flow in turbomachinery cascades curves around the 
blades. The compressible-flow Navier-Stokes equations for 
Newtonian fluids in the limiting case of polar coordinates (/•, 
8) (taken from cylindrical-coordinate equations in the text by 
Bird et al., 1960) show the dependence of the core flow and 

on the local radius of curvature r. the stress terms T, 
dp Id Id 
a ; + - T - (prvr)+~— (pve)-dt r dr r dd 

0 
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The stress components T-,J are dominant in large-shear areas, 
such as the boundary layer in steady two-dimensional cascade 
flows. The \/r and l/r2 terms in these equations suggest a 
strong dependence of local pressure and velocity distributions 
on curvature. While one expects that the boundary layer shields 
the core of the flow from surface discontinuities, the boundary-
layer behavior depends on the slope of the velocity distribution 
as it approaches the solid wall, and Eqs. (1) indicate that the 
slope of the velocity distribution, the boundary layer, and its 
behavior, are coupled with the local radius. Smooth velocity 
distributions along the blade surfaces require smooth surface-
curvature distributions (continuous slopes of velocity and cur­
vature along the blade surface). Continuous slope of curvature 
requires continuous third derivatives, as illustrated in the fol­
lowing two equations for curvature and slope of curvature for 
y=f(x),y' = df(x)/dx,y" = d2f(x)/dx2 and y'" = d3f(x)/ 
dx>. 

C(x) = 
1 

* ( * ) [ 1 + / 2 ] 
2,(3/2) 

C'(x) 
dC 

dx 

y'"11 +y'2]-3y'y" 

(2) 

(3) 
[l+/2]<5/2> 

Most parametric splines currently in use for direct blade 
design (e.g., cubic, B-splines, Bezier splines, etc.) have con­
tinuous first and second derivatives, and they result in smooth-

looking surfaces with continuous curvatures, but discontin­
uous slopes of curvature at the spline knots. One must distin­
guish here between the small local slope-of-curvature 
discontinuities from surface roughness and fouling, with which 
turbines must operate, and the slope-of-curvature discontin­
uities in the as-designed shape at the junctions of the splines. 
It will be shown below that the latter are invisible to the eye, 
but they may produce unusually loaded cascades and thicker 
wakes. This has resulted in many test and production airfoils 
(isolated and in turbomachine cascades) that exhibit Mach 
number and pressure-coefficient-distribution spikes or dips and 
humps of various magnitudes. These occasionally result in 
unexpected loading distributions along the blade length, and 
in local separation bubbles. These effects are visible as small 
local "kinks" in surface pressure or Mach number distribu­
tions in some of the computational and experimental data 
published, for example, by: Okapuu (1974), Gostelow (1976), 
Wagner et al. (1983), Hourmouziadis et al. (1987) (with sep­
aration bubble), Sharma et al. (1992) and others. 

Blending a leading-edge circle or ellipse with the blade sur­
faces usually results in a local curvature or slope-of-curvature 
discontinuity. This may cause separation and substantial lead­
ing-edge surface-Mach-number spikes, which are detected only 
if the probes are located at the correct location. Such a local 
leading-edge laminar-separation bubble due to blending of a 
leading-edge circle with the blade surfaces occurs in the turbine 
geometry published by Hodson and Dominy (1987), seen in 
the data published in Fig. 11 of Hodson (1985). This leading-
edge spike and separation region were removed by modifying 
the geometry of the blade in the vicinity of the slope-of-cur­
vature discontinuity with an inverse design technique as ex­
plained in Figs. 11, 12, and 13 of Stow (1989). 

A direct-design method (Korakianitis, 1989) using analytic 
polynomials indicated that continuous-slope-of-curvature dis­
tribution was essential to avoid local surface-pressure-distri­
bution spikes and ' ' kinks." A subsequent direct-design method 
using parametric splines specified with continuous slope of 
curvature (Korakianitis and Pantazopoulos, 1993a) eliminated 
unwanted performance "kinks" but proved cumbersome and 
time consuming. A third direct-design method (Korakianitis, 
1993b) controlled the local and global acceleration (and dif­
fusion) by prescribing the curvature distribution along the blade 
length (C(x)) such that the slope of curvature is continuous 
along the blade surfaces. The blade geometry was computed 
by mapping the input curvature in the (x, y) plane. In the last 
method the trailing-edge region is specified by an analytic 
polynomial, the main part of the blade surface is specified by 
its curvature distribution, and the leading-edge region is spec­
ified by a thickness distribution evaluated with respect to a 
construction line, such that it joins the blade surface with 
continuous slope of curvature. Using this method we showed 

N o m e n c l a t u r e 

b = axial chord length (nondi-
mensionally b = 1) 

c = blade chord 
C = \/R = curvature (Eq. (2), 

as shown in Fig. 3b) 
CL = tangential-loading coeffi­

cient = 2S cos2 a2(tan a^ 
- tan a2)/b 

g = body force (Eqs. (1)) 
/' = flow incidence with respect 

to «i 
M = Mach number 
o = throat diameter of the 

cascade 

P 
R 

s 
S 

t 
Vi 

(x,y) 
(X, Y) 

pressure (Eqs. (1)) 
local radius of curvature 
(Eq. (2)) 
blade-surface length 
tangential spacing (pitch) 
of the blades 
time (Eqs. (1)) 
velocity component (i = r, 
6) 
velocity vector (Eq. (1)) 
Cartesian coordinates 
nondimensional distances 
(X = x/b, Y = y/b) 
flow angle 

a. = 

x = 
^ = 
p = 

ru = 

Subscripts 

1,2 = 
r = 

boundary-layer displace­
ment thickness (Figs. 3c 
and 5) 
stagger angle of the blades 
dynamic viscosity (Eqs. (1)) 
density (Eqs. (1)) 
shear stress components 
(Eqs. (1), i,j = r,S) 

cascade inlet and outlet 
radius in polar coordinates 
(r.ff) 
angle in polar coordinates 
(r,6) 
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Fig. 1 Comparison of Mach number distributions for the turbine cascade investigated by Kiock et al. (1986). 
Left, surface Maori-number distributions. Right, cascade geometry and Mach number contours of increment 
0.05. 
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Fig. 2 Comparison of Mach number distributions for the turbine cascade investigated by Hodson and 
Dominy (1987). Left, surface Mach-number distributions. Right, cascade geometry and Mach number contours 
of increment 0.05. 

that increasing the stagger angle produces more-front-loaded 
cascades, and that intermediate values of stagger angle promote 
intermediate-loading philosophy and result in thinner wakes. 

Accuracy of Computations 
The performance of sample turbine blades in this paper has 

been evaluated using the inviscid and steady-flow version of 
Giles' (1988) computer program UNSFLO. The accuracy of 
the computations has been checked by comparing the results 
of Euler computations with two cases of known theoretical 
output (Korakianitis, 1993b). The first case was a comparison 
of computations with the (exact) theoretical solution of Gos-
telow's (1984) compressor cascade. The second case was a 
comparison of computations with the hodograph solution of 
Hobson's transonic turbine cascade No. 2 (taken from 
AGARD, 1985). These tests were suitable for two-dimensional 
inviscid flow fields with sharp trailing edges, and indicated 
exact agreement between theory and computation. In this paper 
we show two comparisons with experiments. 

The first case is a comparison of inviscid computations with 
the experimental results from the subsonic turbine cascade 
obtained at DFVLR Braunschweig by Kiock et al. (1986). For 
this case M] = 0.260, M2 = 0.782, ai = 30.0 deg and a2 = 
-67.33 deg. A uniform H-grid of 100 X 40 and a cusp (to 
close the trailing edge) were used. The results, shown in Fig. 
1, indicate very good agreement with the experiments. The tick 
marks are the experimental results (transformed from data 
along percentage of chord c to data along percentage of axial 
chord b, along x), and the solid line is the calculation. Despite 
the absence of boundary-layer computations or corrections for 
it, the numerical solution follows local dips in the suction-
surface Mach number distribution at x ~ 0.55 and x ~ 0.80, 
and local accelerations at x = 0.05 and x = 0.70. 

The second case is a comparison of inviscid computations 
with the experimental results from the subsonic turbine cascade 
obtained at Cambridge University by Hodson and Dominy 
(1987). For this case Mi = 0.496, M2 = 0.710, otx = 38.8 deg 
and a2 = -53.5 deg. A uniform H-grid of 150 X 60 and a 
cusp (to close the trailing edge) were used. The results, shown 
in Fig. 2, indicate very good agreement of computations with 
the experimental data (tick marks) taken from Stow (1989). 
Hodson (1985) has analyzed the experimental data to show 
leading-edge laminar-separation bubbles on both surfaces, 
caused by blending a leading-edge circle with the blade sur­
faces. The numerical solution predicts the leading-edge surface 
Mach number spikes. Despite the three-dimensional effects in 
the experiments, the effect of the trailing edge cusp in the 
trailing-edge region of the solution, and the absence of bound­
ary-layer computations or corrections for it, the agreement 
between computation and experiment is very good. 

The First Set of Sample Cascades 
Figure 3 shows the geometry, surface-curvature distribution, 

and surface Mach number distribution of four very similar 
turbine cascades designed for ax = 40 deg, a2 = -60 deg, 
M2 = 0.8, CL = 1.0, and X = -32 deg. CL is the tangential-
loading coefficient, defined as tangential blade loading, di­
vided by tangential blade area, divided by outlet dynamic head. 
For incompressible flow CL is reduced to the function of 
S/b, ait and a2 (Wilson, 1984) shown in the nomenclature. 
For these cascades S/b = 0.7779. These four blades have been 
designed using the method described by Korakianitis (1989). 
The pressure surfaces are identical. The suction surfaces have 
minute differences as described below. In that method the input 
was the (X, Y) points of the knots of surface segments and 
surface angles near the leading and trailing edges. The surface 
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Fig. 3(a) Blade geometries and boundary layer displacement thickness 
5, (free-stream turbulence 15 percent) 

i. i , , , , , , , , , — - ^ 
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Fig. 3(b) Curvature distributions 
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Fig. 3(c) Surface Mach number distributions 

Fig. 3 Surface distributions for cascades B4-0, B4-1, B4-2, B4-3: «, = 
40 deg, a2 = - 6 0 deg, CL = 1.00, X = - 3 2 deg 

segments had point, first-derivative, and second-derivative 
continuity at the knots. (These conditions result in continuous 
curvature distribution along each blade surface, but in general 
in slope-of-curvature discontinuity at the segment knots.) For 
the sample cascades shown, two consecutive knots are at X = 
0.40 and X = 0.60. As shown in Fig. 3(b), cascade B4-0 has 
a smooth suction-surface curvature C(x) (without slope-of-
curvature discontinuity at the knots at X = 0.40 and X = 
0.60). Cascades B4-1, B4-2, and B4-3 have continuous suction-

surface curvature (C(x)) distributions, but they have pro­
gressively worse slope-of-curvature (C'(x)) discontinuities at 
X = 0.40 and X = 0.60. These suction-surface curvature 
distributions result in the surface Mach-number distributions 
shown in Fig. 3(c). The smoothness in Mach-number distri­
bution for cascade B4-0, and the spikes and dips in Mach-
number distribution for cascades B4-1, B4-2, and B4-3 are 
"mapped" from the corresponding surface-curvature distri­
butions. 

Quantitatively- the nondimensional differences in the y lo­
cations of corresponding blade points are four orders of mag­
nitude smaller than the axial chord. Therefore, the suction-
surface differences between the four blades are not visible in 
Fig. 3(a), where the four blades are plotted on top of each 
other. The premise of this paper is that surface-curvature dis­
tribution along the entire blade length, as well as point-for-
point surface accuracy, are important for Mach number and 
pressure distributions, and the resulting boundary-layer be­
havior and cascade performance. Thus the differences in cur­
vature distributions along the length of the four blades shown 
in Fig. 3(b) (which start at X = 0.1 and end at X = 1.0, but 
they are dominant in the sample cascades at 0.4 < X < 0.6), 
result in surface-curvature and Mach number dips and spikes 
as shown in Fig. 3(c). Figure 3(a) shows the corresponding 
boundary-layer displacement-thickness distribution 8\ x 20 of 
each blade, calculated with Albers and Gregg's (1974) differ­
ential boundary layer program. These calculations were per­
formed assuming incoming free-stream turbulence of 15 percent 
and Reynolds number 5.5 x 10s based on chord. This program 
recognizes the importance of surface-curvature distribution, 
which is part of the input for the computations. Blade B4-0 
has smooth curvature and Mach number, and results in the 
thinnest boundary layer. Blade B4-1 has a small discontinuity 
in the slope of curvature that causes a disturbance in surface 
Mach number distribution, and a thicker boundary layer (and 
wake) at the trailing edge. Blades B4-2 and B4-3 have corre­
spondingly larger slope-of-curvature discontinuities, that cause 
the boundary layer to separate (similarly to the leading-edge 
separation shown in Fig. 2) near the discontinuity. 

Boundary Layer Calculations 
For Incidence i = 0 deg. Figures 4(a) and 4(b) show the 

Mach number distributions for cascades B4-0 and B4-1 re­
spectively for incidences of + 10, 0, and - 10 deg with respect 
to the design inlet-flow angle c^. Figure 4(c) shows the cor­
responding boundary-layer displacement thickness 5i calcu­
lated with Albers and Gregg's (1974) program, with 
specifications identical with those for Fig. 3(a). For zero in­
cidence (/ = 0 deg) the suction-surface boundary-layer dis­
placement thickness of cascade B4-0 is smaller than that of 
cascade B4-1, as already expected from Fig. 3(a). 

For Positive Incidence i = +10 deg. This increases the 
suction-surface Mach number and decreases the pressure-sur­
face Mach number atX « 0.05. This front loads both cascades 
substantially, and at / = +10 deg the program indicates that 
both cascades B4-0 and B4-1 experience suction-surface lam­
inar separation in the region of sudden deceleration at X » 
0.05. This is followed by immediate turbulent reattachment, 
which in turn is followed by immediate turbulent separation, 
resulting in thick wakes at the trailing edge. 

For Negative Incidence i = -10 deg. This decreases the 
suction-surface Mach number and increases the pressure-sur­
face Mach number at X « 0.05. This results in substantially 
different behavior between cascades B4-0 and B4-1. 

For blade B4-0: For / = 0 deg the boundary layer of B4-
0 exhibited normal transition between X » 0.65 (onset of 
transition) and X ~ 0.93 (fully turbulent) without separation. 

Journal of Turbomachinery APRIL 1993, Vol. 115/337 

Downloaded 01 Jun 2010 to 171.66.16.60. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



1.0 

0.8 

M 0.C 

0.4 

0.2 

0.0 

1.0 

0.8 

M 0.6 

0.4 

0.2 

0.0 
-0.2 0.0 0.2 O.f 1.0 0.4 0.6 0.8 1.0 -0.2 0.0 0.2 0.4 0.6 

X X 

r i t ^ n ' R ! U n , a C e M a ° h n U m b e r d i s , r i b u , i o n s a t ± 1 ° d e 9 incidence for Fig. 4(D) Surface Mach number distributions at ±10 deg incidence for cascade B4-0 cascade B4-1 

0.015 

PRESSURE 

B4-0 
t' = 0° 

i = +10° 

i = -10° 

0.010 

0.015 

PRESSURE 

B4-1 
1 = 0° 

i = +10° 

i = -10° 

0.010 

-1.5 -1.0 -0.5 0.5 1.0 1.5 0.0 0.5 1.0 1.5 _L5 _ L 0 .Q.5 o.o 

3 / b a/b 

Fig. 4(c) Boundary layer displacement thickness 6-, for cascades B4-0 and B4-1 at ±10 deg incidence (free-stream turbulence 15 percent) 

Fig. 4 Surface Mach number distributions and boundary layer displacement thickness a, for cascades B4-0 and B4-1 at ±10 deg incidence 

For i = - 10 deg the onset of transition appeared a little further 
downstream (at X ~ 0.70). At that point the boundary layer 
was relatively thicker compared to that at the onset of transition 
for (' = 0 deg. The small delay in transition is because of the 
smoother and less rapid velocity acceleration near the leading 
edge. The thicker boundary layer could not withstand the sub­
sequent adverse pressure gradient, arid for i = - 10 deg the 
code showed transitional separation at X = 0.87. With a tur­
bulent restart option the program did not show any further 
separation, but resulted in a thicker wake compared to that 
for /' = 0 deg. 

For blade B4-1: For i = 0 deg the boundary layer of B4-
1 exhibited normal transition between X » 0.773 and X « 
0.93, associated with turbulent separation atX~ 0.98. For i 
= - 10 deg (unlike the boundary-layer behavior of blade B4-
0), the considerable disturbances in Mach number distribution 
in the region 0.4 < X < 0.6 caused blade B4-1 to experience 

earlier onset of transition, at X « 0.68. At that point the 
boundary layer was substantially thinner compared to that at 
the onset of transition for i = 0 deg. As a result the program 
indicates fully developed turbulent flow at X ~ 0.85 (a little 
earlier than in the corresponding case for blade B4-0), resulting 
in a thinner wake than for / = 0 deg for blade B4-1. 

The Second Set of Sample Cascades 
Figure 5 shows five continuous-slope-of-curvature cascades 

designed for ô  = 40 deg, a2 = -60 deg, M2 = 0.8, CL = 
1.0, X = -25 deg, and o/S = 0.5 ( = cosa2) using the pre­
scribed-curvature-distribution direct-design method described 
by Korakianitis (1993b). The throat diameter is an input in 
this design method, and S/b = 0.7779. The suction surfaces 
of all five cascades pass from a common region at the throat. 
All suction surfaces must pass through the same origin at the 
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Fig. 5(a) Geometries of cascades L25-0, L25-f1, L25-f2, L25-a1, and 
L25-a2 
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Fig. 5(b) Surface curvature (C(x)) distributions 

leading edge. Those with lower curvature in the region of 
unguided diffusion (on the suction surface downstream of the 
throat) have higher suction surfaces cutting deeper into the 
passage. They also have higher curvatures in the corresponding 
suction-surface regions (in the passage) in order to reach the 
same origin, as indicated in Figs. 5(a) and Sib). Thus by in­
creasing (decreasing) the curvature distribution forward (versus 
aft) on the suction surface, the designer can front (versus aft) 
load the Mach number distribution. Cascade L25-0 has a 
smooth midloaded characteristic. Cascades L25-al and L25-
a2 ("a" stands for aft loaded) are correspondingly more aft-
loaded than L25-0. Cascades L25-fl and L25-f2 ("f" stands 
for front loaded) are correspondingly more front-loaded than 
L25-0. The front versus aft loading has a direct correspondence 
with the suction surface curvature distribution, as indicated in 
Figs. 5(b) and 5(c). 

Four of the cascades have identical pressure surfaces. Figure 
5(c) shows that the pressure surface Mach numbers of the four 
identical pressure surfaces increase appropriately to match the 
suction-side loading. Comparing the pressure-surface blade 
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Fig. 5 Surface distributions for cascades L25-0, L25-f1, L25f2, L25-a1, 
L25-a2. a, = 40 deg, a2 = - 6 0 deg, CL = 1.00, X = - 2 5 deg 

shape and the pressure-side loading of cascade L25-a2 to those 
of the other four cascades indicates that lowering the pressure 
surface in the passage increases the pressure-surface Mach 
number (thus loading the suction-surface Mach number even 
more). 

• Figures 5(a), 5(b), and 5(c) illustrate that, as the curvature 
near the front part of the suction surface is increased, the 
cascade becomes front loaded; and as the curvature near the 
aft part of the suction surface is increased, the cascade becomes 
aft loaded. Curvature variations of the same magnitude have 
a correspondingly larger effect farther downstream on the sur­
faces, and they are critical in the region of unguided diffusion 
downstream of the throat on the suction surface. Higher values 
of stagger angle X force the geometry such that the throat is 
located farther upstream on the suction surfaces. The trailing-
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edge regions of the blades are located in lower Y values in the 
(X, Y) plane. Thus the blades become thinner, with less cur­
vature near the trailing edge, and correspondingly more cur­
vature near the leading edge. The higher curvatures near the 
leading edges result in more front-loaded cascades for higher 
X (Korakianitis, 1993b). The designer has more flexibility in 
controlling the front-versus-aft loading of a cascade with lower 
stagger angles. 

The boundary-layer calculations illustrated in Fig. 5(d) have 
been performed with Albers and Gregg's (1974) program, with 
15 percent free-stream turbulence, and Reynolds number 5.5 
x 105 based on chord. The aft-loaded cascades have relatively 
short surface lengths, with relatively more adverse pressure 
gradients toward the trailing edge. The front-loaded cascades 
have relatively long surface lengths, with relatively less adverse 
pressure gradients toward the trailing edge. This clearly affects 
the development of the pressure- and suction-surface boundary 
layers. The intermediate blade-loading philosophy (L25-0) re­
sults in the thinnest suction-surface wake. This agrees with the 
conclusions of a previous investigation by Hoheisel et al. (1987), 
which concluded that a midloaded cascade had a relatively 
thinner boundary layer, although their blades did not have the 
rest of the design parameters (such as throat diameter) iden­
tical. The front-loaded cascades L25-f 1 and L25-f2 have thicker 
suction-surface wakes than that of cascade L25-0, but thinner 
than those of the aft-loaded cascades L25-al and L25-a2. The 
two aft-loaded cascades have lower suction-surface local Reyn­
olds numbers, which result in larger laminar boundary-layer 
thicknesses, especially for cascade L25-al. This cascade ex­
hibits transition immediately after the peak in Mach number 
distribution at X ~ 0.78 (s/b ~ 1.1). The boundary layer 
cannot withstand the severe adverse pressure gradient and it 
eventually separates at s/b ~ 1.3. Another reason for this 
behavior is the relatively sudden acceleration of the flow in 
the leading-edge region. Although cascade L25-a2 is aft-loaded 
even more than cascade L25-al, the relatively higher suction-
surface Reynolds numbers, and the less sudden acceleration 
of the flow in the leading-edge region, result in thinner laminar 
boundary layers. The onset of transition is earlier, at X » 
0.57 (s/b = 0.85), and the flow does not separate until the 
trailing edge. 

Comparison of the Mach number distributions shown in 
Figs. 2, 3, 4, and 5 indicate that continuous-slope-of-curvature 
cascades can have substantial variations in geometric blade 
shapes that result in acceptable performance. Small slope-of-
curvature discontinuities result in small surface variations, that 
may pass the manufacturing-tolerance tests, yet introduce un­
acceptable performance (and in some cases regions of unde­
sirable separation). 

Other Comments 
In the early stages of axial-cascade design the geometry of 

airfoils is analyzed in a series of two-dimensional cuts from 
hub to tip. A major effort in the subsequent three-dimensional 
design process is to minimize the radial pressure gradients, 
radial flows, and other secondary flows. These three-dimen­
sional effects always exist in actual flows, and they are par­
ticularly important in low hub-to-tip-ratio stages. Although 
three-dimensional design and analysis programs are widely 
used, much of our basic understanding of axial-turbine flows 
(derived from theory, computation, and experiments) is based 
on two-dimensional considerations. Three-dimensional inves­
tigations are enlightening, useful, and more complete, but more 
expensive and harder to model than two-dimensional ones. 
Both two-dimensional and three-dimensional approaches are 
necessary for the analysis of physical phenomena in different 
phases of turbomachinery design. This paper investigates the 
effects of two-dimensional surface-curvature distribution on 
two-dimensional flows in axial turbines. It is expected that 

three-dimensional curvature has similar effects to the two-
dimensional ones analyzed here. Of course theoretical and 
computational investigations, including the present one, would 
benefit from experimental verification. 

Curvature and slope of curvature are nonlinear functions 
of point-by-point geometry (expressed as (X, Y) points, or as 
y{x), see Eqs. (2) and (3)). Therefore small variations in ge­
ometry can cause large variations in curvature, and small var­
iations in curvature can cause large variations in geometry; see 
Figs. 3 and 5. Performance is a function of curvature distri­
bution along the entire airfoil length, not just the point-by-
point variation in curvature. This should not be compared with 
the accuracy of numerical-control cutting machines or the tol­
erance criteria for point-by-point quality control of manufac­
tured blades. New tolerance criteria for surface-curvature 
distribution (along the chordwise blade length) must be estab­
lished. 

Conclusions 
Small slope-of-curvature discontinuities in the blade surfaces 

result in Mach number or pressure surface-distribution spikes 
or humps, that may introduce regions of local acceleration 
and deceleration, separation, or undesirable loading distri­
butions along the length of the blades. Smooth-slope-of-cur-
vature blade surfaces avoid local kinks and spikes in surface-
pressure and surface-velocity distributions, and facilitate the 
design of lower-loss higher-loading cascades. Continuous-
slope-of-curvature surfaces should be used wherever the aero­
dynamic, heat transfer, hydrodynamic, or aesthetic perform­
ance, appropriately defined in each case, is critical. 

Blade surfaces with continuous slope of curvature through­
out their length have more desirable performance and allow 
the designer considerable flexibility in controlling the front 
versus aft loading distribution of a cascade. It is found that 
the cascade performance, judged by the shape of the surface 
Mach number distribution, is extremely sensitive to small 
changes in slope-of-curvature distribution of the airfoil sur­
faces. 

The performance of two sets of turbine cascades has been 
presented and their boundary-layer behavior has been numer­
ically investigated. The first set includes four near-identical 
blade shapes with small slope-of-curvature discontinuities (re­
sulting in blade-surface variations that would pass the point-
tolerance criteria). The small local discontinuities in the slope 
of curvature introduce unacceptable performance for two of 
the four cascades. The second set of sample cascades includes 
five geometries and it shows that blades designed with contin­
uous slope-of-curvature distributions, with substantial varia­
tions in blade geometries, result in cascades of various loading 
distributions that are acceptable. It is concluded that in ad­
dition to point-for-point tolerance, blade designs should be 
checked for their point-for-point design-versus-manufactured 
surface-curvature distributions. 
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Calculation of Three-Dimensional 
Boundary Layers on Rotor Blades 
Using Integral Methods 
The important effects of rotation and compressibility on rotor blade boundary layers 
are theoretically investigated. The calculations are based on the momentum integral 
method and results from calculations of a transonic compressor rotor are presented. 
Influence of rotation is shown by comparing the incompressible rotating flow with 
the stationary one. Influence of compressibility is shown by comparing the com­
pressible rotating flow with the incompressible rotating one. Two computer codes 
for three-dimensional laminar and turbulent boundary layers, originally developed 
by SSPA Maritime Consulting AB, have been further developed by introducing 
rotation and compressibility terms into the boundary layer equations. The effect of 
rotation and compressibility on the transition have been studied. The Coriolis and 
centrifugal forces that contribute to the development of the boundary layers and 
influence its behavior generate crosswise flow inside the blade boundary layers, the 
magnitude of which depends upon the angular velocity of the rotor and the rotor 
geometry. The calculations show the influence of rotation and compressibility on 
the boundary layer parameters. Momentum thickness and shape factor increase with 
increasing rotation and decrease when compressible flow is taken into account. For 
skin friction such effects have inverse influences. The different boundary layer 
parameters behave similarly on the suction and pressure sides with the exception of 
the crossflow angle, the crosswise momentum thickness, and the skin friction factor. 
The codes use a nearly orthogonal streamline coordinate system, which is fixed to 
the blade surface and rotates with the blade. 

1 Introduction 

1.1 Background. When Moore (1956) as well as Cooke 
and Hall (1962) reviewed the subject of three-dimensional 
boundary layers, the computational technique was still in the 
hand-calculating stage. The first three-dimensional computer 
code for boundary layer calculation, dealing with integral 
methods, was presented by Cumpsty and Head (1967). Later 
on, several other methods have been published and it is not 
possible to mention all the works here. 

Many previous studies have dealt with boundary layers on 
rotating blades. Fogarty (1951) studied the compressible flow 
over a cylinderlike rotating blade. He derived the laminar 
boundary-layer equations in Cartesian coordinates, i.e., as­
suming developable surface. One of the authors of this paper, 
Olsson (1962), studied the effect of centrifugal force acting on 
the turbulent boundary layer of an annular compressor cas­
cade, experimentally as well as theoretically, assuming small 
crossflow. Horlock and Wordsworth (1965) considered lami­
nar boundary layers on a rotating helical blade of small chord 
length. Lakshminarayana et al. (1972) investigated the tur-

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas 
Turbine Institute February 20, 1992. Paper No. 92-GT-210. Associate Technical 
Editor: L. S. Langston. 

bulent boundary-layer on a rotating helical blade. Lakshmi­
narayana and Govindan (1981) predicted the three-dimensional 
turbulent boundary-layer development on a turbomachinery 
blade and used the integral momentum technique. Groves and 
Taylor (1981) developed a three-dimensional turbulent bound­
ary-layer method and presented results for several rotating 
blades. Morris (1981) calculated the laminar boundary-layer 
on a rotating helical blade. Groves and Chang (1984) suggested 
a differential method for three-dimensional laminar and tur­
bulent boundary layers on rotating propeller blades. Lak­
shminarayana et al. (1982a) measured the mean velocity pro­
files and annular wall boundary layer in the tip region of a 
compressor rotor blade, using a triaxial hot-wire probe, ro­
tating with the rotor. Lakshminarayana et al. (1982b) measured 
the turbulence properties in the annular region of an axial flow 
compressor rotor blade, using the above instrument. Pouagare 
et al. (1985), i.e., again Lakshminarayana and co-workers, 
measured the three-dimensional turbulent boundary layer on 
a compressor rotor blade using a miniature "x" configuration 
hot-wire probe. In the above studies: 
9 The laminar or turbulent boundary layers are found on a 

helical blade with zero or very small chordwise pressure 
gradients, 

9 They determined the boundary layer characteristics only 
for incompressible flows, 
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8 Most of them do not describe the effects of the rotation 
on the transition (except for Lakshminarayana and col­
leagues). 

Thus, it is still very difficult to determine the flow character­
istics quantitatively of the boundary layer on usual rotor blades 
with a chordwise pressure gradient. 

The aim of this study is to develop and generalize the in­
fluence of rotation and compressibility on the boundary layer 
parameters and the transition process on rotating blades the­
oretically. In this report only the boundary layer calculations 
are considered. Thus the free-stream conditions must be known 
either from tests or from computations. For the examples 
shown, the Euler solver by Denton (1983) has been used for 
the first case. Unfortunately, there are no measurements on 
this blade. The method was therefore also checked against 
Olsson's annular cascade where measurements are available. 

For the calculation of three-dimensional laminar and tran­
sitional boundary layers as well as three-dimensional turbulent 
boundary layers, the codes developed by SSPA, see Xia et al. 
(1985) and Larsson (1975), have been further developed by 
taking into account rotation and compressibility. 

The new programs have been used for calculating the bound­
ary layer parameters for a DCA (Double Circular Arc) com­
pressor rotor blade of Volvo Flygmotor AB, and an annular 
compressor cascade with NACA blades. Only the last blade 
calculations have been compared with experiments. 

1.2 Choice of Coordinate Systems. In the Euler solver 
program, the cylindrical coordinate system (x, r, 6) is used. 
AH data obtained from the output of the Euler solver have 
been transformed to a curvilinear coordinate system (x, y , z), 
which is fixed on the blade and rotates with the blade. The 
coordinate system adopted in the boundary layer calculations 
is a so-called streamline coordinate system defined on the 
streamline just outside the boundary layer. Two parametric 
curves (x direction and z direction) are chosen to coincide with 
the streamlines and their equipotential lines (in fact the cross-
flow lines), respectively, and y is the direction normal to the 
blade surface. A nearly orthogonal curvilinear system is thus 
obtained. Figure 1 illustrates a typical rotor blade with such 
a coordinate system. The use of this coordinate system sim­
plifies the boundary layer conditions and, hence, the governing 
equations, which are used in the calculation of the three-di-

K=KM 

Flow 
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Crossflow lines 

• Grid points 

© Null points 

J=JLE 

£"• 
Fig. 1 Schematic of coordinate system and velocities for a rotating 
blade 

mensional boundary layers. To get an accurate description of 
the flow field, a varying number of streamlines may therefore 
be used. 

1.3 Streamline Tracing. The boundary layer equations 
cannot be solved without knowing the longitudinal pressure 
gradient, streamline curvatures, and metrics. To recognize such 
properties, it is necessary to trace the streamlines either from 
the calculated free-stream flow or from the measured one. In 
the following calculations, the streamlines along the three-
dimensional blades have been traced by two geometry pro­
grams adopted from SSPA. In the first program (GEOM1K) 
the projection of streamlines are traced in the x-z plane. This 
program calculates "direction cosines" for the projection of 
the velocity vector at the null points by using the Runge-Kutta 
method. The other program (GEOM2K) obtains pressure de­
rivatives, metrics, and their derivatives along x and z, which 

Nomenclature 

C\, C2, C3 = cons tants ( = t ransverse derivatives in 
Eqs . (10), (11), and (16)) 

C/x = skin friction coefficient in x direction 
CfZ = skin friction coefficient in z direction 
cp = pressure coefficient 
D = function of G (Michel) 

E, Eu E2 = parameters (Michel) 
G = Clauser's form parameter 

h\, h2, h3 = metrics referred to the xyz system 
Hl2 = shape pa ramete r of the velocity profile 

Ii = integral pa ramete r (Michel) 
Kn, K3] = geodesic curva ture of streamlines and 

crossflow lines 
lit h< m\, m2 = crossflow parameters 

M = local Mach number 
Re = Reynolds number 

Re5 = boundary layer thickness Reynolds num­
ber 

Re$ = momentum thickness Reynolds number 
R05 = boundary layer rotation number 

/?/ = I / 7 =yj2/c/x in Eq. (21) 

s, n = lengths of arc along streamlines and 
crossflow lines 

P = function of G (Michel) 
T = transverse pressure gradient parameter 

i, v, w = velocities in the x, y , z system 
ue = velocity at the boundary layer edge 
MT = shear velocity = r„/p 

Ux = free-stream velocity 
x, y , z = local coordinates 

Pw = wall crossflow angle 
y = skin friction parameter in Eq. (15) 
6 = boundary layer thicknesses 

61, 82 = displacement thicknesses 
02i > #22 = momentum thicknesses 

A = pressure gradient parameter 
(i = dynamic viscosity 
v = kinematic viscosity 
p = density 

T0Z = wall shear stresses in laminar case 
, TZ = wall shear stresses in turbulent case 
02 = parameters (Michel) 
1) = rotation vector 
0 = angular velocity in x direction 
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are used for calculation of curvatures. The traced streamlines 
and other information achieved are used as input to the laminar 
boundary layer program (LAMBO) and the turbulent bound­
ary layer program (TURBO). 

2 Boundary Layer Integral Method 

2.1 Laminar Boundary Layer Equations. By using Mich­
el's (1972) incompressible boundary layer equations for ro­
tational flow, and equations for compressible irrotational flow 
due to Lemmerman and Atta (1980), the laminar boundary 
layer equations with rotation and compressibility terms in the 
streamline coordinate system may be written 

pu du du pw du 

h{ dx oy h3 dz 

Ue dUe 

Hi dx 
-2Qw-

dy2 = 0 (1) 

2.2 Turbulent Boundary Layer Equations. The turbulent 
boundary layer equations are the laminar equations, Eqs. (1)-
(3), plus additional terms due to Reynolds stresses and trans­
verse derivatives. Thus, the momentum integral equations for 
compressible turbulent boundary layers may be written 

dOn cfx flu duP , 

as 2 ue ds 

-Kil(6n~d22) + 2-82-Cl (10) 
ue 

- t an /^ - i f ^ i — + A31 

ds 2 \ue ds 

+ Kueu(l+Hl2-M
l)+Ki3d22-2-8l-C2 (11) 

u„ 
du —r~, 
dy 

d\V ——; 
-P\»-^-v v> 

pu dw du pw dw 
t~-— + pv-- + fj-— + p(K3lw-Knu)u 
hi dx dy h3 dz 

+ Kuu
2
e + 2£l(u-ue)-v--j = 0 (2) 

oy 

CA = " c/x = ; 

~2pue 

tan/3 „ = -

~2pue 

H\r — '. (12) 

hi dx dy h3 dz 

where the curvatures KX3 and K3U see also Cumpsty and Head, 
are defined as 

hih3 dz h{h3 dx 
(4) 

Since the boundary-layer thickness 5 is assumed to be small 
and the y direction is assumed to measure distances along the 
surface normal, the metric h2= 1, with no loss of generality, 
hx-h\{x, z) and h3 = h3(x, z). Thus, a general element of 
length ds in streamline coordinates may be given by 

ds2 = hjdx2 + dy2 + hjdz2 (5) 

The boundary conditions are 

y = 0, u=v=w = 0 

y = 8, u = ue(x, z), w = 0. (6) 

The integrated boundary layer parameters are defined as 

Jo \ PeUeJ Jo \PeUe/ 

,1I=jW,_«W ^ [ V A - v 
J0PeUe\ Ue) J0PeUe\ Uej 

JQ Peue J0 Peue 

where TWX and TWZ are components of the shear stress, cfx and 
CfX are the wall shear stresses, Hn is the shape factor and p„ 
is the crossflow angle. In Eqs. (10) and (11), the coefficients 
C[ and C2 represent derivatives with respect to z: 

1 d9i2 
h3 dz 

C2 = -1 dfl22 

h3 dz 
(13) 

2.2.1 Entrainment and Skin Friction Equations. As aux­
iliary equation the entrainment equation, with empirical re­
lations due to Michel et al. (1972), see also Larsson (1975, part 
IV), is used: 

1 3 1 35, 
-r-lh3ue(d~Si)]--r-^ = Py 
h3 dx h3 dz 

where 

P = 0.074G-
1.0957 

T = 2 yHl2 

(14) 

(15) 

According to Larsson, by introducing C3 and s, Eq. (14) may 
be written as 

..2 

2dy 

where 

d(S-5i) A du 
— ^ — = / » y - ( 8 - d i ) J - — + ^ , + 0 3 

1 d82 

T0x=f-
y = 0 

( dw 

Ty 

h3 dz 

Cfx = -
y = 0 

T0x 

• pue 

(7) The skin friction CfX is calculated from the relation 

By integrating Eqs. (l)-(3), see White (1974, p. 606), and using 
the relations (7), the following momentum integral equations 
for stream wise and crosswise directions may be obtained: 

ds 2 ue ds ue 

! M -*.-*• i f -

2 , i , n i i » . + i , - ( C ) 

where 

Z>*(G)=2G-4.25G1 / 2 + 2.12 (G<300) 

(16) 

(17) 

(18) 

(19) 

G is Clauser's form parameter for the velocity profile and is 
connected to Hn by relation (15), defined as 

2Q 

mm 
G = —n _ , v . 

+ Ki36u(\+Hi2-M
i)+Ki3e22 5, (9) 

ue 
J0 «r \0 

(20) 
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Equation (18) may be expressed as 

RI=-L + 2HRr-4.25^HR, + 2A2 

where 

R,-

H-

2_ 
cfx 

H, 12 

1 ' ue5i 1 uA\Hn L = - In = - In 
K V K V 

(21) 

(22) 

(23) 

(24) 

Equation (21) may be transformed to a second degree equation 

BR = 

R, + BRR,+ CR = 0 

2(1-2H)(2.12 + L) + 4.252H 

(\-2H? 

CR = 
2.12 + L 

1-2H 

(25) 

(26) 

(27) 

Thus, CfX will be obtained from Eq. (21). The constants Cj, 
C2, and C3, see Eqs. (10), (11), and (16), can be obtained from 
the results of a previous solution if several streamlines are 
solved together. Note that, by small crossflow approximation, 
the values of constants C1-C3 are zero. 

Thus, by having the momentum integral equations, the en-
trainment equation, and the skin friction relation, the system 
of equations can be solved along each streamlines separately 
using the Runge-Kutta technique. 

2.2.2 Crossflow. Because of three-dimensional effects, 
there is a boundary layer flow in the z direction, which results 
in a so-called crossflow. In the boundary layer, the crosswise 
component of flow is the component of right angles to the 
streamline direction. According to Geis (1961), this secondary 
or "transverse flow" causes the direction of the streamlines 
directly at the wall to deviate sometimes quite considerably 
from the direction of the outer potential streamlines. The di­
rection is the same as the streamline at the outer edge of the 
boundary layer and agrees with the limiting streamlines at 
the wall. The magnitude of crossflow varies from zero on the 
surface to some maximum and then to zero at the edge of the 
boundary layer. This is a characteristic feature of three-di­
mensional boundary layers. 

When the crossflow is small, the effect of streamline diver­
gence is found to have an axisymmetric analogy. This is based 
on the fact that the longitudinal momentum equation, Eq. (1), 
takes the same form in an axisymmetric and three-dimensional 
case, as soon as derivatives in the crosswise direction can be 
neglected. This case is called the small crossflow approxima­
tion. 

2.2.3 Crossflow Relations. The momentum thickness in 
crosswise direction, 02i, is obtained from Eq. (11) and the 
displacement thickness, S2, is obtained from the relation (7) as 

52 = e2l-dn (28) 

However , Michel et a l . def ined t he fol lowing re la t ions for 52» 
0i2» 022, a n d /3W 

Si=-ea^r" 
Gy Gy 

—TTT 

012 - -O2 — 

&2 

022 = - 7 " </>2<J7 

°1 

(29) 

(30) 

(31) 

t a n fiw = 
~ 1 E\GH\2 „ 

h(Ha-l) 

(32) 

where G and y are defined in relation (15), and other param­
eters are defined as 

3 .5 /1+-
R» 

30000 
: + 0.6 

&! = !+-

</>2 = 

Giu0.35E+l.O) 

1 
1 + 1.65(0,-1) 

27, 
E=-

T\ 

7i = 0.613G- 3.6 + 76.861 —-0.154 

T= 

£1 = 

Kl38 

1 

[A1(A2-l)+l]A3 

20.6/! 
A,=-

(33) 

(34) 

(35) 

G ( 3 6 ) 

(37) 

(38) 

(39) 

X2 = f + ° - 3 " +0.856xl0(-°-"^°-8 6> 
2.21+0.4235" 

2.28G2-6.3G 
A* = -

21 

E+-

(40) 

(41) 

(42) 

2 .3 Transitional Boundary Layer and Instability. T h e 
boundary layer on the surface of the turbomachine blade starts 
laminarly and mostly undergoes transition to a turbulent state 
before it reaches the trailing edge; see Dunham (1972). The 
process of transition from a known laminar flow to a turbulent 
one can be conceived as a problem of instability. 

In a three-dimensional boundary layer, the process of tran­
sition does not occur at a certain point (as in two-dimensional 
layers) but appears over a finite distance, a so-called transition 
region. Thus, the details of the process of transition in a three-
dimensional boundary layer appear to be entirely different 
from those associated with the two-dimensional flows. 

Transition is known to be affected by the following param­
eters: the free-stream turbulence, the pressure gradient, Reyn­
olds number, Mach number, acoustic radiation, surface 
roughness, surface curvature, and the history of the above 
parameters; see Abu-Gannam and Shaw (1980). 

For the prediction of transition in stationary incompressible 
flow, the e"-method, Granville's empirical relations, and 
Owen's crossflow transition criterion, see Xia et al. (1985), 
may be used. 

With respect to rotation, the laminar instability criterion, 
which is described by Johnston (1974) has been used. The 
Reynolds number required for instability was found to be 

Re s> l R o 6 l « l (43) 
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Table 1 Influence of rotating and compressibility on the boundary layer 
parameters, in comparison with the nonrotating incompressible case; 
see Figs. 3-8 

pressure side 

pa ramete r 

On 

#12 

#21 

8 
Si 

82 

H\2 

Cf 

&, 

n > o. 
M = 0. 

increases 

increases 

increases 

increases 

increases 

increases 

increases 

decreases 

increases 

n > o. 
M > 0 . 

decreases 

decreases 

increases 

decreases 

decreases 

increases 

decreases 

increases 

decreases 

suction side 

ft>0. 
M = 0. 

increases 

decreases 

increases 

increases 
increases 

increases 

increases 

increases 

decreases 

fi > 0. 
M > 0 . 

decreases 

decreases 

increases 

decreases 

decreases 

increases 

decreases 

increases 

decreases 

Table 2 Influence of rotation and compressibility on transition (DCA 
blade), xe, = end of transition, xcl = transition in crossflow condition 

pressure side { suction side 

Xei 

xct 

fi = 0. 
M = 0. 

15% chord 
13.13% chord 

fi>0. 
M = 0. 

15.5% chord 
12.73% chord 

f ! > 0 . 
M > 0. 

16.5% chord 

14% chord 

! ! = 0. 
M = 0. 

16.15% chord 
15% chord 

n >o. 
M = 0. 

16.5% chord 
14% chord 

! 1 > 0 . 
M > 0. 

1 7.5% clionl 
16.15% chord 

where Re{ is the Reynolds number based on the boundary layer 
thickness and Ro6 is a boundary layer rotation number, which 
expresses the ratio of Coriolis to inertial forces in the relative 
flow. They are defined as: 

Re„ = 
U„6 

Ro„ = 
205 

(44) 

The Rosby number is defined as l/Ro6. 
For compressible flow, the following criterion given by 

Narasimha (1985) is used. They suggest that the Reynolds 
number at the beginning of transition increases like 

1 +0.38 M06 for 0.2<M<2.4; 0.1<<?<3 (45) 

where M is the Mach number and q is the free-stream tur­
bulence. The above relation is adequate for the transonic case 
and is used here. 

Usually, one used the end of the laminar boundary layer as 
the start value to continue computation of the turbulent bound­
ary layer downstreams. However, it is difficult to reach suf­
ficient accuracy in the prediction of the position of the transition 
region. As mentioned previously, the transition region is in­
fluenced by many other parameters. 

2.3.1 Transition Calculations on Stationary Blades. For 
the streamvise direction the e" method and Granville's empir­
ical relations give similar results. For the crossflow direction, 
Owen's criterion is used. 

2.3.2 Effect of Rotation on Transition. For the stream-
vise direction Johnston's criterion is used. For the case dis­
cussed in the next section this criterion gives transition at a 
slightly later position than the e" method. The two methods 
are, however, not consistent. Johnston's method cannot be 
used for stationary cases, but predicts later transition when 
lowering the speed of rotation, thus giving a larger discrepancy 
to the other method. For the crossflow direction Owen's cri­
terion is used. This moves the region of transition from laminar 

S3 2-0 
f t 

-

-

-

-

-

" ^ _ 
100.0 

f \ 
\U 

y**v \ \ Design 

s ^ r 121.0 
^ U3.Q 

Corrected 
speed [rps] 

50 60 70 SO 90 100 110 120 130 140 150 

Corrected mass flow [kg/s] 

Fig. 2 Fan characteristic, from Saterskog (1990) 

to turbulent flow forward (upstream) as the rotation number 
(or rotation parameter) increases, its position coincides with 
the point at which the gradient of the momentum thickness 
increases. Due to Coriolis effects, the boundary layer may be 
affected by the rotation number, see Schlichting (1979, p. 695), 
which is commented upon later on. 

2.3.3 Effect of Compressibility on Transition. The effect 
of compressibility has added three complicating factors to the 
analysis; see White (1974): 

• The density variation must be included in the definition 
of integral thicknesses, 

• The free-stream Mach number is an important part of 
the pressure gradient term, 

• At high speeds the pressure difference across the bound­
ary layer may be too large to neglect. 

Of course, the Mach number (say compressibility term) has 
certain effects on the transition as well as the boundary layer 
parameters. 

For the case considered in the next section Johnston's cri­
terion is used in the stream wise direction, corrected for Mach 
number as described above. For a stationary blade the e" method 
would be used corrected in the same manner. For the crosswise 
direction Owen's criterion is used. As shown in Table 2, the 
transition position moves backward (downstream) when the 
Mach number increases. 

3 Computational Results 

3.1 Calculations for Blade 1. The compressor blade used 
in case 1 is of the following type: 

• DCA (Double Circular Arc) 
• Hub-tip radius ratio = 0.365, 
• Chord at the hub = 77.98 mm; hub chord angle to tan­

gential direction -80.10 deg 
• Chord at the tip = 103.33 mm; tip chord angle to tan­

gential direction -31.45 deg 
• Blade height at leading edge = 51.15 cm. 
• Blade height at trailing edge = 50.595 cm. 

For all the calculations in this case, Re = 2. x 106 and Um = 363 
m/s have been used. The input quantities were found from 
the Euler solver. The start values for turbulent calculations 
have been found from the laminar calculations, except for the 
shape factor where Hn= 1.5 was used. Although the actual 
flow is rotating and compressible, the results, which have been 
calculated for operating point 2 and 50 percent span, see Fig. 
2, are also shown for the incompressible nonrotating and ro­
tating cases. Thus, the influence of rotation and compressibility 
can be separated, see Figs. 3-8. Although the calculations are 
done only at 50 percent span, the same procedure can be used 
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at other positions on the blade as well as on the end walls. 
The calculations are, of course, only useful up to the position 
where the turbulent boundary layer separates. 

The free-stream conditions that must be given for the bound­
ary layer computations are taken from a well-proven Euler 
solver as explained earlier. Unfortunately there is no experi­
mental verification of either the pressure distribution or the 
boundary layer parameters. 

3.1.1 Boundary Layer Parameters on Pressure and Suction 
Side. The boundary layer parameters on pressure and suction 
side are shown in Figs. 3-8. Table 1 summarizes the changes 
noted. It is found that the effect of rotation is small on the 
parameters in the flow direction dn, Hn, C/, 8, and 8U while 
the effects are significant for the crossflow parameters 022> 1̂2. 

#2i > Pw, and 52. The effect of compressibility on the other hand 
gives significant changes in all parameters. 

The parameters 6n, 02i> 5, 81, 52, and Hn show a similar 
behavior on both pressure and suction side of the blade, but 
On, Cf, and (3W show different behaviors. Due to the streamline 
slope (positive fiw), the Coriolis forces in the boundary layer 
give rise to an additional acceleration of the flow on the suction 
side and a retardation on the pressure side. This may explain 
the more rapid growth of the pressure side boundary layer 
with increased rotation. On the suction side the effect is not 
noticed for this case, but is clearly seen on case 2 (Fig. 12). 

3.2 Transition Calculations. Using the methods de­
scribed in section 2.3 gives the positions of transition for the 
DCA blade indicated in Table 2. FOr the crosswise direction 
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DCA blade 50 percent span (suction side) 

Owen's criterion has been used without any correction for 
rotation or compressibility so the changes shown depend on 
the growth of the boundary layer only. For the streamwise 
direction the difference shown between the stationary and ro­
tating case should be treated with care as different criteria are 
used as described previously. Prediction of transition is an 
important area where much more research is needed. Work is 
under way in our department, which we will report on in the 
future when more results are available. 

3.3 Calculations for Blade 2 and Comparison With Experi­
ment. The blade used in case 2 is of the following type; see 
Olsson (1962): 

• Circular arc camber line 

• NACA Four Digit Series thickness distribution with 9 
percent maximum thickness 

• Chord c = 2.8 in. (»7.12cm) 
• Camber angle - 35 deg 
9 Chord angle to tangential direction - 45 deg 
9 Pitch-chord ratio at midspan s/c= 1.0 
• Aspect ratio l/c= 1.8 
9 Diameter ratio Df/Dy = 0.65 
This blade was investigated by one of the authors in an 

annular stationary test facility where both the free-stream and 
boundary layer flow were carefully measured. An integral 
boundary layer method was also developed and at that time, 
1962, the calculations were done without computer assistance 
but compared with the calculations done for this paper the 
agreement is almost perfect. 
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The new calculations for this blade have been done for both 
the pressure and suction sides. Comparison with measurements 
have been done for 10, 50, and 90 percent span. The calcu­
lations have also been done for a rotating case, which was 
chosen to be symmetric to the stator at 50 percent span position. 
The free-stream conditions are therefore only correct for the 
50 percent span position. Thus, the values computed at 10 and 
90 percent are only done to show tendencies. In the calculations 
done in 1962 also a corresponding two-dimensional case was 
computed. The same free-stream data were used, but all terms 
related to the three dimensionality were dropped. Those cal­
culations indicated that the differences are mainly due to 
streamline convergence or divergence. When streamlines con­
verge they will feed more fluid into the boundary layer. This 
is the case on the main portion of the suction side and will 

increase the momentum thickness as is shown in the calcula­
tions. The opposite is true for the pressure side. The difference 
between the two cases is rather small, of order 5-10 percent, 
thus in the same range as the experimental accuracy. For the 
two end positions, 10 and 90 percent span, on the suction side, 
the free streamlines are diverging while they are converging 
within the boundary layer. As a result these positions do not 
show any difference between two- and three-dimensional the­
ory. The tested case had a constant height of the blade passage, 
which in general is not typical for a turbomachinery case where 
the passage height changes. A changing passage height would 
normally magnify the streamline convergence or divergence, 
and thus give a larger difference between the two and three-
dimensional theory. 

The new calculations as well as the old ones done in 1962 
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show good agreement with the measurements as seen in Figs. 
11-14, the only exception being the momentum thickness in 
the crosswise direction in the rear part of the blade. In the 
1962 calculations this particular thickness was also calculated 
by an inviscid theory with a quite satisfactory result. In the 
comparison with the experimental results one should also re­
member the larger uncertainty in the crossflow measurements 
than in the streamwise measurements. 

Regarding the influence of rotation, we see first that the 
direction of the crossflow will be reversed and second that 
the magnitude of the crossflow is considerably larger than in 
the stationary case. Thus, secondary losses generated by the 
crossflow will be larger in a rotating than in a stationary cas­
cade. 

In the 1962 computations the losses were also calculated 

from the momentum thickness by expressing the loss as a 
fraction of the momentum of the free-stream flow. It was 
shown there that the three-dimensional case had about 10 per­
cent higher losses than the two-dimensional case and that the 
rotating case showed about 10 percent higher loss than the 
stationary three-dimensional case. It was also suggested that 
the crosswise momentum thickness could be used to estimate 
the magnitude of the secondary losses. 

3.4 Conclusions. The computer codes for calculating the 
compressible three-dimensional laminar and turbulent bound­
ary layers with rotation have been tested by using two different 
blades and results have been presented. 

Calculations for the stationary case where measured values 
are available show very good agreement with measurements. 
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Fig. 11 Comparison of calculated and measured quantities at 50 per­
cent span for NACA blade (pressure side) 

The calculations with respect to rotation and compressiblity 
show that those phenomena certainly have strong effects on 
the boundary layer parameters and transition. By using the 
criterion of Owen for the crossflow, the position of transition 
from laminar to turbulent flow moves forward (upstream) as 
the rotation parameter increases but backward (downstream) 
as the Mach number increases. Using the e" method and the 
Johnston method for the stationary and rotating cases, on 
which the start of the turbulent calculations is based, the effect 
on transition as the rotation parameter increases is very un­
certain and requires further investigation. The effect of com­
pressibility more clearer and shows that as the Mach number 
increases the region of transition moves backward. Thus, the 
effects of Coriolis force and Mach number on the boundary 
layers of the blade have been separated. 

The magnitude of the crossflow on the rotating blade is 

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 

Streamwise direction 

Fig. 12 Comparison of calculated and measured quantities 
cent span for NACA blade (suction side) 

0.90 1.00 

x/c 

at 50 per-

much larger than on the stationary blade. Thus, losses gen­
erated by the crossflow will be larger in a rotating cascade than 
in a stationary one; see Olsson (1962). 

The skin factor, cf, the crosswise momentum thickness, 0l2, 
and the crossflow angle, j3„, show different behaviors in the 
case with rotating and compressible flow compared with the 
stationary one. 

For further research it is believed that the prediction of 
transition must be checked by experiments for rotating and 
compressible cases, which might lead to corrections on the 
present methods. 
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A Fully Three-Dimensional Inverse 
Method for Turbomachinery 
Blading in Transonic Flows 
This paper presents a procedure to extend a recently developed fully three-dimen­
sional inverse method for highly loaded turbomachine blades into the transonic-
flow regime. In this inverse method, the required three-dimensional blade profile 
to produce a prescribed swirl schedule is determined iteratively using the blade 
boundary conditions. In the present implementation, the flow is assumed to be 
inviscid and the blades are assumed to be infinitely thin. The relevant equations are 
solved in the conservative forms and are discretized in all three directions using a 
finite-volume technique. Calculations are carried out for the design of high-pressure 
axial- and centrifugal-compressor rotors. These examples include prescribed swirl 
schedules corresponding to blade designs that are shock-free and blade designs that 
have rapid compression regions in the blade passage. 

1 Introduction 
Recently, a fully three-dimensional technique for designing 

the shape of turbomachine blades for large deflections was 
proposed (Hawthorne et al., 1984; Tan et al., 1984). In this 
method, the Circulation Method, the primary prescribed flow 
quantity is the pitch-averaged tangential velocity in the bladed 
region, denoted by Ve. Note that 2irrV$ is the blade circulation, 
hence the name given to the method. The theory is formulated 
in a fully inverse mode whereby the blade profile is determined 
iteratively from the inviscid blade boundary conditions. 

What is the significance of specifying the pitch-averaged 
tangential velocity distribution in the bladed region? At first, 
it appears that the most useful choice (also the conventionally 
preferred choice) for the prescribed flow conditions in an in­
verse method is the pressure distributions along the blade pres­
sure and suction surfaces (Dulikravich and Sobieczky, 1982; 
Meauze, 1982; Sanz, 1984; Tong and Thompkins, 1983). These 
pressure distributions are chosen to avoid flow separations on 
the blade surfaces at the design condition. However, this design 
philosophy only applies to the two-dimensional case where the 
streamlines along the blade surfaces are known a priori; namely 
they lie in the two-dimensional plane under consideration. In 
the general three-dimensional case, the potential presence of 
large radial velocities introduces excessive warping of a stream-
surface across the blade passage. Thus, in a fully three-di­
mensional inverse method, an accurate estimation of the lo­
cations of the blade-surface streamlines prior to the design 
calculation is a very difficult task, and it is not clear whether 
there is an advantage in specifying blade-surface pressure dis­
tributions. 

Contributed by the International Gas Turbine Institute and presented at the 
37th International Gas Turbine and Aeroengine Congress and Exposition, Co­
logne, Germany, June 1-4, 1992. Manuscript received by the International Gas. 
Turbine Institute February 20, 1992. Paper No. 92-GT-209. Associate Technical 
Editor: L. S. Langston. 

Conceptually, there are several advantages in choosing the 
pitch-averaged tangential velocity distribution as an input flow 
quantity. First, turbomachine devices supply work to, or ex­
tract work from, a working fluid by imposing a change in the 
fluid angular momentum across the rotating blades. Using the 
Euler Turbine equation, the input/output power of or the 
stagnation enthalpy rise/drop across a rotating blade row are 
shown to be proportional to the overall change in rVe (or the 
average fluid angular momentum per unit mass) across the 
blade row. _ 

After the overall change in rV6 across a blade row is chosen, 
the schedule of rVe (or the swirl schedule) must be prescribed 
at all points in the bladed region. This step raises the question 
of how the swirl schedule in the bladed region should be spec­
ified. Novak and Haymann-Haber (1983) andTanet al. (1984) 
have shown that the local rate of change of rVe along the 
"blade streamwise" direction is related to the blade loading. 
Although the specification of the blade loading seems relatively 
arbitrary, this type of design specification is used by many 
design offices in their one-dimensional mean-streamline method 
(Holbrook and Brasz, 1984), two-dimensional inverse method 
(Novak and Haymann-Haber, 1983), and quasi-three-dimen­
sional streamline curvature methods (Smith, 1987). Therefore, 
the present inverse method can readily be used to supplement 
and/or replace many existing design methods, which use the 
same design philosophy as the Circulation Method, but are 
not fully three dimensional. 

In the general theory of the Circulation Method, the blades 
are represented by distributed bound vorticities whose strength 
is determined by the prescribed swirl schedule. The flow ve­
locity is divided into pitch-averaged and periodic terms. The 
Stokes stream function formulation is used to determine the 
pitch-averaged axial and radial velocity components, while the 
Clebsch formulation is used to compute the periodic velocity 
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vector. The calculation for the blade profile is initiated by the 
specifications of, in addition to the swirl schedule, the hub 
and shroud geometries, the number of blades, the blade lead­
ing- and trailing-edge locations, the blade stacking position, 
and the blade rotational speed. The blade profile is computed 
iteratively, by first assuming an initial blade shape and then 
computing the corresponding flow field. Next, a new estimate 
for the blade profile is obtained by applying the inviscid blade 
boundary conditions. This calculation is repeated until con­
vergence in the blade geometry is reached. The resulting so­
lution not only gives the blade geometry and blade-surface 
pressure distributions, but also the entire flow field. 

The original application of the method was confined to the 
design of two-dimensional cascades (Hawthorne et al., 1984) 
and three-dimensional annular cascades (Tan et al., 1984) of 
infinitely thin blades in incompressible flow. Flow variables 
were expanded in terms of series of smooth eigenfunctions in 
all three directions: Bessel functions in the radial direction, 
Fourier series in the tangential direction, and Chebyshev pol­
ynomials in the axial direction. The method was extended to 
handle blades with finite thickness (Dang and McCune, 1984a) 
and forced-vortex blading in the presence of an incoming shear 
flow (Dang and McCune, 1984b). The latter study allowed for 
the design of three-dimensional blade profiles in the presence 
of secondary flows. 

In the subsequent years, an intense program was carried out 
to apply the theory to problems of practical interest. Borges 
(1990a) extended the method to the design of a radial inflow 
turbine of arbitrary hub and shroud profiles. He retained the 
Fourier-series expansion technique in the tangential direction, 
and solved the resulting eigenvalue problems in the meridional 
plane using a finite-difference multigrid technique. He de­
signed, constructed, and investigated the performance of a 
laboratory low-speed radial-inflow turbine consisting of a row 
of nozzle vanes and two impellers of identical hub and shroud 
profiles (Borges, 1990b). The vanes for the first impeller were 
designed by a method used in many design offices; those for 
the second impeller were designed using his program to a swirl 
schedule which he formulated. This work showed that the 
second impeller gave a definite improvement in performance 
over a wide range of operation. As the first complete dem­
onstration of the value of the new technique, this was a sig­
nificant step. 

Using a numerical scheme based on the finite-element for­
mulation for the eigenvalue problems in the meridional plane, 
Ghaly (1990) applied the method to the design of radial-inflow 
turbine vanes for compressible flow at subcritical Mach num­
ber. His work showed that the Circulation Method can be 
extended to compressible flow. Yang et al. (1991) and Zan-
geneh and Hawthorne (1990) used the method to design small 
high-speed radial-inflow turbines. To check the results given 
by the inverse method, the flows in the designed shapes were 
computed using time-marching Euler as well as viscous analysis 
codes. The results showed excellent agreement between the 
specified swirl schedules and those obtained from the direct 
Euler calculations. For the cases studied, even with a strong 
reverse flow over part of the blade pressure surface, the results 

upstream 
region 

Fig. 1 Notation 

for the viscous calculations do not appear to distort the pre­
scribed swirl schedule (Yang et al., 1991). 

In the transonic-flow regime, the appearance of shocks in 
the blade passage is possible for an arbitrary prescribed swirl 
schedule. Dang (1991) used a finite-volume technique with a 
shock-capturing capability to extend the Circulation Method 
into the transonic-flow regime for two-dimensional cascaded 
blades. The method can produce blade design corresponding 
to prescribed swirl schedules that have rapid compression re­
gions, or possibly weak shocks, in the flow. The purpose of 
this paper is to demonstrate that the Circulation Method can 
be extended into the transonic-flow regime for three-dimen­
sional flows. 

2 Theory 
The basic theory of this three-dimensional inverse method 

is well documented in several references (e.g., Tan et al., 1984) 
and is summarized in this section. In the present study, the 
flow is assumed to be inviscid, and the blades are assumed to 
be infinitely thin. Furthermore, only weak shocks will be con­
sidered so that the entropy fields generated behind these shocks 
are neglected. 

In the Circulation Method, the classical aerodynamic ap­
proach of representing the blades as bound vortex sheets is 
adopted. Assuming that the approaching flow is steady and 
irrotational, the absolute bound vorticity can be expressed as 

Q = 6p(a)VrP«X Va (1) 
where 8p(a.) is the periodic delta function (Lighthill, 1969). The 
blade surface denoted by a is defined as 

a = 6 -f{r, z) = ±m2ir/B (2) 
where (r, 6, z) is the right-handed coordinate system (Fig. 1), 
/ is the blade wrap angle, B is the number of blades, and m 
is an integer. Note that in the case of forced-vortex blading, 
Eqs. (1) and (2) represent the trailing vorticity and the wake 
surface behind the blade, respectively. The overbar denotes a 
pitch-averaged value defined as 

A --

A = 
B --
f = 

Fb ~-
(r,8,z) * 

= pitch-averaged value of 
quantity A defined in Eq. 
(3) 

= vector A 
= number of blades 
= blade wrap angle 
= body-force field 
= cylindrical coordinate sys­

tem 

S(a) = 
V = 

W = 
a = 

M«) = 
«•. x, 0 = 

p = 

$ = 

periodic sawtooth function 
absolute velocity 
relative velocity 
blade surface defined in 
Eq. (2) 
periodic delta function 
computational space 
density 
potential function 

i = 
O) = 

Q = 

Subscripts 
avg = 

bl = 
r,e,z = 

00 = 

Stokes stream function 
blade rotational speed 
absolute vorticity 

average flow 
at the blade 
r, 6, z components 
inlet condition 
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A(r,z) 
2ir Jo 

B A(r, 6, z)dB (3) 

where A is an arbitratry flow variable, and the integral is taken 
over the complete blade pitch including the blade. 

In the Clebsch formulation, the velocity vector is decom­
posed into potential and rotational parts, expressed in terms 
of scalar functions. On using Eq. (1), one such choice is 

V= V(t> + rVeVa-S(a)VrVe (4) 

where the scalar function 4> = <i> if, 0, z) is the potential part 
of the velocity vector, and the remaining terms constitute the 
rotational part of the velocity vector. In Eq. (4), S(a) is the 
periodic sawtooth function (Lighthill, 1969). Note that the curl 
of Eq. (4) gives back Eq. (1). 

In the previous compressible-flow studies (Ghaly, 1990; Zan-
geneh and Hawthorne, 1990), as the tangential component of 
the pitch-averaged velocity vector was a prescribed quantity 
in the inverse formulation, it was convenient to divide the flow 
field into two parts: a two-dimensional pitch-averaged part 
defined in Eq. (3), and the remaining three-dimensional pe­
riodic part whose pitch-averaged value was zero. The pitch-
averaged and periodic parts of the flow field were solved sep­
arately, and they were chosen to satisfy the pitch-averaged and 
periodic forms of the equations of motion, respectively. 

In the present study, which deals with transonic flows, the 
equations of motion are solved in the conservative form so 
that (weak) shocks can be included. Thus, it is no longer useful 
formally to divide the flow into pitch-averaged and periodic 
parts. Instead, strictly for convenience (for both theoretical 
and numerical reasons), the velocity vector is redefined as 

V=[Yavg(i-, z)+ Veie] + V « - S ( a ) VrVs (5) 

where the redefined potential function $ is a function of (r, 
6, z), and the average velocity vector Vavg has nonzero r and 
z components only (a meridional-like velocity vector). 

On considering the 6 component of the pitch-averaged in­
tegral of Eq. (5), it can be shown that the potential function 
4> must be periodic in the tangential direction, namely 

far, 6=f, z) = far, 8=f+2ir/B, z) (6) 

Equation (6) constitutes the boundary condition for </> along 
the periodic boundaries, which include the bladed region. It 
is interesting to note that the use of the Clebsch formulation 
for the velocity vector as described by Eq. (4) does not intro­
duce double-valued potentials along the blade camber surface 
and along the singularity surface leaving the blade trailing edge 
(for a lifting case). The reason is that, unlike in the conventional 
full-potential method where the circulation of a lifting surface 
is represented by the jump in the potential function along the 
lifting surface and along the singularity surface behind the 
trailing edge, the Clebsch approach puts all the circulation into 
the rotational part of the velocity vector. 

Taking the curl of Eq. (5) to obtain the vorticity and compare 
it with Eq. (1), it can be seen that the average velocity must 
satisfy the following condition: 

VXV a v g= VrP„X Va = fi (7) 

Equation (7) constitutes the only constraint on the average 
velocity Vavg. It requires the curl of the average velocity to be 
the pitch-averaged vorticity. 

2.1 Governing Equations. In the Clebsch formulation of 
the equations of motion, the Clebsch variables expressed in 
Eq. (4) are chosen to satisfy the continuity, momentum, and 
energy equations. Written in the rotating frame, the continuity 
equation is 

V ( p W ) = 0 (8) 

while the momentum equation expressed in Crocco's form is 

W x f l = 5p(a)FdVa (9) 

In Eq. (9), the right-hand side term is the body force repre­
senting the reaction on the fluid as a result of forces concen­
trated at the blades. For inviscid flow, this body force represents 
the force resulting from the pressure difference across the 
blades and acts normal to the blades. For homenthalpic and 
homentropic flow, the density can be computed from 

1+-
1, 
• M i i + w 7 - l (10) 

In the above equations, M„ is the inlet absolute Mach number, 
V„ is the inlet absolute velocity, W is the relative velocity, 7 
is the ratio of the specific heats, p^ is the inlet density, and w 
is the blade rotational speed. On substituting Eq. (1) into Eq. 
(9), along with the use of the blade boundary condition (i.e., 
the flow tangency condition at the blade surfaces) 

<W>w-Va = 0 (11) 

the following relation is obtained: 

•F f t=<W>w.VrTi (12) 

In Eqs. (11) and (12), the "blade" velocity <W>W is defined 
as the average velocity at the blade pressure and suction sur­
faces. At the blade trailing edge and away from the bladed 
region, Fb must vanish and Eq. (12) reduces to 

<W>«.VrK, = 0 (13) 

Physically, Eq. (13) states the Kutta condition at the blade 
trailing edge and, in the case of forced-vortex blading, the zero 
pressure jump condition across the trailing vortex sheet. The 
prescribed swirl distribution in the bladed region must satisfy 
Eq. (13) at the trailing edge, and Eq. (13) is used to compute 
the swirl distribution outside the bladed region. 

2.2 Choice of the Average Flow. The Stokes stream func­
tion is used to determine the axisymmetric average flow. The 
average velocity is chosen to satisfy the actuator duct limit of 
the flow equations (Dang and Wang, 1992). In this limit, the 
continuity equation takes on the form 

V'(p„gV (nw) = 0 (14) 

where the average density is calculated from 

Pavg 

Poo 
1 + 

7 - 1 
M i 1 + 

V1 

V 

V2,-2urV}\ 7-1 (15) 

To determine the average velocity, the Stokes stream func­
tion \p = \J/(r, z) is defined to satisfy Eq. (14), namely 

PavgVavg=Vl/>X V0 (16) 

The governing equation for the Stokes stream function is ob­
tained by enforcing the constraint described by Eq. (7), leading 
to 

d I 1 dA b_{ 1 d\P drVedf drVedf 

dr\rpmg drj ' 3z\/"pavg dz) dz dr dr dz 
(17) 

Note that Eq. (17) represents the 6 component of Eq. (7), while 
the other two components of Eq. (7) are identically satisfied. 

In the present formulation, the average flow is not defined 
to satisfy the exact pitch-averaged form of the equations of 
motion as in the earlier compressible-flow studies (Ghaly, 1990; 
Zangeneh and Hawthorne, 1990). It was done so in the earlier 
studies so that the flow can be conveniently expressed as Four­
ier series in the tangential direction. In the present formulation, 
the average velocity is purposely defined to satisfy Eqs. (14) 
and (15) so that it represents the far-field flow conditions in 
the free-vortex limit. In this case, the potential functions 4> 
defined in Eq. (5) is prevented from growing out-of-bound 
with streamwise distance (similar to the use of the reduced 
potential function in external aerodynamics). With this choice 
of the average flow, the pitch-averaged integral of V^ in Eq. 
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(5) can have nonzero r and z components, although the 6 
component is always zero due to the constraint imposed on 
the potential function through Eq. (6). 

2.3 Formulation of the Inverse Problem. In the Circu­
lation Method,_the primary prescribed flow quantity is the 
swirl schedule rVe in the bladed region, and the primary quan­
tity solved for is the blade wrap angle / defined in Eq. (2). 
The inviscid blade boundary conditions are used to compute 
the blade wrap angle iteratively. Substituting Eq. (2) into Eq. 
(11), the equation used to, update the blade wrap angle is 
obtained 

<We)b df df 

W« £+<*>«£ = — 
(18) 

In Eq. (18), the blade wrap angle/can be computed given the 
"blade" velocity. The evaluation of the "blade" velocity using 
Eq. (5) requires the knowledge of the average velocity and the 
potential function. The choice of the average velocity is pre­
sented in Sect. 2.2, while the potential function is determined 
from the continuity equation. Formally, on substituting Eq. 
(5) into Eq. (8), the governing equation for <j> is obtained: 

V-(pV</>)= - V« P VHVg+Kjft-S(a)VrV, (19) 

Note that Eq. (19) is the full-potential equation with a source 
term. In the design problem, the unknowns in the problem 
are: (1) the blade wrap angle/, (2) the average velocity Vavg, 
(3) the potential function <$>j_a.n& (4) the pitch-averaged tan­
gential velocity component Ve outside the bladed region. The 
calculation for the blade wrap angle / is initiated by guessing 
a blade shape and an initial velocity field. Then, the following 
iterative scheme is used to update the blade profile: 

1 The average velocity Vavg is computed by solving Eq. 
(17) for 4>. 

2 The potential function <£ is computed by solving Eq. (19). 
3 The pitch-averaged tangential velocity component Ve 

outside the bladed region is computed by solving Eq. 
(13). 

4 The blade wrap angle/is updated by solving Eq. (18). 
5 Perform a convergence check on/. If convergence is not 

reached, then go back to step (1). 

3 Numerical Technique 
In this section, the numerical technique used to solve the 

relevant equations described in Sect. 2 will be presented. Three 
types of partial differential equation are encountered in the 
iterative scheme for the blade profile. They are: (1) the gov­
erning equation for the Stokes stream function i/s (2) the gov­
erning equation for the potential function 0, and (3) the 
governing equations for the blade wrap angle / and the pitch-
averaged tangential velocity component Ve outside the bladed 
region. 

3.1 Stokes Stream Function Solver. The governing equa­
tion for the Stokes stream function defining the average flow, 
i.e., Eq. (17), is of the elliptic type assuming that the Mach 
number based on the average flow is less than unity. Equation 
(17) is solved by first transforming it from the meridional plane 
(r, z) to a rectangular computational plane (f, £), then central-
differencing the transformed equation using a Line-Successive-
Over-Relaxation (LSOR) scheme. Written in terms of the cor­
rection in \j/ between the iteration levels in the relaxation scheme, 
the discretized form of Eq. (17) reads 

(20) LAy+-V\=%m-MrVe, f) 

from Eq. (17) and is a function of the transformation metrics. 
Since the hub and shroud profiles do not change during the 
iterative process for the blade wrap angle, these transformation 
metrics are fixed throughout the calculations. In Eq. (20), it 
is important to differentiate the way Qe appearing on the right-
hand side are computed: the first term is computed using the 
values of the stream function \p at the previous LSOR iterative 
level, whilethe second term is evaluated in terms of the Clebsch 
variables rVe and/. These Clebsch variables are fixed during 
the LSOR iteration. 

Consider the area integral of Eq. (20) about an arbitrary 
cell in the meridional plane. On using the theorem of Stokes 
applied to the first term on the right-hand side of Eq. (20), 
one obtains 

L,)r+i-r\=2 jv«->di-jja,,./)d4 (21) 

where the superscript n denotes the LSOR iterative-level num­
ber. In the above equations, the discrete operator LJ, is derived 

where A is the area of the cell, the line integral is taken coun­
terclockwise around the sides of the cell, and the area integral 
is taken over the cell. In Eq. (21), the first term on the right-
hand side is the circulation about the cell evaluated using the 
values of the stream function at the previous LSOR iterative 
level, while the second term is the flux of vorticity through the 
cell expressed in terms of the Clebsch variables. When the 
LSOR relaxation scheme converges, the left-hand side of Eq. 
(21) vanishes (i.e., the correction to the stream function be­
tween the LSOR iteration is zero), and Eq. (21) is simply a 
statement of circulation. It states that the stream function has 
been successfully adjusted to give the circulation about the cell 
its correct value, which is given by the flux of vorticity through 
the cell expressed in terms of the Clebsch variables. The right-
hand side of Eq. (21) is the residual of the LSOR iterative 
scheme. From the numerical point of view, the convergence 
of the LSOR scheme is monitored through the value of this 
residual, not through the change of the stream function be­
tween iterations. 

3.2 Potential Function Solver. Previously, to take ad­
vantage of the periodic condition in the pitchwise direction, 
the classical Fourier-series expansion technique was employed 
to solve the continuity equation for the potential function (Tan 
et al., 1984). This technique is numerically efficient because it 
reduces the three-dimensional problem to solving a set of two-
dimensional Helmholtz equations. In the present study, in 
order to handle shocks in the transonic-flow regime, the con­
tinuity equation is solved in the conservative form and is dis­
cretized in all three directions using a finite-volume technique. 

The governing equation for the potential function, Eq. (19), 
is of the mixed elliptic/hyperbolic type when the relative flow 
field is transonic. Equation (19) is solved by first transforming 
it from the physical space (r, 6, z) to a rectangular computa­
tional space (f, x, £), then discretizing the transformed equa­
tion in all three directions using the Jameson's rotated scheme. 
This relaxation method involves the concept of adding an ar­
tificial viscosity to the central-differencing scheme in order to 
produce the desired directional bias in the hyperbolic region. 
In addition, the conservation-law form of the continuity equa­
tion is preserved in the discretized approximation so that proper 
jump conditions are satisfied across shocks. 

Written in terms of the correction in <j> between the iteration 
levels in the relaxation scheme, the discretized form of Eq. 
(19) takes on the form 

L0-[<?n+1-^) = V(pW) (22) 

where the superscript n is the iterative-level number of the 
relaxation scheme. In the above equation, the discrete operator 
.Lj is derived from Eq. (19) and is the same operator as that 
of the full-potential equation. The details of this relaxation 
scheme can be found from Jameson and Caughey (1977). 

Considering the volume integral of Eq. (22) about an ar-
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bitrary cell and applying the theorem of Stokes to the right-
hand side term, one obtains 

Ljif pW'fidA (23) 

where V is the volume of the cell. In Eq. (23), the right-hand 
side term represents the net mass flux across the boundaries 
of the cell. When the relaxation scheme converges, the left-
hand side of Eq. (23) vanishes (i.e., the correction to the po­
tential function is zero), and Eq. (23) is simply a statement of 
the conservation of mass. The right-hand side of Eq. (23) is 
the residual of the iterative scheme. From the numerical point 
of view, the convergence of the relaxation scheme is monitored 
through the value of this residual, not through the change of 
the potential function between iterations. 

The boundary conditions applied to Eq. (23) are as follows. 
At the inflow boundary, the potential function is set to zero 
since the inlet velocity vector is contained in the average flow. 
Along the periodic boundaries (i.e., the blade surfaces and the 
stream surfaces emanating from the blade leading and trailing 
edges), the potential function is periodic as required by Eq. 
(6). Along the hub and shroud surfaces, the flow-tangency 
condition is imposed. Finally, at the outflow boundary, the 
mass flux is set to be uniform and the total mass flux is set 
equal to the specified mass flow rate. 

As the periodic boundaries change during the iteration proc­
ess for the blade profile, the grid distributions in the blade-
to-blade planes change at every iterative level. To alleviate the 
grid-generation task, an H-grid topology is employed. This 
choice of grid topology reduces to generating the grid in the 
(r, a, z) space. The advantage is that because a satisfies the 
condition 0 < a < 2ir/B, the (r, a, z) space is simply an 
axisymmetric channel having straight vanes, and the grid-gen­
eration task reduces to generating a grid in the meridional 
plane and a stretching function in the pitchwise direction. 

In the finite-volume method of Jameson and Caughey (1977), 
the solution to Eq. (23) involves the evaluation of the trans­
formation metrics between the physical space (r, 6, z) and the 
computational space (f, x, £)• The metrics /-f, rs, zf, and zf are 
calculated from the specified grid distribution in the meridional 
plane. These metrics are fixed during the iteration process for 
the blade profile since the hub and shroud profiles are given. 
In the present choice of the H-grid topology, the metrics rx 

and zx are zero. Finally, on using Eq. (2), the remaining three 
metrics 0f, dx, and 0j are computed from 

h=U ex=^x, flf=/« (24) 

since a f, a j , and / x are zero. During the iteration process for 
the blade profile, <xx is fixed and is evaluated from the specified 
stretching function in the pitchwise direction, while/ f and / f 

vary. 

3.3 Hyperbolic Equation Solver. The governing equa­
tions for the blade wrap angle/ , Eq. (18), and for the pitch-
averaged tangential velocity component Ve outside the bladed 
region, Eq. (13), are hyperbolic. These equations are solved 
numerically using the implicit second-order accurate Crank-
Nicolson scheme. For the blade wrap angle, the blade "stack­
ing" position constitutes the initial data for Eq. (18). In the 
present method, the blade wrap angle is set to zero along a 
prescribed quasi-orthogonal grid line (constant £ line), called 
the blade stacking line. For the pitch-averaged tangential ve­
locity component outside the bladed region, the initial data 
for Eq. (13) are given from the prescribed swirl distribution 
at the blade trailing edge_. For free-vortex blading, Eq. (13) is 
identically satisfied as rVe is constant along the blade trailing 
edge and outside the bladed region. 

4 Results and Discussions 
To illustrate the method, the design of a centrifugal-com-
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Fig. 2 Grid distribution in meridional plane 

0.6 

pressor impeller is presented first, followed by the design of 
two axial-compressor rotors of the same pressure ratio; one is 
shock-free, while the other has a rapid compression region 
(possibly a weak shock) in the flow. As the purpose of these 
exercises is to demonstrate the capability of the method to 
handle transonic flow conditions, no attempt is made at choos­
ing swirl schedules that "optimize" the blade geometry and 
blade-surface flow distributions. 

Figure 2 shows the specified hub and shroud profiles, the 
prescribed locations of the impeller leading and trailing edges, 
along with the grid distribution in the meridional plane for the 
centrifugal-compressor impeller. All dimensions are normal­
ized to the trailing-edge radius (or tip radius) taken to be 0.1 
m. The employed grid has 72 x 24 cells in the meridional 
plane and 20 cells in the circumferential direction, giving a 
total of 34,560 cells in the computational domain. A fully 
converged solution for this grid takes on the order of two 
hours of CPU time on a Sun Sparcstation 2 workstation (4 
Mflops machine). 

In this design, the specified number of blades is 14, and the 
blades are stacked at the trailing edge (i.e., the blade wrap 
angle at the trailing edge is set to zero at all spanwise stations). 
The impeller rotational speed is 52,000 rpm, and the incoming 
airflow is set at the ambient conditions with a mass flow rate 
of 2.0 kg/s. These prescribed conditions give inflow relative 
Mach numbers of 0.82 and 1.23 at the hub arid shroud loca­
tions, respectively. The inflow relative angles at the hub and 
shroud are - 4 3 and - 5 9 deg, respectively. The impeller is 
designed to have a pressure ratio of 6.5 with a subsonic outflow 
relative Mach number. _ 

Figure 3 shows the prescribed contour plot of rVg in the 
bladed region (normalized to the impeller tip radius and tip 
speed). This figure indicates that the impeller is designed to 
increase rVe from 0.0 at the leading edge to 0.7 at the trailing 
edge. Also shown on this figure are the loading distributions 
at the hub, midspan, and shroud stations used to generate this 
swirl schedule. They indicate that the impellers are designed 
to be loaded toward the trailing edge. 

Figure 4 illustrates the initial (left figure) and final (right 
figure) grid distributions at the midspan blade-to-blade plane. 
This figure shows that the initial grid distribution generated 
on a typical blade-to-blade plane is simply for an axisymmetric 
channel having straight vanes. During the iteration process for 
the blade wrap angle / , constant £ grid lines move circumfer-
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Fig. 4 Grid distribution in blade-to-blade plane at midspan 

entially (i.e., horizontally in the figure) by the amount of 8f 
varied between iterations. 

Figure 5 illustrates the geometry of the designed impeller as 
described by contours of the blade wrap angle. The spanwise 
variation in the blade wrap angle at the leading edge is large 
and is on the order of 0.5 radian. Figure 5 also indicates that, 
in the region between the midchord station and the trailing 
edge, the blade wrap angle is larger at the hub and shroud 
than at midspan. Consequently, the prescribed swirl distri­
bution shown in Fig. 3 results in a blade design that may not 
satisfy the structural and manufacturing constraints. 

Figure 6 illustrates the contour plot of the relative Mach 
number at the blade suction surface (dashed line represents 
sonic line). This figure shows that the impeller operates in the 
transonic-flow regime, with a maximum relative Mach number 
of 1.27 on the suction surface. This figure indicates that the 
designed impeller is shock-free. 

Next, to illustrate the capability of the present method to 
produce blade design corresponding to a prescribed swirl 
schedule that has a rapid compression region in the flow, the 
design of two axial-compressor rotors is presented. In these 
examples, the annulus has constant hub and shroud radii, and 
the blade axial chord is kept constant. The aspect and hub-to-
tip ratios of the rotors are 0.2 and 0.8, respectively. The spec­
ified number of blades is 5, and the blades are stacked at 
midchord (i.e., the blade wrap angle at midchord is set to zero 
at all spanwise locations). The prescribed flow conditions give 

Fig. 6 Contour of relative Mach number on blade suction surface (con­
tour increment of 0.05) 

inflow relative Mach numbers of 0.74 and 0.78 at the hub and 
shroud locations, respectively. The inflow relative angles at 
the hub and shroud are - 28 and - 33 deg, respectively. These 
two rotors are designed to have the same pressure ratio of 
1.22, but the prescribed swirl schedules are slightly different. 

Figure 7 shows the loading shapes used to generate the pre­
scribed swirl schedules for the designed rotors. Rotor A is 
designed to have a simple free-vortex swirl schedule of the 
form rVe = rVg(z). The swirl schedule for rotor A is generated 
using a "smooth" loading shape (type A) at all spanwise sta­
tions. On the other hand, the free-vortex swirl schedule for 
rotor B has a spanwise variation; it is generated using the same 
"smooth" loading shape of rotor A at the hub station, but a 
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at shroud 
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Fig. 8 Comparison of relative Mach number contours on blade suction 
surface (contour increment of 0.025) 

loading shape having a "large negative gradient" at the 40 
percent chord (type B) is used at the midspan and shroud 
stations. Also included in Fig. 7 are the resulting prescribed 
rVe contours for the designed rotors. Note that the large dif­
ference in the loading shapes usedjo generate these swirl sched­
ules is hardly noticeable in the rVe contour plots. 

Figure 8 shows contour plots of the relative Mach number 
at the blade suction surfaces for rotor A and rotor B (dashed 
line represents sonic line). This figure indicates that rotor A 
is shock-free, while rotor B has a rapid compression around 
the 40 percent chord station. Figure 9 illustrates a detailed 
comparison of the blade-surface relative Mach number at the 
shroud. This figure confirms the shock-free condition of rotor 
A and the presence of a rapid compression in rotor B, although 
the latter could very well be a weak shock. 

Figure 10 shows detailed comparisons of the blade wrap 
angle and the blade angle distributions at the shroud location 
for the two designed rotors. This figure shows that the geo­
metric differences in the two blade profiles are very small, even 
though the changes in the two flow fields were shown in Figs. 
8 and 9 to be drastic. 

Conclusions 
In this paper, the inverse method for turbomachinery blades 

based on the Circulation Method has been successfully ex­
tended into the transonic-flow regime for three-dimensional 
flows. In the Circulation Method, the primary prescribed flow 
quantity is the swirl schedule in the bladed region, and the 
calculated geometric quantity is the blade profile. In this study, 
the flow is assumed to be inviscid with a uniform incoming 
flow, and the blades are assumed to be infinitely thin. 

0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 
meridional distance 

Fig. 10 Comparisons of blade wrap angle and blade angle distributions 
at shroud 

In the present method, the previous technique of expanding 
flow variables as Fourier series in the circumferential direction 
and solving the resulting set of eigenvalue problems in the 
meridional plane is replaced by a fully discretized method. The 
equations are solved in the conservative forms and are discre­
tized in all three directions using a finite-volume technique. 
Relative to the previous mixed Fourier-series/discretized ap­
proach, the main advantage of the present formulation is its 
ability to handle mixed-flow conditions in the presence of weak 
shocks. In addition, the self-generated three-dimensional grid 
provided by the method can readily be used by existing Euler/ 
Navier-Stokes analysis codes to perform off-design/loss cal­
culations. 

Calculations were carried out for the design of high-pressure 
centrifugal impellers and axial-compressor rotors operating in 
the transonic-flow regime, including design with prescribed 
swirl schedules that result in no shock or in the appearance of 
rapid compression regions (or possibly weak shocks) in the 
blade passage. Numerical experiments with various prescribed 
swirl, schedules indicate that those generated using "smooth" 
loading shapes generally produce blade profiles that are shock-
free, while those generated using loading shapes with "dis­
continuities" generally produce blade profiles that have rapid 
compression regions in the blade passage. 

At the present time, little is known about how to prescribe 
swirl schedules corresponding to blade design that have shocks 
in the blade passage. The use of existing three-dimensional 
Euler analysis methods is recommended to examine this re­
lationship. For example, these direct methods could be used 
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to calculate the swirl schedules corresponding to existing blade 
profiles that are known to have shocks in the blade passage. 
These results can provide guidelines on how to prescribe swirl 
schedules that produce blade design with shocks. In addition, 
the use of the blockage function (Yang et al., 1991) to represent 
blade thickness effects should be investigated as a means to 
produce shocks in the flow. As the purpose of this paper is to 
demonstrate that the Circulation Method can be extended into 
the transonic-flow regime for three-dimensional flows, this 
study is reserved for future work. 

The assumption of weak shock employed in the present 
formulation can be relaxed by incorporating the Euler-cor-
rection method developed for strong shocks by Dang and Chen 
(1989). This method adds a rotational term to the velocity 
expression to account for the entropy field generated behind 
shocks. The theory can be extended to model blades with finite 
thickness by using two bound vortex sheets to represent the 
blade pressure and suction surfaces. 
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Prediction of Unsteady Rotor-Surface Pressure and Heat 
Transfer From Wake Passings1 

T. Korakianitis2 

The authors are congratulated for their contributions to 
unsteady heat transfer computations. Some additional obser­
vations and questions are offered constructively. This discus­
sion is based on previous investigations (Korakianitis, 1987a, 
1988b, 1988c, 1992a, 1992b, 1993a; Korakianitis and Wilson, 
1988a) on wake and potential-flow interaction propagating 
from upstream stators in turbine rotor cascades. (The discus­
sion was offered in July 1991; further contributions to the 
unsteady flow and unsteady heat transfer phenomena on this 
turbine rotor are included in a recent study (Korakianitis et 
al., 1993b).) 

The authors' Gaussian-velocity-defect wake model has am­
plitude D = 0.15 and (half) width W = 0.04, derived from 
one study on compressor wakes, presumably because no wake 
data on the pertinent turbine geometry were available. Our 
previous literature reviews (Korakianitis, 1987a, 1992a; Ko­
rakianitis and Wilson, 1988a) show experimental data on com­
pressor and turbine-wake values of D and W as a function of 
distance downstream for the generating cascade. These data 
indicate that suction-side widths are larger than pressure-side 
widths, and turbine wakes have smaller amplitudes and wider 
widths than compressor wakes. For an axial gap of x/C = 0.2 
from the stator cascade (as used in this study), compressor 
wakes would have Dc « 0.25, WCjSU » 0.10, and WCiPr « 0.05, 
and turbine wakes would have D, « 0.10, WtiSU ~ 0.23, and 
WtiPr » 0.18 (where the subscripts c, t, su, and pr denote 
compressor, turbine, suction, and pressure, respectively). Based 
on these data, using D, = 0.10, W,iS„ = 0.23, and WUpr = 
0.18 would be a better turbine wake model for the present 
investigation. Given the mechanisms of propagation and re­
gions of influence of wake and potential-flow interaction (see 
below) the authors' wake model may have contributed to the 
overpredicting/underpredicting unsteady heat transfer shown 
in Figs. 13-16. 

Our previous studies (Korakianitis, 1987a, 1988b, 1988c, 
1992a, 1992b, 1993a; Korakianitis and Wilson, 1988a) have 
identified two important factors on the relative influence of 
wake and potential-flow interactions. First, for stator-to-rotor 
axial gaps x/C =0 .3 from the stator cascade: For stator-to-
rotor-pitch ratio R < 1.5 the wake interaction dominates the 
unsteadiness; for R > 2.5 the potential-flow interaction dom-

'By L. T. Tran and D. B. Taulbee, published in the October 1992 issue of 
the ASME JOURNAL OF TURBOMACHINERY, Vol. 114, No. 4, pp. 807-817. 

Assistant Professor of Mechanical Engineering, Washington University, St. 
Louis, MO 63130. 

inates the unsteadiness; and for 1.5 < R < 2.5 both inter­
actions are important and they may reinforce or counteract 
each other. Second, as the axial gap x/C is reduced, the in­
fluence of the potential-flow interaction increases substan­
tially. Since in the present investigation R = 1.9024 = 2 and 
the gap is 0.2, it is not at all clear that the wake interaction 
dominates the heat transfer in the geometry under investiga­
tion; it is more likely that the pressure and velocity gradients 
from the potential-flow interaction are dominating the flow 
particularly near the leading edge. Neglecting the potential-
flow interaction has contributed significantly to the overpre­
dicting/underpredicting unsteady heat transfer in Figs. 13-16. 

The authors' explanation on the mechanisms of propagation 
of the wakes in this paper is based on previous interpretations 
of other investigators, which have recently been updated. For 
example, Meyer (1958) and Lefcort (1965) considered the cut­
ting of wakes, and Smith (1966) introduced the idea of distinct 
wake segments and vorticity conservation in the rotor passages. 
Hodson (1983, 1985) discussed the rotation of the cut wake 
segments and the effects of the lower momentum fluid in the 
wake region, and Korakianitis (1987a, 1988c, 1992b) used the 
recirculating flows to show how they resulted in "suction" 
and "impingement" of low-momentum-fluid jets to generate 
unsteady-flow fields and pressure (forces) on turbine-blade 
surfaces. 

The mechanisms of generation of unsteady flow fields by 
wake interaction and by potential-flow interaction were re­
cently examined in further detail (Korakianitis, 1993a) using 
a cascade of low loading designed with the continuous surface-
curvature distribution method described by Korakianitis 
(1987b, 1989). The wake effects are summarized below. Inside 
the cascade the cut wake segments result in recirculating-flow 
patterns, which in turn cause an increased unsteady-pressure 
region upstream of the location of the wake centerline, and a 
decreased unsteady-pressure region downstream of the wake 
centerline. Despite the shortcomings of the authors' wake 
model, the above are indeed corroborated by (and explain 
better) the phases of the local increases and decreases in surface 
pressure and velocity upstream and downstream of the wake 
centerlines shown in Figs. 4, 5, 6, and 7. The reasons are 
outlined below. 

Figure 17 shows an example of the effect of cut wake seg­
ments (at time t = Y/Ps = 0.12 after the stator wake touches 
the leading edge of rotor 0) in a geometry corresponding to R 
= ,2&ndx/C = 0.3. The wake has amplitude D = 0.10, half-
width W = 0.15 of Ps, and the stator outlet angle is 70.14 
deg. The flow fields shown in Fig. 17 have been computed 
using Giles' (1988) computer program UNSFLO. The accuracy 
of the computations for steady and unsteady flow cases of 
known theoretical and experimental output has been checked 
before by Korakianitis (1987a, 1992a, 1993c), Korakianitis and 
Wilson (1988a), Giles (1988), and Giles and Haimes (1993). 
The high-turning highly loaded turbine cascade shown in Fig. 
17 has been designed with a prescribed-curvature-distribution 
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method (Korakianitis, 1993c) for inlet flow angle 50 deg, outlet 
flow angle - 60 deg, and incompressible tangential-lift coef­
ficient CL = 1.20. The wake centerlines are identified by the 
thicker dashed lines of entropy contours. Figure 1(a) (left) 
shows unsteady flow vectors superimposed oh entropy con­
tours, and Fig. 1(b) (right) shows unsteady pressure contours 
superimposed on entropy contours for the same region. The 
regions of positive unsteady pressure are shown dotted, and 
the regions of negative unsteady pressure are shown unmarked. 
One can identify the magnitude of the change from the average 
pressure by counting the pressure contours in the dotted and 
unmarked regions. 

As the potential-flow field of the stagnation region near the 
rotor leading edge interacts with the lower-momentum field in 
the wake, recirculating-flow patterns are established in the 
stagnation region of the leading edge of the rotor. These re­
circulating flow patterns are generated as the wake is being 
cut; once generated they result in a counterclockwise rotating 
unsteady-flow pattern downstream of the wake centerline, and 
a clockwise rotating unsteady-flow pattern upstream of the 
wake centerline. The wakes are cut by the potential-flow field 
of the passing rotor into individual segments acting in each 
passage. After the stator wake is cut to produce a segment of 
a wake in the rotor passage, the two ends of the wake segment 
travel at the local speeds; the portion attached to the pressure 
side moves downstream into the passage much more slowly 
than the portion attached to the suction side, because the local 
flow velocities are higher on the suction side of the cascade. 
At the same time lower momentum fluid moves from the wake 
end near the pressure side to the wake end near the suction 
side. The last two phenomena cause a thinner wake segment 
of the pressure side, a thicker wake segment on the suction 
side, and a counterclockwise rotation of the centerline of the 
wake, as it moves through the passage. The initial vorticity is 
conserved: Before the wake is cut there is no unsteady pressure 
on either side of the wake; after the wake is cut there is sub­
stantial positive unsteady pressure on the upstream side of the 
wake, and negative unsteady pressure on the downstream side 
of the wake. If the flow entering the rotor is modeled as 
irrotational, then the vorticity of the two counterrotating re­
circulating-flow patterns that flank the wake centerline must 
be equal and opposite. The two vortex patterns act in opposite 
directions. The upstream clockwise-rotating recirculating-flow 
pattern causes a local increase in pressure, and the downstream 
counterclockwise-rotating recirculating-flow pattern causes a 
local decrease in pressure. As the vortices move downstream 

and out of the rotor cascade the wake is sheared, distorted, 
and enlarged, while the amplitudes of the unsteady pressure 
maxima or minima are decreased, and their region of influence 
increased. 

References 
Giles, M. B., 1988, "Calculation of Unsteady Wake/Rotor Interaction," 

AIAA Journal of Propulsion and Power, Vol. 4, No. 4, pp. 365-362. 
Giles, M. B., and Haimes, R., 1993, "Validation of a Numerical Method for 

Unsteady Flow Calculations," ASME JOURNAL OF TURBOMACHINERY, Vol. 115, 
pp. 110-117. 

Hodson, H. P., 1983, "Unsteady Boundary-Layers on Axial-Flow Turbine 
Rotor Blades," PhD thesis, University of Cambridge, United Kingdom. 

Hodson, H. P., 1985, "An Inviscid Blade-to-Blade prediction of a Wake-
Generated Unsteady Flow," ASME Journal of Engineering for Gas Turbines 
and Power, Vol. 107, pp. 337-344. 

Korakianitis, T., 1987a, "A Design Method for the Prediction of Unsteady 
Forces on Subsonic, Axial Gas-Turbine Blades," Doctoral Thesis (Sc.D.) in 
Mechanical Engineering, Massachusetts Institute of Technology, Cambridge, 
MA. 

Korakianitis, T., 1987b, " A Parametric Method for Direct Gas-Turbine-Blade 
Design," AIAA Paper No. 87-2171. 

Korakianitis, T., and Wilson, D. G., 1988a, "The Effect of the Magnitude 
of the Inlet-Boundary Disturbance on the Unsteady Forces on Axial Gas-Turbine 
Blades," Proceedings of the Fourth International Symposium on Unsteady Aero­
dynamics and Aeroelasticity of Turbomachines and Propellers, Aachen, Ger­
many, Sept. 6-10, 1987; H. E. Gallus and S. Servaty, eds., published by RWTH 
Aachen, Feb. 1988, pp. 109-124. 

Korakianitis, T., 1988b, "On the Prediction of Unsteady Forces on Gas 
Turbine Blades. Part 1: Typical Results and Potential-Flow-Interaction Effects," 
ASME Paper No. 88-GT-89. 

Korakianitis, T., 1988c, "On the Prediction of Unsteady Forces on Gas Tur­
bine Blades. Part 2: Viscous-Wake-Interaction and Axial-Gap Effects," ASME 
Paper No. 88-GT-90. 

Korakianitis, T., 1989, "Design of Airfoils and Cascades of Airfoils," AIAA 
Journal, Vol. 27, No. 4, pp. 455-461. 

Korakianitis, T., 1992a, "On the Prediction of Unsteady Forces on Gas Tur­
bine Blades. Part 1: Description of the Approach," ASME JOURNAL OF TUR­
BOMACHINERY, Vol. 114, pp. 114-122. 

Korakianitis, T., 1992b, "On the Prediction of Unsteady Forces on Gas 
Turbine Blades. Part 2: Analysis of the Results," ASME JOURNAL OF TURBO-
MACHINERY, Vol. 114, pp. 123-131. 

Korakianitis, T., 1993a, "On the Propagation of Viscous Wakes and Potential 
Flow in Axial-Turbine Cascades," ASME JOURNAL OF TURBOMACHINERY, Vol. 
115, No. 1, pp. 118-127. 

Korakianitis, T., Papagiannidis, P. , and Vlachopoulos, N., 1993b, "Unsteady 
Flow/Quasi-Steady Heat-Transfer Computations on a Turbine Rotor and Com­
parison With Experiments," ASME Paper No. 93-GT-145; ASME JOURNAL OF 
TURBOMACHINERY in press. 

Korakianitis, T., 1993c, "Prescribed-Curvature-Distribution Airfoils for the 
Preliminary Geometric Design of Axial-Turbomachinery Cascades," ASME 
JOURNAL OF TURBOMACHINERY, Vol. 115, pp. 325-333. 

Lefcort, M. D., 1965, "An Investigation of Unsteady Blade Forces in Tur­
bomachines," ASME Journal of Engineering for Power, Vol. 87, pp. 345-354. 

Meyer, R. X., 1958, "The Effect of Wakes on the Transient Pressure and 

X X 
Fig. 17(b) Fig. 17(b) 

Fig. 17 Unsteady flow vectors of magnitude 0.35 (a) superimposed on unsteady pressure contours of increment 0.005 (b) and on dashed 
entropy contours of increment 2.0 (both) at f = 0.12 

Journal of Turbomachinery APRIL 1993, Vol. 115/363 

Downloaded 01 Jun 2010 to 171.66.16.60. Redistribution subject to ASME license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



Velocity Distributions in Turbomachines," Transactions oftheASME, Vol. 80, 
pp. 1544-1552. 

Smith, L. H., 1966, "Wake Dispersion in Turbomachines," ASME Journal 
of Basic Engineering, Vol. 88, pp. 688-690. 

Authors' Closure 
Unsteady flows in gas turbine engines arise from the relative 

motion between a stationary vane row and a rotating blade 
row. One source of unsteadiness is the wakes, which are shed 
from upstream blade rows and transported to the subsequent 
blade rows. Although we clearly stated that our purpose was 
to study the effects of the wake oh heat transfer to the rotor 
blade surface, Dr. Korakianitis instead chose to discuss the 
interaction between vane/rotor potential flow. Thus the bulk 
of his discussion is fundamentally extraneous to our investi­
gations. 

The only point Dr. Korakianitis raises that is potentially 
relevant to our paper concerns the wake model parameter used 
in our calculations. With regard to this point, we estimated 
the wake width W and the wake deficit D from the nozzle 
guide vane boundary layer calculations and from the experi­
mental data given by Raj and Lakshminarayana (1973); we 
had no intention of adjusting these parameters to match the 
heat transfer experimental data. It is interesting to see Dr. 
Korakianitis suggesting the use of different values for these 
parameters without taking into account the vane geometry and 
the boundary layer developed on the vane surfaces. Finally, 
the equation for the Gaussian wake model defined by Dr. 
Korakianitis and that used in our paper are different. It should 

be noted that Giles (1988) used the same Gaussian wake model 
as ours with different values of wake width and wake deficit, 
yet his calculations show qualitatively the same unsteady flow 
phenomena as those in our calculations. This evidence suggests 
that moderate changes in these parameters do not change the 
flow phenomena substantially, which seems to be a surprise 
to Dr. Korakianitis. 

It is not pertinent with respect to our paper to respond to 
other points raised by Dr. Korakianitis except to note that 
much of his discussion has already appeared in other works 
(see, e.g., Hodson, 1985; Giles, 1988; Tran and Taulbee, 1992). 
It is also interesting to note that his interpretation of the wake/ 
rotor interaction using concepts such as positive unsteady pres­
sure, negative unsteady pressure (if such a thing exists), wake 
cutting by a potential flow field, movement of low-momentum 
fluid from the pressure side to the suction side, and the con­
servation of initial vorticity is not supported quantitatively. 
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